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Th''S  report  summarizes  20  months  of  research  into  Travelling  Wave 

Concepts  for  the  Modelling  and  Control  of  Space  Structures,  performed  at  the 
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Massachusetts  Institute  of  Technology  under  the  supervision  of  Professors 
von  Flotow,  Hall  and  Crawley.  Major  contributors  to  the  work  were  graduate 
research  assistants  Miller,  Signorelli,  O'Donnel,  and  Kissel.  Many 
undergraduate  assistants  also  contributed. 

The  research  has  led  to  seven  research  papers  which  were  published  in 
the  open  literature  or  presented  at  conferences,  and  to  two  graduate  theses 
and  two  undergraduate  theses  in  MIT's  Department  of  Aeronautics  and 
Astronautics.  These  publications  are  presented  in  full  in  the  Appendix. 

In  addition  to  these  published  papers,  the  past  few  months  have 
witnessed  other  forms  of  dissemination  of  research  results.  Professor  von 


Flotow  nas  given  invited  lectures  derived  in  part  from  this  AFOSR  sponsored 
research  at  the  Office  of  Naval  Research  in  September  1986,  Yale  University  in 
May  1987,  the  Naval  Underwater  Systems  Center  in  June  1987,  Lockheed  Palo 
Alto  in  August  1987,  the  University  of  Buffalo  in  October  1987,  and  at  the 
meeting  of  the  American  Acoustical  Society  in  Miami  in  November  1987.  In 
addition,  we  have  influenced  research  into  the  dynamics  and  control  of  space 
robotics  at  Martin  Marietta  Aerospace  in  Denver,  by  sending  them  requested 
computer  software,  and  work  in  active  control  of  structural  acoustics  at  the 
Naval  Underwater  Systems  Center  in  Newport,  R.I. 


This  report  consists  of  a  brief  executive  sumary  highlighting  the  main - 

"in  7ot 

results  of  the  research  publications  collected  in  the  Appendix.  Ail 
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Modelling  of  Disturbance  Propagation  in  Elastic  Structures 

^  A  good  portion  of  the  research  has  focused  upon  the  development  of 
techniques  for  the  modelling  of  structural  response  in  terms  of  disturbance 
propagation.  Such  models  are  of  interest  for  several  reasons: 

c-  1.  Understanding  the  mechanisms  that  govern  the  propagation  of 
disturbances  through  an  elastic  structure  is  useful  for  building 
intuition,  for  structural  design  and  for  design  of  active  control.  ! 

2.  Disturbance  propagation  models  have  the  potential  for 
providing  high-fidelity  analysis  capabilities  in  response  regimes 
where  other  techniques  are  inapplicable.  Of  considerable  interest 
to  the  researchers  at  MIT  is  the  response  of  elastic  spacecraft  to 
disturbances  with  significant  spectral  content  at  frequencies 
including  many  (even  hundreds)  of  the  spacecraft  natural  modes 
of  structural  vibration.^  .  v 

3.  Elastic  disturbance  propagation  is  a  classic  area  of  research  in 
applied  mechanics,  having  application  in  acoustics,  seismology, 
microwave  electronics,  transducer  design,  biological  fluid 
mechanics,  design  of  mechanisms  and  machines,  and  many 
other  areas- 

\' — 

The  MIT  research  effort  has  made  good  progress  in  development  of 
models  for  elastic  disturbance  propagation.  This  progress  is  summarized  here 
with  reference  to  specific  papers  written  during  the  period  of  the  contract  and 
with  its  financial  support. 


Wave  Propagation  and  Power  Flow  in  Truss  Structures 

The  MS  thesis  research  of  Joel  Signorelli  took  a  computational 
approach  to  investigating  the  wave  propagation  behaviour  of  simple  beam¬ 
like  truss  structures.  Although  Joel  began  the  work  with  the  intention  of 
investigating  the  behaviour  of  a  very  com.plex  spacecraft  truss  beam,  he  found 
enough  interesting  effects  in  a  simple  situation,  originally  intended  to  serve 
only  as  a  preliminary  warm-up. 
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Joel  introduced  a  modelling  technique  which  takes  explicit  advantage 
of  the  spatial  periodicity  of  the  structure.  This  is  similar  to  an  approach 
developed  by  M.S.  And"  son  at  NASA  Langley  Research  Center  in  recent 
years,  but  unlike  Anderson's  approach,  has  no  difficulty  with  the  application 
of  boundary  conditions.  Joel's  approach  begins  with  the  spatial  state 
transition  matrix  (also  known  as  the  transfer  matrix)  of  a  single  bay.  This 
transition  matrix  is  formulated  in  the  frequency  domain,  by  any  of  a  host  of 
techniques,  including  exact  solutions  of  the  partial  differential  equations 
governing  motion  of  the  truss  members  internal  to  the  bay.  For  purpose  of 
comparison  with  a  prior  finite  element  solution  of  a  segment  of  the  truss, 
Joel  chose  to  derive  the  transition  matrix  with  the  identical  finite  element 
discretization. 

One  approach  to  modelling  the  dynamics  of  a  finite  portion  of  a  one¬ 
dimensional  spatially  periodic  structure  involves  multiplication  of  a  series  of 
segment  transition  matrices.  This  is  numerically  not  stable,  since  the 
transition  matrix  can,  in  general,  have  an  extremely  large  range  in  the 
magnitudes  of  its  eigenvalues.  An  alternative,  transforming  to  the  transition 
matrix  eigenspace,  is  numerically  superior,  and  has  interpretation  in  terms  of 
wave  modes. 

Much  of  Joel's  work  focused  upon  the  frequency-dependence  of  wave 
propagation  in  a  beam-like  truss.  From  a  numerical  viewpoint,  this  is  just  a 
study  of  the  eigenvalues  and  eigenvectors  of  the  bay  transition  matrix,  and  of 
their  dependence  on  frequency.  Joel  discovered  a  host  of  interesting  effects: 

t 

1.  The  model  exhibits  as  many  wave  modes  in  each  direction  as 
one  chooses  coupling  coordinates  between  neighboring  bays. 

The  wave  modes  come  in  identical  pairs,  of  each  pair  one  wave 
travels  in  each  direction. 
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2.  Each  wave  mode  travels  independently  of  the  others. 

3.  Each  wave  mode  can  be  described  by  its  dispersion  behaviour 
(the  frequency  dependence  of  the  propagation  velocity),  and  by 
the  corresponding  deflection  shape.  Joel's  thesis  is  full  of  plots 
of  the  deflection  shape  of  a  truss  beam  supporting  a  single 
travelling  wave. 

4.  The  dispersion  characteristics  of  a  truss  beam  are  astoundingly 
complex.  Each  wave  mode  may  be  either: 

a)  propagating  without  attenuation  (a  traveling  wave), 

b)  propagating  with  attenuation  (a  complex  wave),  or 

c)  not  propagating  (an  evanescent  wave).  Joel  found  that 
each  of  the  wave  modes  he  studied  exhibited  all  three 
types  of  behaviour,  different  behaviour  in  different 
frequency  ranges.  Such  complex  behaviour  is 
unprecedented  in  the  study  of  wave  propagation  in 
periodic  structures. 

5.  Joel  is  among  the  first  few  analysts  (perhaps  thv.  first)  to  clearly 
describe  the  complex  traveling  wave,  a  wave  which  both 
propagates  and  is  attenuated.  He  demonstrates  that  simple, 
mono-coupled  structures  cannot  support  such  behaviour,  but 
that  at  least  two  coupling  coordinates  are  required.  Furthrmore, 
he  demonstrates  that  such  wave  motion  does  not  propagate 
energy  in  isolation,  but  may  in  conjunction  with  other  wave 
modes. 

6.  Joel  investigates  pov^er  flow  in  the  truss  beam  due  to  these  wave 
modes  in  isolation.  He  neglected  to  consider  power  flow  due  to 
wave-mode  interaction,  since  at  that  time  we  did  not  yet  know 
that  such  a  thing  could  happen.  Dave  Miller's  work  discovered 
this  a  few  months  later. 

7.  Joel  applied  two  types  of  boundary  conditions  to  the  truss  beam 
and  transformed  these  boundary  conditions  into  a  wave-mode 
description  involving  the  boundary  scattering  matrix.  This  is  a 
unique  approach,  which  permits  investigation  of  the  causal 
behaviour  at  the  boundary,  the  mechanism  of  reflection  of 
incident  disturbances. 

8.  Having  transformed  the  analysis  to  wave  mode  coordinates,  Joel 
was  able  to  derive  exact  (to  numerical  precision)  structural 
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♦.ransfer  functions  of  the  structure.  The  numerical  difficulty  of 
multiplication  of  a  sequence  of  transfer  matrices  is  thus  avoided. 

Full  details  of  Joel's  work  are  recorded  in  the  appendix  in  the  thesis, 
"Wave  Propagation  in  Periodic  Truss  Structures,"  and  the  paper  "Wave 
Propagation,  Power  Flow,  and  Resonance  in  a  Truss  Beam."  This  paper  has 
been  accepted  for  publication  in  the  Journal  of  Sound  and  Vibration. 

Power  Flow  in  Structural  Networks 

In  the  fall  of  1986  and  winter  of  1987  PhD  candidate  David  Miller  was 
grappling  with  control  formalisms  for  structures  whose  dynamics  are 
described  in  terms  of  wave  propagation.  One  concept  that  surfaced  was  the 
desirability  of  Influencing  the  power  flow  in  such  structures  by  active  means, 
rather  than  to  monitor  and  actively  control  the  direct  response.  This 
consideration  led  to  the  development  of  a  theory  and  computational 
procedure  for  calculating  such  power  flow.  This  procedure  is  briefly 
mentioned  in  the  paper,  "Active  Modification  of  Reflection  Coefficients  in 
Elastic  Structures,"  presented  by  David  Miller  as  an  invited  paper  at  the 
American  Control  Conference  in  Minneapolis,  in  June  1987,  and  included  in 
the  appendix  of  this  report.  Dr, id  Miller  and  Prof,  von  Flctow  are 
continuing  to  develop  these  concepts  of  power  flow,  and  are  preparing 
further  papers  for  publication. 

Waves  in  Spacecraft  Tethers 

Tethered  spacecraft  are  envisioned  which  consist  of  two  (or  more) 
relatively  compact  bodies  connected  to  one  another  by  long,  slender  wires 
under  very  slight  tension.  The  dynamics  and  control  of  such  configurations 
is  beginning  to  receive  serious  attention  of  analysts  around  the  world.  In  the 
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summer  of  1986,  Prof,  von  Flotow  considered  the  problem  and  proposed  an 
engineering  model  which  explicitly  separates  the  motion  into  slow  dynamics 
(comparable  to  orbital  rate)  and  fast  dynamics. 

The  fast  dynamics,  confined  primarily  to  the  tether,  are  governed  by  a 
system  of  partial  differential  equations.  In  the  linear  approximation,  these 
equations  are  related  to  the  well-known  wave  equations,  differing 
significantly  because  the  e  ilibrium  shape  of  the  tether  is  slightly  curved. 
The  analysis  then  investigates  the  dynamics  of  such  a  curved,  elastic  wire  in 
terms  of  both  travelling  waves  and  in  terms  of  exact  frequency-domain 
solutions  of  the  governing  equations.  The  analyses  are  summarized  in  a 
paper,  "Some  Approximations  for  the  Dynamics  of  Spacecraft  Tethers,"  which 
is  included  in  the  appendix  of  this  report,  and  which  is  to  be  published  in  the 
AIAA  Tournal  of  Guidance.  Control  and  Dynamics. 

In  the  winter  and  fall  of  1987,  two  undergraduate  students  in  MIT's 
Department  of  Aeronautics  and  Astronautics,  Todd  Barber  and  Earl  Gregory, 
accepted  the  challenge  to  experimentally  investigate  the  dynamics  of  an 
elastic  catenary,  and  to  verify  (or  disprove)  the  analysis  proposed  by  Prof,  von 
Flotow.  Wave  propagation  sp>eeds,  transfer  functions,  and  mode  shapes  were 
measured,  and  compared  favourably  with  the  analytically  predicted  values. 
The  transition  from  the  behaviour  of  an  inelastic  hanging  chain  to  that  of  a 
taut  elastic  string  was  investigated.  These  results  are  summarized  in  Todd 
Barber's  report,  "Dynamic  Cable  Response:  TheEffect  of  Cable  Sag,"  included 
in  the  appendix. 
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Wave  Propagation  and  Localisation  in  Disordered  Periodic  Structures 


Wave  propagation  in  periodic  structures  has  received  the  attention  of 
dozens  of  investigators  over  the  past  century,  beginning  with  Lord  Rayleigh, 
who  was  interested  in  light  transmission  through  crystals.  Recent  work  has 
been  motivated  by  interest  in  seismology,  structure-borne  sound,  solid  state 
physics,  microwave  electronics,  and  other  applications.  Our  interest 
originates  in  the  realization  that  many  future  large  spacecraft  structures  will 
also  be  spatially  periodic;  i.e.,  truss  structures. 

Recent  work  at  MH'  and  elsewhere  has  investigated  the  dynamics  of 
structures  which  are  slightly  perturbed  from  perfect  periodicity.  Under  the 
partial  sponsorship  of  this  contract,  docto^’a!  student  Glen  Kissel  has  in  the 
past  two  years  achieved  a  fundamental  analysis  of  these  effects  in  structural 
systems.  He  drew  heavily  on  a  large  literature,  primarily  in  solid  state 
physics.  Glen's  writings  on  this  subject  (a  paper  "Localization  in  Disordered 
Periodic  Structures,"  presented  at  the  28th  AIAA  Structures,  Structural 
Dynamics  and  Materials  Conference  in  Monterey  in  April  1986,  and  a  PhD 
thesis  at  MIT  in  September  1987  with  the  same  title,  represent  an  elegant 
theoretical  summary  of  a  broad  disjointed  literature,  and  make  significant 
new  contributions  to  that  literature.  Glen  also  provides  a  computational 
procedure  for  evaluating  the  strength  of  the  localization  effect  in  structural 
systems.  Glen  Kissel  now  works  at  the  Jet  Propulsion  Laboratories,  and  is 
writing  two  further  papers  for  journal  publication  based  on  his  PhD 
dissertation. 

In  the  winter  of  1987  two  undergraduate  students,  Cathy  Sybert  and 
Tupper  Hyde  attempted  an  experimental  verification  of  localization  in  a 
relatively  complex  structure,  intentionally  disordered.  Their  experiment  was 
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not  a  glorious  success,  as  is  documented  in  the  report  by  Tupper  Hyde, 
"Mode/Wave  Localization  in  Disordered  Periodic  Structures." 


Active  Control  of  Elastic  Structures 

The  preceding  section  describes  the  research  into  structural  dynamic 
modelling  performed  under  the  terms  of  this  contract.  We  have  also  been 
active  in  research  into  active  control  of  such  structures  as  is  summarized  by 
the  following  paragraphs  and  by  the  four  relevant  papers  in  the  appendix. 


Hierarchic  Control 

An  important  consideration  in  the  control  of  flexible  structures  is  the 
computational  architecture  which  is  used  to  implement  the  control.  Because 
of  the  large  number  of  modes,  sensors,  and  actuators  in  a  typical  flexible  space 
structure,  traditional  control  system  architectures  (such  as  a  full  state  feedback 
controller  cascaded  with  a  full  state  estimator)  are  infeasible. 


The  approach  that  has  been  taken  in  this  investigation  is  to  develop  a 
hierarchic  control  system  architecture  which  can  greatly  reduce  the  amount  of 
computation  required,  while  at  the  same  time  allowing  the  procesing  to  be 
distributed.  This  allows  much  of  the  control  to  be  performed  locally,  so  that 
the  approach  also  reduces  the  need  for  transferring  large  amounts  of  data  to 
and  from  a  central  processor. 

In  February  1987  the  paper,  "A  Hierarchic  Control  Architecture  for 
Intelligent  Structures,"  was  presented  at  the  AIAA  Rocky  Mountain  Guidance 
and  Control  Conference  (see  appendix).  The  general  approach  is  to  divide  the 
structure  into  coarse  and  fine  finite  element  models.  The  coarse  FEM  is  used 


to  control  the  lower  modes  of  the  structure  through  a  central  (or  "global") 
processor.  The  local  controllers  then  operate  on  the  residual,  which  is  the 
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difference  between  the  global  (or  coarse)  FEM  and  the  fine  FEM.  Results 
presented  in  the  paper  demonstrate  that  the  approach  may  be  easily  applied  to 
test  cases,  and  that  under  some  circumstances,  stability  can  be  guaranteed. 

Control-Motivated  Tailoring  of  Structural  Dynamics 

The  extensive  research  literature  on  control  of  structural  dynamics  has 
almost  invariably  taken  the  approach  that  the  structural  dynamics  are 
difficult  to  control,  and  may  not  be  modified  to  ease  the  task  of  the  control 
engineer.  Thus  one  often  reads,  for  example,  that  the  dynamics  of  large 
flexible  spacecraft  are  characterised  by  many  (even  hundreds)  of  lightly 
damped  modes  (damping  ratio  less  than  one  percent)  spectrally  closely  spaced. 
Moreover,  these  modes  are  poorly  known,  both  with  respect  to  frequency  and 
mode  shapes. 

An  exception  to  this  approach  is  the  growing  literature  on 
simultaneous  design  of  the  control  system  and  the  structure.  Unfortunatly 
most  of  this  literature  attempts  an  "optimal"  approach  to  this  design  problem, 
and  the  research  quickly  bogs  down  to  research  into  computational 
techniques  of  minimizing  a  complex  non-linear  function  of  many 
parameters.  The  examples  that  have  been  thus  treated  are  extremely  simple, 
and  it  appears  that  the  techniques  are  computationally  limited  to  such  simple 
examples.  Furthermore,  since  one  can  only  optimize  over  parameters  which 
are  modelled,  and  since  modelling  of  passive  damping  is  extremely  difficult, 
this  literature  tends  to  have  ignored  this  extremely  important  design  freedom 
by  assuming  some  given  level  of  passive  damping. 

In  August  1986  Prof,  von  Flotow  presented  the  paper,  "Control- 
Motivated  Tailoring  of  Spacecraft  Truss  Structures,"  at  the  AIAA  Guidance, 
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Dynamics  and  Control  Conference  in  Williamsburg,  VA.  This  paper  (full  text 
in  the  appendix)  takes  a  very  informal  approach  to: 

1.  Quaiititatively  estimating  the  benefits  of  passive  damping  to  the 
problem  of  active  control  of  structural  dynamics. 

2.  Quantitatively  estinia'mg  the  mass  penalties  associated  with 
various  passive  damping  treatments. 

3.  Computationaliy  demonstrating  the  possibilities  for  tailoring  the 
dynamics  of  a  truss  beam  for  active  control. 

The  Acoustic  Limit  of  Active  Control  of  Structural  Dynamics 

In  the  winter  of  1987  Prof,  von  Flotow  was  invited  to  write  a  chapter 
for  the  Monograpli,  "i  arge  Space  Structures:  Dynamics  and  Control,"  ed.  S.N. 
Atluri,  A.K.  Amos,  Springer  Verlag,  to  appear,  1988.  The  invitation  was 
accepted,  and  the  result,  entitled,  "The  Acoustic  Limit  of  Active  Control  of 
Structural  Dynamics,"  is  included  in  the  appendix.  This  paper  is  based  on  the 
relevant  work  done  by  Prof,  von  Flotow  and  partners  over  the  past  few  years. 

The  main  points  of  the  paper  are: 

1.  Modal  analysis  (or  any  global  model  of  structural  dynamics) 
becomes  fatally  unreliable  in  the  acoustic  limit,  defined  to  be  the 
fr  jquencies  above  the  natural  frequency  of  perhaps  the  tenth 
mode. 

2.  Passive  damping  is  an  important  vibration  remedy  to  be  used  in 
this  limit. 

3.  If  active  control  must  be  used,  then  it  must  be  based  upon  (local) 
acoustic  models  of  the  structural  response. 

4.  Examples  of  such  a  control  design  procedure  are  given. 
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ABSTRACT 

Wbv*  propagation  in  poriodic  truas-i*ork  ho—  was 
analytically  invaatigated.  Transfer  aatrix  aathods  ware  applied 
to  the  analysis  of  two  truss  beans.  The  results  of  a  truss  with 
anaters  andelled  as  pinned  rods  agree  well  with  results  obtained 
froa  equivalent  continuun  aodels  of  the  saae  structure.  Use  of 
beaus  aodela  for  the  truaa  asafeers  shows  that  the  pinned  rod  truss 
model  loses  fidelity  at  the  first  resonant  frequency  of  the 
lateral  notion  of  the  truss  aanbers. 

The  pinned  beaus  truss  exhibits  coq>licated  nsehanical 
filtering  properites.  Each  travelling  wave  node  experiences 
alternating  stop,  pass,  and  coeplex  mode  bands  as  a  function  of 
frequency.  It  was  shown  that  complex  axMies  cauinot  exist  alone  and 
must  fore  in  groups  of  four.  Net  power  flow  in  right/left-going 
complex  mode  pairs  is  found  to  be  zero. 

Scattering  natricles  were  detevir.lned  for  fixed  and  free 
boundary  conditions.  The  phase  closure  principle  was  then  used  to 
deteraine  natural  frequencies  of  the  truss.  It  was  found  that 
closely  spaced  resonant  frequencies  were  not  identified  by  this 
method.  Computed  results  show  subtle  erroneous  characteristics 
which  are  attributed  to  numerical  effects. 

Thesis  Supervisor:  Andreas  H.  von  Flotow 

Title:  Assistant  Professor  of  Aeronautics  and  Astronautics 
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chapter  I  -  Introduction 


1.0  BndqtrawRDd 

Nuiy  futur*  space  structures  will  have  physical 
characteristics  rsdlcally  different  froa  those  flying  today. 
Among  these  will  be  large  direct  broadcast  satellites,  the  space 
station,  and  numsrious  scientific  and  cosnmrclal  satellites. 
Critical  to  tbs  success  of  the  Strategic  Defense  Initiative  will 
be  large  apace  baaed  radar  and  surveillance  platforms.  Since  the 
size  and  weight  of  these  systems  greatly  Isfiact  launch  costa, 
these  so-called  large  space  structiu'es  (LSS)  will  be  built  largely 
of  light  and  flexible  aerospace  materials.  Because  of  their  size 
and  distributed  flexiblity.  the  structural  vibration  modes  of 
these  structures  may  well  be  within  the  bandwidth  of  the  control 
system.  It  is  therefore  of  great  importance  to  be  able  to 
charsicterlze  the  dynamics  of  these  LSS  through  enalysis  and 
simulation.  One  method  of  analysis  involves  examining  these 
structures  in  terms  of  unue  propagation. 

Many  of  these  plemned  large  space  structures  will  be 
constructed,  in  part,  by  truss-work  structures.  Truss  structures 
eu‘e  favored  because  of  their  ease  of  packaging,  transportation, 
fabrication,  and  space  assembly.  A  current  example  of  a  large 
space  structure  that  will  be  assembled  in  part  by  truss  members  Is 
NASA’s  space  station  (Fig  l.l).  Truss  structures  generally 
consist  u.  an  assemblage  of  identical  elements  emd  are  thus 
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spatially  periodic.  Periodic  structures  have  long  been  known  to 
act  as  mechanical  filters  for  travelling  waves  [B-1].  In  order 
to  gain  more  insight  and  understanding  as  to  how  wave  propagation 
properties  can  be  exploited  in  the  dynamics  and  control  of  LSS, 
this  thesis  examines  wave  propagation  in  two-dimensional,  periodic 
truss-work  structures. 

1.2  Vsvm  PropopitloB  in  tha  Litaratura 

The  study  of  wave  propagation  in  pariodlc  structures  began 
long  ago  in  tha  field  of  solid  state  physics.  Noteworthy  among 
tha  early  investigators  is  Brlllioun  who  made  a  significant 
contribution  to  the  study  of  wave  propagation  in  crystals, 
transmission  lines  and  atoms  [B-1].  Creswr  and  Lelllch  studied 
flexural  mtion  in  periodic  beams  and  showed  that  waves  can 
propagate  in  certain  frequency  bands  but  not  in  others  [C-1]. 
The  notion  of  propagation  coefficients  was  defined  by  Heckl  in 
1964  [H-1].  He  investigated  wave  propagation  in  periodically 

supported,  ’undamped  grillages.  Mead  included  damping  effects  in 
the  wave  propagation  theory  for  periodic  beams  [N-1].  Mead  and 
Eatwell  theoretically  described  the  so-called  complex  modes  which 
have  characteristics  of  propagating  and  attenuating  waves  [N-2] 
[E-1].  von  Flotow  introduced  tha  use  of  scattering  matricies  to 
describe  Junctions  in  structural  junctions.  He  also  modelled 
members  by  transfer  matricies  and  demonstrated  the  superiority  of 
this  approach  over  equivalent  continuirm  models  [V-1]. 

1.3  Iho  Pro  want  Work 

In  this  thesis,  the  methods  of  von  Flocow  and  Mead  will  be 
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employed  in  the  analysis  of  a  two-dimensional  periodic  truss 
structure.  Chapter  2  will  introduce  and  develop  the  concept  of 
the  transfer  matrix.  Advantage  i.'i  taken  of  the  fact  that  truss 
structures  are  periodic':  by  examining  their  dynamics  In  terms  of 
the  transfer  matrix  of  a  slt^le  bay  of  the  truss.  In  Chapter  3 
the  eigenvalues  and  eigenvectors  of  the  transfer  matrix  will  be 
used  to  identify  and  characterize  the  wave  modes  present  in  the 
truss  structure.  By  use  of  dispersion  plots,  the  mechanical 
filtering  properties  of  the  truss  will  be  demonstrated.  Power 
flow  in  wave  modes  will  be  investigated  in  Q»pter  4.  AikI 
^  through  the  use  of  scattering  matricles.  Chapter  5 
describes  the  interactions  of  the  wave  Bx>des  with  truss 
boundaries.  Natural  resoMnt  frequencies  of  an  exaaq>le  truss  will 
also  be  determined. 


^^P*'****  ?  ~  Traimfptr  Matrix  Method 

2.1  The  State  Vector 

A  periodic  truss  structure  consists  of  several  identical 
substructures  called  bays.  At  any  station  along  the  truss,  a 
cross-sectional  state  uector.  Y.  which  describes  the  force  and 
displacesMnt  at  that  station,  can  be  exaained.  Figure  2.1  shows 
one  bay  of  a  two-dimensional  truss  structure  and  the  state  vector 
associated  with  each  side  of  the  bay. 


X 


•4 


Flgfure  2.1  -  State  Vectors  Associated  with 
One  Bay  of  a  Periodic  Truss 

t 

Each  bay  consists  of  four  structural  members.  The  state  vector  is 
chosen  such  that  it  describes  the  forces  Euid  displacements  of  the 
endpoints  of  the  members.  Ul  and  Ur  describe  the  displacements  of 
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the  joints  on  the  left  and  right  sides  of  the  bay  respectively, 
while  the  forces  on  the  joints  are  represented  by  Fl  and  F» .  If 
only  joint  translation  in  the  X  and  Y  directions,  and  rotation 
about  the  Z  axis  are  modelled,  the  state  vector  on  the  left  side 
of  the  bay,  Yu,  will  be. 


Ut' 

K 

Uu  = 

Ua 

Fu  = 

Fa 

Uix‘ 

Fix' 

where  Ut  s 

Uit 

Ft  = 

Ftr 

(2.2) 

Ti2 

m 

The  state  vector  on  the  right  hand  side  of  the  bay.  Yr  ,  is  similar 
and  involves  the  state  of  joints  3  and  4. 

2.2  Tha  Transfer  Natrix 

The  state  at  any  two  stations  can  be  related  by  means  of  a 
transfer  matrix,  T. 

Y.*j  =  [  T  ]  Y.  (2.3) 

where  Yi  is  the  state  vector  for  the  l-th  station.  The  transfer 
matrix  may  be  thought  of  as  a  spatial  state  trauisition  matrix 
between  two  stations  on  the  truss.  The  elements  of  the  transfer 
matrix  depend  on  the  bay  properties  emd  ,  on  frequency.  Without 
damping  the  transfer  matrix  will  be  purely  real. 

Once  the  transfer  martix  for  a  single  bay  has  been 
determined,  the  treuisfer  matrix  for  the  entire  structure  can  be 
assembled.  For  a  seven  bay  truss  (Fig.  2.2),  we  have. 
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Yl  Y,  Ya  Ya  Y,  Y.  Y*  Y. 


Figure  2.2  -  State  Vectors  for  a  Seven  Bay  Truss 

The  states  at  the  left  and  right  sides  of  a  bay  are  related  by  the 
bay  transfer  matrix, 

Yi  =  C  T,  ]  Y. 

Ya  =  C  Ta  ]  Yi  (2.4) 

Yt*i  *  C  Ti.x  ]  Y. 

By  multiplication  of  transfer  matrlcles  we  obtain. 

Y*  *  C  Tt  ][  Te  ][  Te  ][  T,  ICT,  ][  T,  ][  ]  Yl  (2.5) 

But  since  the  bays  are  considered  to  be  identical,  we  have. 

C  T,  ]  =  C  Ta  ]  =  C  Ta  ]  =  ....  =  [  T.  ] 

so  that.  Y«  =  [  T  I""  Yl  (2.6) 

which  relates  the  states  at  the  right  emd  left  hand  sides  of  a 
seven  bay  truss.  T  is  refered  to  as  the  rearward  transfer  matrix 
of  the  structure  [R-1].  The  tremsfer  matrix  can  also  be  expressed 
in  terms  of  its  eigenvalues  and  eigenvectors. 
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T.  =  D,‘‘  A.  I»>  (2.7) 

where  e  =  the  matrix  of  right  eigenvectors  of  T 

'As  the  diagonal  matrix  of  eigenvalues  of  7 

so  that  hy  Eqn  2.5.  the  states  at  opposing  ends  of  the  truss  can 
be  related  by, 

Y,  »  C  e*‘  A’  o  ]  Yl  (2.8) 

2.3  Oarlwatiaa  of  the  Tranafor  Matrix 

There  are  several  methods  to  determine  the  transfer  matrix  of 
a  structure.  Among  these  are  deriving  the  matrix  from  an  n-th 
order  differential  equation,  and  deriving  it  from  the  system's 
mass  axkt  stiffness  matricies  [P-l].  The  second  method  will  be 
used  throughout  this  work. 

The  mass  matrix.  N.  and  the  stiffness  matrix,  K.  for  a  bay 
can  be  determined  by  means  of  a  finite  element  analysis  of  the 
bay.  But  first,  care  must  be  taken  to  ensure  that  differences  in 
displacement  and  force  coordinate  definitions  between  the  finite 
element  analysis  and  those  of  the  transfer  matrix  method  are  tedcen 
into  account.  For  the  transfer  matrix  method,  the  positive  face 
of  a  cross-section  of  the  truss  is  defined  as  the  face  whose 

outward  normal  points  in  the  positive  x  direction.  Positive 

0 

displacements  coincide  with  positive  directions  of  the  coordinate 
system,  and  forces  are  positive  if,  when  acting  on  the  positive 
face,  their  vectors  are  in  the  positive  direction  [P-1].  Fig  2.3 
Illustrates  the  force/displacement  coordinate  definitions  for  the 
two  analyses.  Note  that  in  the  tremsfer  matrix  method  forces  and 
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moments  of  adjacent  eleinents  are  of  opposite  sign  so  that  all 
internal  forces  in  the  structure  are  balanced. 


c: 

F«l 


Fy  h 
Fx  M 


Finite  Element  Force/Di splacenent  Coordinate  Definitions 


Transfer  Matrix  Method  Force/Displacement 
Coordinate  Definitions 


Figure  2,3  -  rorce/Displacement  Definitions  for  the  Finite 
Element  and  Transfer  Matrix  Methods 


For  the  finite  element  EUialysis  the  bay  was  modelled  with  eight 
elements  (Fig  2,4). 


&  8 


Figure  2.4  -  Node  Assignment  for  the  Finite 
Element  Analysis  of  a  Bay 


The  nodes  located  at  the  member  midpoints  were  included  so  as  to 
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better  model  the  bay's  higher  order  modes.  The  'left'  coupling 
dof's  between  adjacent  bays  are  identified  by  the  subscript  L.  the 
'internal*  dof’s  by  I.  and  the  'right*  coupling  dof's  between  bays 
by  R.  The  finite  element  analysis  produces  matricies  N  and  K 
such  that. 
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(2.9) 


For  a  truss  with  only  nodal  dlsplaceownts  as  coupling  dof's  this 
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with  Ul  and  Fi  given  as  in  Eqn  2.2. 
transformation,  Eqn  2.9  becomes. 


[  K  -  u*  M  ] 


(2.11) 


After  Fourier 
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(2.12) 


If  structural  damping  is  modelled,  the  leading  matrix  becomes, 

[  K  (  1  -  i  n  )  -  M  ]  (2.13) 

where  q  is  the  structural  damping  coefficient  (loss  factor).  Eqn 
2.13  forms  the  dynamic  stiffness  matrix  of  the  bay. 
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2.4  OoodenmtiaD  of  the  QjrDoaic  Stiffness  Matrix 

In  order  to  derive  the  transfer  matrix  between  the  the  left 
and  right  hand  sides  of  a  bay.  It  is  necessary  to  condense  the 
internal  nodes  into  the  dynamic  stiffness  matrix.  We  reject  the 
option  of  static  condensation  because  we  wish  to  model  the 
internal  dynamics  of  the  bay.  The  dynamic  stiffness  matrix  may  be 
partitioned  as. 
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(2.14) 


Since  the  internal  forces.  Fi.  must  be  zero,  the  second  row  of  the 
matrix  gives. 

Ut  =  -D.,"'  (D,u  Uu  +  D,«  U«  )  (2.15) 

Eqn  2.15  is  substituted  into  rows  1  and  3  of  Eqn  2.14.  and  after 
some  rearrangeswnt  we  get. 
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(2.16) 


For  simplification,  this  can  now  be  written  as. 
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B 

'Ul  ■ 

■  -Fl  ■ 

_  C 
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F«  , 

(2.17) 


where  negative  values  of  Fl  have  been  taken  to  ensure 
compatabillty  of  the  transfer  matrix  and  finite  element  analyses 
force  coordinate  definitions.  And  finally,  the  transfer  matrix  is 
determined  by> 
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(2.18) 
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or  equivalently, 

Y«  -  C  T  ]  Yu  (2.19) 

2.5  T»iim  Clown 

Before  the  global  or  conplete  transfer  matrix  of  the  truss 
can  be  asseebled,  the  transfer  matrix  for  the  aes^r  closing  off 
the  right  end  of  the  truss  must  be  determined. 

Consider  the  end  member  as  shown  below.  Once  again,  the 
meadaer  is  modeled  as  two  elements. 


Figure  2.5  -  Truss  with  Closing  End  Member 

The  displacements  for  the  end  members  are. 

Uat.  =  Uau  U4«  =  U4L  U5.  =  Ubl  (2.20) 

while  the  forces  acting  cn  the  nodes  are. 

Fa  »  Fa.  -  F*  =  0  Fa  =  Fa.  -Fbl  (2.21) 

* 

The  end  member's  mass  and  stiffness  matricies  are  obtained 
from  a  finite  element  analysis  of  the  member.  Following  the  same 
procedure  as  in  section  2.4.  we  eliminate  the  internal  degrees  of 
freedom  at  node  4. 
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(2.2J2) 


V 


With  A.B.C,  atKl  D  aa  daflnad  in  Eqna  2.16  and  2.17.  Substitution 
of  Eqn  2.21  into  Eqn  2.22  laada  to. 


A _ B 
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(2.23) 


Coabining  this  with  Eqn  2.20  wo  gat. 


r  Us.  1 

r  [I] 

0 

u.. 

■ 

0 

[1] 

Fs« 

r  ^ 

B  1 

LF.*  J 

L  Lc 

D  J 

0  0 

ru,u  I 

0  0 

u«t 

[1]  0 

Fsu 

0  [I]  J 

LFbu  j 

(2.24) 


which  dafinas  the  point  transfer  matrix  across  the  end  nember  as, 


Y,.  =  C  T.  3  Ycu 

(2.24) 

or. 

Y.*  =  C  T.  ]  Y. 

(2.25) 

So  that  for 

the  whole  truss  we  get. 

Y.  =  [  Tk  ][  T  y  Yc 
* 

(2.26) 

or, 

Y,  =  [  To  ]  Yc 

(2.27) 

where  Ta  is  the  global  transfer  matrix  for  the  entire  truss. 
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2.6  Natural  Fraquancies  of  tha  Truss 

Once  the  global  transfer  iw.crlx  for  the  structure  has  been 
determined,  the  system's  natural  frequencies  can  be  determined. 
First,  boundary  conditions  are  applied  to  the  truss.  The  boundary 
conditions  will  depend  on  how  the  truss  is  suspended  in  space. 
For  exa^ile,  a  future  on-orbit  experiment  will  have  a  truss 
cantilevered  to  the  shuttle  orbiter  as  shown  below. 


Figure  2.6  -  A  Truss  Cantilevered  to 
the  Shuttle  Orbiter 

If  the  truss  attach  points  are  pinned,  and  the  orbiter  is  assumed 
to  be  very  stiff  and  massive,  no  displacements  or  torques  can 
exist  at  those  points.  This  leads  to  the  boundary  conditions, 
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(2.28) 


The  free  end  of  the  truss  has  the  boundary  condition  Fr  =  0.  With 
this  we  obtain  from  Eqn  2.18, 
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whar*  Ta  and  Ti  ar«  appropriataly  salactad  submatrlclas  of  tha 
global  tranafor  mtrlx  To.  Tha  bottoa  row  of  aubaatriciaa  glvas. 
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Tha  only  non-trlvial  way  this  can  ba  tnia  Is  If 


dat  C  To  ]  ■  0 


(2.31) 


A  plot  of  I  dat  [  T.  (w)  ]  |  as  a  function  of  frequency  will 

Indicate  the  systea  eigenvalues. 

The  deteraination  of  natural  frequencies  by  thi;  jrat. '  hod  nay 

not  always  work.  Some  of  the  eigenvalues  the  transtur  matrix  are 

quite  large.  The  result  of  this  is  tinw  when  one  attenpts  to 

* 

deteraine  the  transfer  matrix  for  n  baiys.  the' value  of  [T]"  very 
quickly  rasiches  the  computational  limit  of  the  computer.  A  method 
will,  however,  be  presented  in  Sections  5.3  >/hich  will  enable  the 
natural  frequencies  of  the  truss  structure  to  be  determined. 
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3.1  EismmluM  of  tho  Tmiofor  Matrix 

A  OBVO  propocating  alone  a  porlodle  atructuro  can  b« 
character Izad  by, 

(3.1) 

indicating  that  the  state  at  station  i-fl  is  the  state  at  station  i 
multiplied  by  a  factor  This,  together  with  the  basic  transfer 
matrix  relation 

Yi*t  »  C  T  3  Y»  (3.2) 

forms  an  eigenvalue  problem  for  f.  The  eigenvalues  are  generally 
complex  and  occur  in  f  and  1/f  pairs,  corresponding  to  identical 
waves  propagating  in  opposite  directions  [eigenvalues  of  a 
symplectic  matrix  occur  in  inverse  pairs]. 

For  each  wave  mode  there  are  frequency  regions  in  which  the 
wave  will  propagate  unattenuated  (pass  bands)  and  regions  in 
which  the  wave  is  attenuated  (stop  bands).  Complex  modes  (modes 
for  which  the  eigenvalue  is  complex)  are  also  considered  to  be  In 
stop  bands.  The  magnitude  of  an  eigenvalue  at  a  given  frequency 
will  indicate  whether  the  wave  is  in  a  pass  or  stop  band  at  that 
frequency.  If  the  magnitude  of  the  eigenvalue  differs  from  unity, 
the  frequency  is  in  a  stop  band.  For  magnitudes  equal  to  unity. 
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the  frequency  is  in  a  pass  band  [R-2].  In  a  stoj.  band,  since  |f  1 
<  1.  the  cross-sectional  state  vector  will  euentually  be 

diminished  to  zero. 


1  s 

1  <  I 

stop  band 

1  f 

1  >  1 

stop  band 

1  f 

1  =  1 

pass  band 

(3.3) 


EXeenvmlue  macnitudes  greater  than  unity  correspond  to 
negative-going  waves  and  those  less  than  unity  correspond  to 
positive-going  waves. 

The  relation  between  f  and  1/f  can  be  seen  by  constructing  a 
plot  of  the  f  plane  (Fig  3.1).  For  a  given  frequency,  values  of 
If  I  which  lie  on  the  unit  circle  are  in  a  pass  band.  Those  inside 
the  unit  circle  are  positive-going  waves  in  a  stop  band  while 
those  reflected  outside  the  circle  are  negative-going  waves  in  a 
stop  band.  Values  of  |fi  which  lie  in  the  interior  (exterior)  of 
the  circle,  but  not  on  the  real  axes,  are  complex  modes.  As  a 
function  of  frequency,  the  eigenvalues  move  about  the  pleuie. 
continually  changing  magnitude  euid  phase. 

In  the  absence  of  damping,  the  transfer  matrix.  T,  is  real, 
thus  its  eigenvalues  will  be  real  or  members  of  a  complex 
conjugate  pair.  Complex  modes  thus  occur  only  in  groups  of 
four — wave  mode  interaction  is  necesshry.  Mono-coupled  systems 
(with  2x2  transfer  matricics)  cannot  support  complex  wave  modes, 
'.^t  is  perhaps  for  this  reason  that  complex  wave  modes  have 
received  .scant  attention  In  the  literature,  being  mentioned  in 
only  two  papers  [E-1]  [M-2]. 
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Pass  Bands 


Stop  Bands 


Complex  Modes 


Figure  3.1  -  The  f  Plane 


3.2  Propapitlem  Coefficient 


Ihe  eigenvalues  f  are  related  to  the  propagation  coefficient 

4  by 


f  = 

(3.4) 

wheie  L  is  the  bay  length. 

4  is  generally  complex  so  that 

4  =  4r  +  4l 

(3.5) 

Lpr  Lpi 

=  C  6 

(3.6) 

or  f  =  e 

Lpr  g  i(kL  +  2nir) 

(3.7) 

where  kL  Is  the  nondimenslonal  maue  number.  The  wave  number  is 
related  to  wavelength  \  by 

k  2Tr  /  ^  (3.8) 
4r  (the  attenuation  constant)  describes  the  exponential  rate  of 
decay  of  a  wave  as  it  passes  through  a  bay,  while  pi  (the  phase 


constant)  describes  the  phase  change  a  wave  undergoes  as  it  passes 
through  a  bay  [M-2].  The  propagation  coefficients  occur  in  +/- 
pairs,  corresponding  to  negative  and  positive-going  waves 
respectively. 

Without  daBg>ing.  a  wave  is  non-propegating  whenrver  pr  ^0. 
The  classic  stop  band  behavior  then  has  pi  s  0  impling  no  phase 
difference  between  motion  in  adjacent  bays.  and  spatial 
exponential  decay  of  amplitude.  If  pi  #  0.  there  is  phase 
difference  between  the  motion  in  adjacent  bays  and  the  wave  now 
propagates,  but  transfers  no  energy  along  the  length  of  the  beam 
[M-2].  The  spatial  amplitude  behavior  of  such  a  complex  wave 
mode  is  an  exponential  decay  of  a  sinusoidal  envelope.  These 
relations,  including  the  effects  of  structural  damping,  are 
Illustrated  in  Fig  3.2  [N-l]. 


-  T)  =  no  deunping 

-  rj  =  O.Ol 

...  Ti  =  0. 10 

Figure  3.2  -  Example  Propagation  Coefficient  Values 
as  a  Function  of  Damping  and  Frequency 

Pr  has  alternating  bands  of  positive  and  zero  values.  Positive 
values  imply  that  the  cross-sectional  state  variables  decrease 
from  bay  to  bay. 
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If  structural  damping  is  modelled,  all  the  propagation 
coefficients  are  complex.  This  is  necessary  if  energy  is  to  flow 
from  the  source  of  vibration  to  the  energy  dissipating  sinks  in 
the  truss.  The  presence  of  damping  causes  the  wave  to  decay  as  it 
passes  from  bay  to  bay.  If  the  damping  is  light,  pass  bands  can 
still  be  seen  in  the  plot  of  Pr .  pr  is  no  longer  zero  in  these 
bands  but  it  Is  much  smaller  than  in  the  adjacent  attenuating 
bands. 


3.3  Ibcvm  Prtgmi^tlqa  in  a  tlnifora  TsD-Dtasnslonal  Pianad- Joint 
Truss  with  lod  Mssbars 

Wave  propagation  was  studied  in  two  different  truss 
structures.  The  first  truss  to  be  analysed  was  a  two-dimensional 
truss  consisting  of  rod  elements.  Rod  elements  do  not  have 
bending  stiffness  and  are  only  capable  of  carrying  loads  in 
tension  and  compression.  The  rod  elements  were  Joined  by  pinned 
Joints,  and  the  members  were  free  to  rotate  about  these  Joints. 
The  cross-sectional  state  vector  at  each  end  of  the  bay  consists 
of  four  Joint  translations  and  four  Joint  forces  (Fig  3.3). 


Figure  3.3  -  State  Vectors  for  One  Bay  of  the 
Pinned  Rod  Truss 
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Each  bay  consisted  of  four  members.  Each  of  the  members  was 
modelled  as  two  rod  elements.  There  were  a  total  of  16  degrees  of 
freedom  for  each  bay.  Only  four  translational  DOF  and  four  forces 
couple  adjacent  bays.  This  leads  to  an  [8  x  8]  transfer  matrix. 
The  mass  and  stiffness  matricies  for  the  bay  were  obtained  from  a 
finite  element  analysis  as  described  in  Section  2.3.  The  physical 
properties  of  this  truss  were  adapted  from  the  Structural  Assembly 
Demonstration  Eiqieriment  (SAI£)  truss  of  [N-3].  In  this  model,  it 
was  assumed  that  there  was  no  structural  damping  present,  that  the 
bay  longerons  were  55  inches  long,  and  that  the  bay  diagonals  were 
55>^  inches  long.  The  dynamic  stiffness  and  transfer  matricies 
were  assembled  as  outlined  in  section  2.4. 

The  eigenvalues  and  eigenvectors  of  the  transfer  matrix  were 
then  determined  as  a  function  of  fre<iuency  by  a  NATRIXx  user 
defined  command  file  CN*-4].  Eight  wave  modes  are  present  in  the 
truss  due  to  the  four  degrees  of  freedom  present  at  each  side  of 
the  bay.  Four  of  these  wave  modes  are  positive-going  and  four 
are  negative-going.  Fig  3.4  and  Fig  3.5  present  values  of  the 
magnitude,  If  I .  and  phase. •^,  of  the  eigenvalues  of  the  four 
positive-going  wave  modes. 

Di^Mralcn  Qirves  for  the  Four  21^t-Going  laves 

The  magnitude  and  phase  of  the  first  mode  over  the  frequency 
range  0  to  100  Hz  are  approximately  ze.'-o  (Fig  3.4).  Because  the 
magnitude  of  the  eigenvalue  is  essentially  zero.  the 
cross-sectional  state  variables  at  the  right  side  of  the  bay  are 
also  essentially  zero  (Yr  =  f  Yi).  This  indicates  that  the  wave 
dies  out  so  quickly  that  it  can  be  considered  to  be  confined  to  a 
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single  bay.  This  type  of  localized,  quickly  decaying  near-field 
wave  is  also  known  as  an  euonescent  wave.  An  evanescent  wave  will 
form  only  at  the  truss  boundaries  or  at  some  discontinuity  along 
the  length  of  the  beam.  The  zero  phase  of  this  wave  also 
indicates  that  it  does  not  propagate  to  the  adjacent  bay  and  that 
its  wavelength  approaches  infinity.  So  throu^out  the  given 
frequency  range,  this  wave  is  in  a  stop  band. 

The  BBgnitude  of  the  eigenvalue  of  the  second  wave  mode  is 
approximately  unity  throughout  the  bandwidth  (Fig  3.4),  indicating 
that  the  wave  does  not  attenuate  throughout  the  frequency  range. 
The  non-zero  phase  Indicates  that  the  wave  does  propagate  to  the 
adjaicent  bays.  For  example,  at  20  Hz  the  wave  has  a  phase  of  -15® 
which  indicates  that  the  response  of  two  adjacent  bays  in  this 
mode  at  this  frequency  will  be  15®  out  of  phase.  With  this  phase. 
Eqn  3.8  indicates  that  one  wavelength  of  this  wave  mode  will  be  24 
bays.  As  a  function  of  frequency,  the  increasing  phase  value 
leads  to  decreasing  wavelength. 

The  third  mode  is  shown  in  Fig  3.5.  Like  the  evanescent 
mode,  this  mode  also  has  zero  phase  (non- propagating)  and  does 
have  attenuation.  However,  the  attenuation  is  not  as  pronounced 
as  with  the  evanescent  mode.  In  the  frequency  range  shown,  the 
lowest  value  of  |f |  is  about  0.8.  After  traversing  many  bays, 
this  attenuation  factor  will  eventually  'amortize*  the  wave,  and 
as  such,  the  wave  Is  considered  to  be  in  a  stop  band. 

As  Indicated  by  the  |f |  value  of  unity,  the  fourth  wave  mode 
is  in  a  pass  band  throughout  the  frequency  range.  Its  small  but 
increasing  phase  value  implies  the  wavelength  of  this  mode 
decreases  with  frequency. 
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This  wave  mode  is  equivalent  to  the  shear 
mode  of  Timoshenko  beam  theory. 


It  should  be  noted  that  for  any  given  frequency,  the  response 
of  the  truss  is  a  superposition  of  all  eight  wave  inodes  at  that 
frequency. 


Elgiwctore  of  the  Four  light'Goins  Ibvo  Nodoo 

The  eigenvectors,  u,  of  the  transfer  matrix  can  be  used  to 
generate  plots  of  the  wave  inodes.  For  the  [8  x  8]  pinned  rod 
truss,  the  eigenvector  for  a  mode  at  a  given  frequency  is  a  [1  x 
8]  matrix.  This  matrix  contains  values  of  deflection  from  the 
original  node  locations  as  well  as  the  forces  on  these  nodes. 
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(3.9) 


The  response  at  the  right  side  of  any  bay  can  be  obtained  by 


0*  wl  (3.10) 

n  i  n  - 1 


where  n  is  the  bay  number  and  1  is  the  number  of  the  desired  mode. 
Once  the  response  of  the  right  and  left  sides  of  the  bay  are 
known,  the  response  of  the  internal  nodes  can  be  obtained  by 
(2.17) 

U.  =  (  D.u  Ul  +  U.  )  (3.11) 


The  response  of  the  right.  left,  and  internal  nodes  of  each  bay 
were  then  'propagated  rightward’  (by  nniltiplication  by  f?)  and 
were  obtained  for  as  many  bays  as  was  needed  to  show  one 
wavelength  of  a  wave  mode. 
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V 


While  plotting  the  wave  modes,  only  the  real  component  of  the 
oonplex  eigenvector  was  u^cd.  This  corresponds  to  taking  a 
'snapshot*  of  the  response. 

Because  only  translational  degrees  of  freedom  were  included 
in  the  finite  element  analysis,  the  deformed  truss  was  plotted  as 
simply  linear  connection  of  the  deformed  nodes.  A  scaling  factor 
multiplied  the  eigenvectors  in  order  to  siccentuate  the 
dlsplaceswnt  from  the  undeformed  truss.  Unless  otherwise  noted, 
the  maximuai  displacement  plotted  was  equivalent  to  SOX  of  the 
length  of  a  longeron. 

The  response  of  the  evanescent  mode  is  effectively  confined 
to  only  one  bay.  The  motion  consists  primarily  of  extension  and 
compression  of  the  vertical  member,  and  changes  little  with 
frequency  (Fig  3.6). 

Fig  3.7  displays  one  wavelength  of  the  second  mode  for  10. 
30  ,  40.  50  .  70,  and  90  Hz.  At  10  Hz,  one  wavelength  is  33  bays 
long,  while  at  90  Hz,  this  drops  to  10.  For  all  these 
frequencies,  the  global  sinusoidal  displacement  dominates  the 
mode.  Thus  it  is  labeled  the  'S'  mode.  At  10  Hz  the  members 
exhibit  very  little  extension  or  compression.  But  at  90  Hz,  there 


10  Hz  30  Hz  70  Hz  90  Hz 


Figure  3.6  -  First  Bay  of  the  Evanescent  Mode  as  a 

Function  of  Frequency  (Pinned  Beam  Truss) 
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is  obvious  extension  and  compression  in  the  members  do  to  the  fact 
that  the  's'  shape  must  cycle  in  only  10  bays,  while  at  10  Hz, 
there  are  33  bays  in  which  to  do  so. 

Node  ‘three  will  be  labeled  the  'pseudo-evanescent'  (PE  mode) 
mode  because,  like  the  evanescent  mode,  mode  three  is  attenuated 
and  requires  an  almost  infinite  number  of  bays  to  exhibit  one 
wavelength.  The  difference  in  these  two  SKxies.  however,  is  that 
the  nE  node  exhibits  far  less  attenuation  than  does  the  evanescent 
mode.  In  fact,  the  state  vector  Is  not  completely  diminished  for 
several  bays  (Fig  3.8). 

The  moat  outstanding  feature  of  the  fourth  mode  is  the 
compression/extension  along  the  longitudinal  direction  of  the 
truss  at  low  frequencies.  For  this  reason  it  has  been  dubbed  the 
'CE'  mode.  At  10  Hz.  one  wavelength  requires  297  bays  to  observe. 
Fig  3.9  shows  the  first  few  bays  of  this  mode  as  a  function  of 
frequency.  Also  shown  is  one  ccxnplete  wavelength  of  the  GE  mode 
at  90  Hz. 


Oompariacn  to  Gontliam  Rodels 

The  eigenvectors  of  the  S  and  CE  modes  exhibit  displacements 
similar  to  a  beam  in  bending  and  a  rod  in  eucial  compression, 
respectively.  These  modes  can  thus  be  compared  to  results 
obtained  from  continuum  models  of  the  same  truss.  Mills  in  [N-3] 
has  developed  continuum  models  for  the  same  truss  as  analysed  in 
this  work.  Bending  is  modeled  by  Timoshenko  beam  theory, 
compression-extension  by  simple  rod  theory.  Mills'  equivalent 
values  are:  axial  stiffness  EA  =  8.7220x10^  lb.  bending 
stiffness  £I  a  6.5960x10*  Ib-in^.  shear  stiffness  GA  a 
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10  Hx  (24  of  •  Bay*) 


40  Hi  (24  o(  •  Bayi) 


90  Hz  (24  of  •  Bays) 


Figure  3.8  -  First  Twenty-Four  Bays  of  the  PE  Node  as 
a  Function  of  Frequency  (Pinned  Rod  Truss) 


10  Hz.  24  of  297  Bays 


40  Hz.  24  of  60  Bays 


90  Hz.  34  of  34  Bays 


Figure  3.9  -  The  CE  Node  as  a  Function  of 
Frequency  (Pinned  Beam  Truss) 
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1.0693x10*  lb.  mass  per  length  pA  a  4.8627x10*^  lb-s*/in*.  and 
inertia  per  length  pi  *  0.19438  Ib-s^.  Figure  3.4  shows  a 
coagarlson  of  the  computed  results  with  the  predictions  of 
Bemoulli-Euler  beea  theory  (valid  for  low  frequencies),  axxl  the 
high-frequency  asywptotic  behavior  of  the  bending  nodel  of 
Tiaoshenko  beaa  theory.  The  C£  node  of  Fig  3.5  is  coapared  to  an 
axial  coMpresaion  wave  from  the  continuua  aodel.  It  can  be  seen 
that  the  results  obtained  froai  the  transfer  matrix  method  are  in 
close  agreeamtt  with  those  of  continuum  models  of  the  same  truss. 

The  FE  mode  (Fig  3.5)  can  be  viewed  as  a  Timoshenko  shear 
mode.  This  wave  mode  will  not  propagate  at  frequencies  below  the 
cut-off  frequency  w  «  >/  ^A/pK  .  In  this  case  366  Hx,  The 
behavior  of  the  FE  mode  is  thus  eonslstant  with  the  Timoshenko 
shear  mode. 

The  evanescent  mode  has  no  equivalent  analogue  in  the 
continuua  model,  and  appears  to  be  entirely  aii  artifact  of  the 
truss  modeling  approach. 
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3.4  Propaaation  in  a  Uni  fora  Two-Diaensional  Pinned- Joint 

Tnias  vidk  Bean  Ihabers 

A  aore  realistic  representation  of  the  high  frequency 
dynaaics  of  a  truss  structure  can  be  made  if  the  elements  which 
coaprise  the  structure  are  given  bending  stiffness.  As  such,  the 
second  truss  structure  studied  was  the  same  two-dimensional 
uniform  beam  truss  as  in  Section  3.3.  but  with  members  modelled  as 
beaas.  The  beam  elements  were  connected  by  pinned  Joints.  A 
finite  element  program  was  developed  to  deteraine  the  mass  and 
stiffness  aatrlcies  of  the  bay.  Each  mesAMr  of  the  truss  now  has 
two  translational  and  one  rotational  DOF  at  each  end.  Care  must 
be  taken  to  ensure  that  differences  in  displacestent  and  force 
coordinate  definitions  between  the  finite  element  analysis  and 
those  of  the  transfer  nmtrix  method  are  taken  into  account  (Sect 
2.3). 

For  the  pinned  beam  truss,  there  are  16  tremslational  DOF  and 
12  rotational  DOF  in  each  bay.  This  produces  a  [28  x  28]  dynaunic 
stiffness  satrix  for  the  bay.  The  tremsfer  iratrix  is  still  [8  x 
8].  since  there  are  still  only  four  coupling  coordinates  between 
bays.  Internal  node  displacements  and  beam  rotations  have  been 
condensed  into  the  transfer  matrix  (Section  2.4).  Fig  3.10 
defines  the  siember  rotations. 

Because  the  members  have  bending  stiffness,  it  is  important 
to  note  the  members'  resonant  bending  frequencies.  Fig  3.11  lists 
the  first  several  natural  frequencies  of  the  longerons  and 
diagonal  truss  members. 
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Figure  3.10  -  Member  Slopes.  Pinned  Beam  Case 

A  NATRIXx  user  defined  coanend  file  sas  used  to  produce  the 
transfer  aatrix  from  the  dynamic  stiffness  matrix  and  to  extract 
its  eigenvalues  and  eigenvectors.  Fig  3. 12-16  present  dispersion 
curves  for  the  four  positive-going  modes  over  a  0  -  170  Hz 
bandwidth.  These  figures  can  be  directly  compared  to  Fig  3-4  and 
3-5  which  are  based  upon  a  model  which  ignores  member  bending. 
Appendix  A  contains  the  propagation  coefficient  plots  for  these 
modes. 


Longerons:  =  70.42  Hz 

wt  =  159.6  Hz 


1st  pinned-pinned  freq. 
1st  clajnped-c lamped  freq. 


Diagonals:  Ut  =  35.2  Hz 
ui2  =  79.8  Hz 
=  140.8  Hz 


1st  pinned-pinned  freq 
1st  clamped-c lamped  freq. 
2nd  pinned-pinned  freq. 


with  El 
m 


2.0263E6  lb  in*  L^omo  ,  S5.0  in 
1.016E-4  slug/in  Loiag  =  55.0  V  2  in 


Figure  3.11  -  Pinned-Pinned  and  Clamped-Clainped  Bending  Resonances 
for  Truss  Loi^erons  and  Diagonals 
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The  wave  modes  were  then  plotted  using  a  cubic  spline 
routine.  A  scale  factor  was  used  to  accentuate  the  displacements 
and  rotations  of  the  members  in  order  to  make  the  deformations 
visible.  Unless  otherwise  noted,  the  scale  factor  was  chosen  such 
that  the  largest  displacement  was  SOX  of  a  longeron  length  or  the 
largest  slope  (relative  to  the  undeformed  members)  was  45“.  which 
ever  occurred  first. 

ElgiaandiiM  and  Eianractora  of  the  Ewaneaceat  Vawe  Mode 

The  first  mode  examined  was  very  similar  to  the  evanescent 
mode  of  Section  3.3.  The  wave  is  in  a  stop  band  throughout  almost 
all  of  the  frequency  range  (Fig  3.12). 

The  difference  between  the  rod  truss  and  beam  truss 
evanescent  modes  occurs  in  a  sharp  spike  in  |f  |  and  at 
approximately  70  Hz.  At  this  frequency,  the  attenuation  constant 
becomes  non-zero,  and  there  is  a  non-zero  phase,  indicating  that 
the  evanescent  mode  actually  propagates.  As  noted  in  Fig  3.11,  70 
Hz  corresponds  to  the  1st  pinned-pinned  frequency  of  the  longeron 
members.  Fig  3.13  shows  the  first  bay  (of  approximately  infinite 
bays  for  a  wavelength)  of  the  evanescent  wave  mode  as  a  function 
of  frequency. 

The  difference  between  the  beam  truss  emd  the  rod  truss 
eigenvector  plots  fFig  3.6)  is  that  in  the  beam  truss  case,  the 
wave  mode  consists  not  only  of  extension  and  compression  of  the 
members  but  also  bending  of  the  internal  members.  Starting  at  30 
Hz,  the  diagonal  member  begins  to  show  pinned-pinned  motion.  At 
35  Hz.  the  lower  longeron  also  starts  to  exhibit  this  motion, 
while  the  diagonal  dies  out.  At  70  Hz.  the  propagating  wave  mode 
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Figure  3.12  -  Dispersion  Curves  for  the  Evanescent  Mode 

(Pinned  Beam  Truss) 

involves  pinned-pinned  motion  of  the  horizontal  longerons.  The 
evanescent  mode  starts  to  exhibit  the  second  pinned-pinned  motion 
together  with  lower  longeron  motion. 

It  is  Iraportemt  to  note  that  this  internal  motion  ms  not 
present  when  the  truss  was  modelled  with  rod  members.  Therefore, 
by  using  beam  elements,  the  fidelity  of  the  model  has  been 
increased. 
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10  Hz 


70  Hz 


120  Hz  155  Hz 


Figure  3. 13  -  One  Bay  of  the  Evanescent  Mode  as  a  Function 

of  Frequency  (Pinned  Bean  Truss) 

Eigsonnslues  and  Eigenvectors  of  the  S  fcve  Mode 

The  magnitude  and  phase  of  the  eigenvalues  of  the  second  wave 
mode  are  presented  in  Fig  3.14.  This  should  be  compared  to  Fig 
3.4.  which  represents  the  same  wave  mode,  but  for  the  pinned  rod 
truss. 

The  general  trends  in  |f |  and  <p  are  the  same  for  both  the  rod 
and  beam  truss  cases  until  35  Hz.  Because  of  this  Initial 
similarity,  this  mode  will  be  refered  to  as  the  'S'  mode.  Both 
waves  are  unattenuated  and  propagating. 

The  eigenvectors  of  the  transfer  matrix  were  determined  as 
described  in  preceeding  sections.  Fig  3.15  depicts  one  wavelength 
of  the  S  mode  while  it  is  in  its  initial  pass  band. 

Like  the  S  mode  of  the  rod  truss,  I'he  initial  mode  shape  is 
that  of  a  global  'S'.  But  whereas  in  the  rod  truss  the  global  'S' 
persisted  as  the  frequency  increased,  in  the  beeun  truss  the  global 
*S‘  dies  out  as  the  frequency  is  increased.  At  10  Hz.  one 
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Figure  3.14  -  Dispersion  Curves  for  the  S  Node  as  a  Function 

of  Frequency  (Pinned  Beajn  Truss) 


wavelength  simultemeously  occupies  33  bays,  etnd  the  members  are 
essentially  straight.  But  by  20  Hz,  the  dietgonals  start  to 
exhibit  their  first  pinned-pinned  resonance,  their  deflection 
becoming  maximum  at  35  Hz.  The  direction  of  diagonal  bending 
alternates  every  quarter  wavelength  e<t  20  Hz,  while  at  30  Hz,  it 
alternates  every  half  wavelength.  By  35  Hz  the  global  'S'  has 
essentially  disappeared. 

After  35  Hz.  the  rod  and  beam  truss  'S'  modes  are  not 
similar.  At  35  Hz,  the  diagonal  members  of  the  truss  are  in  their 
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20  Hz.  19  Bays 


EEEEEKSffliSSE 

30  Hz.  14  Bays 


35  Hz.  8  Bays 


Figure  3.15  -  One  Wavelength  of  the  S  Mode 
in  the  First  Pass  Band 
(Pinned  Bean  Truss) 

1st  pinned-pinned  resonance,  after  which  the  wave  enters  a  stop 
band  at  40  Hz.  Apparently  when  the  diagonals  resonate,  energy 
becomes  localized  in  this  motion  and  does  not  propag^ate  along  the 
beam. 

At  35  Hz  the  wave  enters  a  region  where  it  exhibits 
properties  of  a  complex  mode.  In  this  region  the  wave  both 
propagates  and  attenuates.  The  complex  mode  region  ends  at  39  Hz. 

From  40  -  70  Hz  the  wave  enters  a  classic  stop  band.  Here 

/ 

the  phase  is  near  zero,  implying  that  all  the  elements  of  adjacent 
bays  move  in  phase  causing  the  wavelength  of  the  wave  to  approach 
infinity.  The  wave  exists  simulaneously  in  a  near  infinite  number 
of  bays  and  does  not  propagate.  The  state  vector  from  one  bay  to 
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the  next  is  however  decreased.  The  first  ten  bays  of  tiie  truss 
for  40,  50,  60.  and  70  Hz  are  shown  in  Fig  3.16.  As  before,  the 
diagonals  dominate  the  dynamics  for  frequencies  about  35  Hz,  and 
give  way  to  longeron  movement  about  70  Hz.  Such  modes,  as  with 
the  evanescent  modes,  can  only  originate  at  the  boundary  of  the 
structure  or  at  some  discontinuity  along  the  length  of  the 
structure. 

40  Hz 


50  Hz 


QSt^kknnk- 

60  Hz 

{^r\KKKM\NJ\ 

70  Hz 

Figure  3.16  -  First  Ten  Bays  of  the  S  Node  in  the 
First  Stop  Band  (Pinned  Beam  Truss) 

f 

As  the  1st  pinned-pinned  frequency  of  the  longerons  is 
reached,  the  wave  enters  a  spike-like  pass  band  (70  Hz).  From  75 
-  90  Hz  the  mode  is  complex  emd  is  in  a  stop  band.  The  mode 
shapes  in  this  frequency  range  appear  similar  to  those  in  the 
proceeding  stop  band.  However,  because  of  the  non-zero  phase 
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difference  between  bays  in  this  region,  a  wavelength  now  occupies 
a  finite  number  of  bays.  As  can  be  seen  in  Fig  3.17  (the  scaling 
has  been  increased  to  excentuate  displacements),  although  the 
wavelength  is  finite,  the  mode  does  not  appear  to  repeat  after 
undergoing  360°  of  phase  change.  The  mode  does  repeat — the  state 
vector  is  attenuated  to  such  an  extent  after  one  wavelength  that 
the  wave  does  not  appear  to  repeat. 


75  Hz,  18  Bays 

80  Hz,  18  Bays 

90  Hz.  24  Bays 

Figure  3. 17  -  One  Wavelength  of  the  Complex 
S  Node  (Pinned  Beam  Truss) 

The  next  pass  band  begins  at  95  Hz  and  continues  until  the 
end  of  the  bandwidth  examined.  One  wavelength  of  the  S  mode  for 
100,  150,  155,  €uid  165  Hz  is  shown  in  Fig  3. 18.  Global  motion  is 

not  present.  The  second  pinned-plnned  resonance  of  the  diagonal 
members  starts  to  appear  around  140  Hz.  The  wavelength  drops  off 
sharply  near  the  first  clamped-c lamped  resonzutce  of  the  longerons 
(160  Hz).  Although  the  first  clamped-c lamped  frequency  occurrs  at 
160  Hz.  the  second  diagonal  pinned-plnned  motion  still  dominates. 
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For  the  0  -  165  Hz  bandwidth,  the  S  wave  mode  was  in 
alternating  pass  and  stop  bands.  Note  that  each  of  the  pass  and 
stop  bands  were  separated  by  a  complex  mode  region  (complex  modes 
are  considered  to  be  in  stop  bands). 


150  Hz.  22  Bays 


155  Hz.  19  Bays 


165  Hz.  8  Bays 


Figure  3.18  -  One  Wavelength  of  the  S  Node  in  the  Second 

Pass  Band  (Pinned  Bean  Truss) 
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EigmvaliMs  and  Eiganvactora  of  cha  FE  lava  loda 

Unlike  Che  S  mode  which  begins  in  a  pass  band,  the  third  mode 
begins  in  a  stop  bond  (Fig  3.19),  It  has  the  same  basic 
attenuation  and  phase  as  for  the  pinned  rod  truss  PE  mode  (Fig 
3.5)  up  to  35  Hz.  the  diagonals*  first  pinned-pinned  resonance. 
Because  of  this  initial  similarity,  this  mode  has  bean  dubbed  the 
re  mode.  Like  the  S  mode,  the  PE  mode  goes  through  alternating 
stop  and  pass  bands,  separated  by  stop  bands  in  which  the  mode  is 
complax.  Ifotil  35  Hz.  the  wavelength  is  approximately  Infinite. 


complex* 


stop  bud' 


4  pass • 

bend 


Frequency  (Hz) 


Figure  3.19- 


Olspersion  Curves  for  the  PE  Node 
(Pinned  Bean  Truss) 


This  mode,  unlike  the  first  stop  band  of  the  S  mode,  exhibits 
mostly  global  bending  instead  of  local  member  bending  (fig  3.20). 
This  should  be  expected  being  that  global  motion,  not  local  member 
motion,  dominates  the  dynamics  of  all  modes  at  low  frequencies. 

The  wave  enters  its  first  pass  baixl  at  40  Hz  after  becoming  a 
cosiplex  mode  for  a  range  of  5  Hz.  The  first  few  bays  of  the  FE 
mode  are  shown  in  Fig  3.21. 

The  coaplex  mode  shapes  (range  75-96  Hz)  are  identical  to 
those  of  the  S  mode,  with  the  exception  of  phase  angle  sign. 
Coaplex  modes  au‘e  discussed  more  fully  in  Section  3.5. 

At  96  Hz.  the  second  stop  band  begins.  As  can  be  seen  in  Fig 
3.22.  the  FE  mode  does  not  exhibit  much  global  motion.  Near  130 
Hz  the  second  pinned-plnned  resonance  of  the  diagonals  appears  in 
the  truss  plots. 

The  second  pass  band  for  the  PE  sode  begins  at  155  Hz.  The 
PE  mode  of  the  second  pass  band  is  like  that  of  the  first  except 
that  now  there  is  more  moveswnt  in  the  horizontal  longerons  and 
the  diagonals  are  in  their  second  pinned-pinned  resonance  (Fig 
3.23). 

Elganvsdues  and  Eigenvectors  of  the  (Z  lave  Node 

Once  again,  the  |f  |  and  values  for  the  rod  truss  and  beam 
truss  follow  the  same  trend  from  0-35  Hz  (Fig  3.24).  As  with  the 
CE  mode  in  the  pinned  rod  truss,  the  fourth  mode  in  the  pinned 
beam  case  also  starts  out  with  at  low  frequencies  with  the  same 
coapressiou/extension  shape  (Fig  3.25).  It  is  therefore  called 
the  CE  mode.  But  by  20  Hz.  bending  of  the  diagonals  and  vertical 
loiq(erons  can  be  seen.  At  35  Hz.  bending  seems  to  be  confined  to 
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10  Hz.  10  of  •  Bays 


20  Hz.  10  of  •  Bays 


30  Hz.  10  of  •  Bays 


ravNKKKNW^ 

40  Hz.  10  of  •  Bays 

Figura  3.20  -  First  T«i  Bays  of  tha  PE  Noda  in  tha 
First  Stop  Band  (Pinnad  Baas  Truss) 


50  Hz.  15  of  53  Bays 


65  Hz,  15  of  29  Bays 


Figure  3.21  -  PE  Node  in  the  First  Pass  Band 

(Pinnad  Baaa  Truss) 
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165  Hz.  20  Bays 


Figure  3.23  -  One  Wavelength  of  the  PE  Node  In  the 
Second  Pass  Band  (Pinned  Beam  Truss) 
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the  diagonals.  By  50  Hz.  a  global  's*  shape  appears  as  the 
horizontal  longerons  and  diagonals  are  in  bending.  Only  the 
horizontal  longerons  remain  in  bending  by  65  Hz. 


pass  band 


pass  band 


lao  140  ISO 


Frequency  (Hz) 


Figure  3.24  - 


Dispersion  Curves  for  the  CE  Mode 
(Pinned  Beam  Truss) 


The  CE  mode  is  complex  in  a  1  Hz  btuid  starting  at  70.8  Hz. 
and  continues  for  0.6Hz. 

The  first  ptass  band  is  a  small  region  between  72  and  80  Hz. 
Wavelengths  in  this  region  are  of  near  infinite  wavelength  and 
their  wave  modes  involve  only  motion  of  the  vertical  longerons. 
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35  Hz.  15  of  50  Bays 


50  riz.  12  of  12  Bays 


65  Hz.  8  of  8  Be^s 


Figure  3.25  -  The  CE  Node  In  the  First  Bass  Band 

(Pinned  Bean  Truss) 


90  Hz.  15  of  35  Bays 


120  Hz,  9  of  9  Bays 


150  Hz.  7  of  7  Bays 

Flipire  3.26  -  The  CE  Node  In  the  Second  Pass  Band 

(Pinned  Beam  Truss) 
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The  second  pass  band  begins  at  80  Hz  and  continues  until  155  Hz. 
Initially  the  motion  consists  of  longeron  bending,  but  becomes 
second  pinned~pinned  diagonal  bending  by  the  end  of  the  band  (Fig 
3.26). 

And  finally,  the  CE  mode  enters  its  second  stop  band  at  155 
Hz.  The  wavelengths  in  this  band  are  near  infinite  and  the  motion 
consists  of  second  pinned-pinned  diagonal  bending. 

3.5  Qi^lex  Wades 

For  the  pinned  bean  truss  there  were  two  frequency  bands  in 
which  wave  modes  were  complex — from  35  to  40  Hz  and  from  72  to  95 
Hz.  If  the  dispersion  curves  of  the  S  and  PE  modes  are  plotted 
together,  some  interesting  observations  can  be  made  (Fig  3.27). 

Both  modes  are  complex  throughout  the  some  bandwidths  (35-40 
Hz  and  75-95  Hz).  In  addition,  the  magnitude  of  the  eigenvalues 
are  exactly  the  same.  The  two  wave  inodes  couple  throughout  these 
regions,  producing  the  complex  inodes.  The  complex  inodes  begin  at 
the  first  pinned-pinned  frequencies  of  the  diagonals  and  longerons 
at  a  Joining  point.  At  the  breah-auiay  points  the  modes  once  again 
take  on  separate  character. 

The  frequency  range  between  70  and  85  Hz  is  full  of  complex 
inodes  (Fig  3.28).  Within  this  range,  there  are  three  pairs  of 
right-going  complex  modes.  The  S  and  CE  modes  couple  for  a  very 
short  bend  centered  at  71.2  Hz.  At  71  Hz' euen  the  euanescent  mode 
forms  a  complex  mode  with  the  PE  mode.  But  the  longest  coupling 
is  between  the  S  smd  PE  modes.  These  two  wave  modes  are  complex 
from  72.5  to  95  Hz.  Note  that  the  coupling  is  triggered  near  the 
first  pinned-pinned  frequency  of  the  longerons. 
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Fraqumey  (Hx) 


Fisure  3.27  >  Complex  Node  Coupling  Between  the  S  and  PE  Nodes 


Figure  3.28  -  Complex  Node  Coupling  About  70  Hz 


It  would  appear  then  that  a  complex  mode  cannot  exist  alone. 
Complex  modes  are  formed  In  pairs.  In  fact,  when  two  wave  modes 
couple  to  form  complex  modes,  there  also  exist  their  left-going 
'brother*  modes,  which  are  also  complex.  So  when  both  right  and 
left-going  waves  are  considered,  four  (eight,  twelve,  etc.) 
complex  modes  must  exist  simultaneously  in  the  truss.  This  can  be 
visualized  in  the  f-plwe  (Fig  3.29).  For  example,  between  75  and 
95  Hz  the  S  and  PE  modes  couple  to  form  complex  modes.  The 
eigenvalues  of  the  right-going  complex  modes  (labeled  with  an  'r* 
subscript)  are  complex  conjugate  pairs  os  are  their  eigenuectors. 
The  eigenvalues  of  the  left-going  complex  modes  ('1*  subscript) 
lie  outside  the  unit  circle  and  also  have  cooiplex  conjugate 
eigenvalues  and  eigenvectors. 

Discussion  of  power  flow  in  complex  modes  as  well  as 
properties  of  their  eigenvectors  are  presented  in  Sections  4.2  and 
4.3. 


Figure  o.29  -  Eigenvalues  of  Four  Complex  Wave  Mode 

In  the  f  Plane 


•  lave  Mode  Power  Flow 


\ 


A 

4.1  OataralimCion  of  Arerace  Powir  Flow  In  a  fcvo  Nods 

In  Chapter  3  it  was  shown  that  each  wave  mode  has  frequency 
bands  in  which  there  is  propagation,  bands  in  which  there  is  no 
propagation,  and  bands  in  which  there  is  both  attenuation  and 
propagation  (the  cosqilex  modes).  Intuition  might  tell  us  that 
when  a  wave  propagates,  it  transmits  energy  along  the  structure 
and  when  it  does  not  propagate,  it  does  not  carry  energy  along  the 
structure.  But  what  about  coaplex  modes  which  share  aspects  of 
both  propagating  and  attenuating  waves?  Do  coog>lax  modes  transmit 
energy  along  the  structure?  And  if  so.  how  is  this  possible  if 
there  is  no  damping  in  the  system?  Need  addressed  this  point  in 
1973  and  found  theoretically  that  there  is  no  net  power  flow  in 
these  modes  CN'-2].  In  order  to  gain  some  insight  into  this 
question,  this  chapter  examines  power  flow  in  the  wave  modes  of  a 
pinned  beam  truss. 

Instantaneous  power  is  the  product  of  the  inst£mtaneous 
velocity  and  force.  While  noting  that  these  are  vector 


quantities. 

this  becomes. 

P(t)  =  v{t)  «  f(t)' 

(4.1) 

where 

v(t)  =  V„  cos(wt  +  v>v)  =  Re  (Ve^*^*^) 

(4.2) 

V  =  Vh  e^'^"  Vn  =  |V| 

(4.3) 
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and, 

f(t)  ■  F.  coa(<Jt  +  -fr)  s  Re  (Fe^^^) 

(4.4) 

F  e  F.  e‘*'  F,  =  |F| 

(4.5) 

The 

instantaneous  power  flow  can  now  be  written  as. 

P(t)  a  Re  (Ve^"*^)  •  Re  (Fe^"') 

(4.6) 

a  Re  (ue^"*)  •  Re  (Fe^“^) 

(4.7) 

a  Re  (tw  ue*'*^^)  •  Re  (Fe^*^^) 

(4.8) 

which  can  be  expaxuled  to. 


P(t)  a  Re  [Iw  (u«  +  lut)  (cos  wt  tain  wt)]*  (4.9) 

Re  C(F«  tFt)  (cos  wt  *  tain  wt)] 

After  nultlplying  and  taking  the  dot  product  thia  beconea, 

P(t)  aw  [  -un*F«  sin  wt  cos  wt  +  Un*Fi  sin*  wt  •*>  (4.10) 

-  ui*F«  cos*  wt  ♦  ut»Fi  sin  wt  cos  wt  ] 

The  auerage  power  flow  over  one  period,  TB2ir  /w.  is  detiued  as. 

P.vo  »  £  P(0  (4.11) 

After  integrating  Eqn  4.10  over  one  period  we  get, 

P*vo  =  1/2  w  (uii  •  Fi  -  Ui  •  Fn)  (4.12) 

This  then  gives  us  the  average  power  flow  for  each  wave  mode,  u 
and  F  are  entries  of  the  wave  mode  eigenvectors. 
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4.2  Wmw  Nods  IWer  Flov 

Po««r  flow  was  calculated  for  the  eight  wave  modes  present  in 
a  pinned  beaa  truss.  The  eigenvectors  used  in  Eqn  4-22  were 
normalized  so  that  the  x-displacement  of  node  one  was  unity. 

Figs  4.1  and  4.2  show  plots  of  the  power  flow  in  the  four 
right  and  left-going  wave  modes.  The  outstanding  features  of 
these  curves  are  sharp  spikes  in  power  flow  at  member  resonant 
frequencies.  Notice  that  power  flow  In  left  and  right-going 
‘brother*  waves  (l.e..  PE  left-going  and  FE  right-going)  is  equal 
and  opposite. 

More  detail  can  be  seen  when  the  asgnltude  of  the  power  is 
plotted  on  a  log  scale  (Figs  4.3  and  4.4).  As  expected,  the  S. 
PE.  and  CE  modes  show  power  flow  In  psMS  bands — power  flov  in  each 
left  and  right-going  brother  wave  pair  being  equal  and  opposite. 
No  power  flow  occurs  in  stop  bands.  Coaplex  mode  regions  of  the  S 
and  PE  modes  show  up  as  'noisy*  data  on  the  plots.  But  as  can  be 
seen  by  data  from  the  right-going  coaplex  mode  pair  in  the  73-96 
Hz  bandwidth  (Fig  4.5).  the  magnitude  of  the  power  flow  in  these 
coaq>lex  modes  Is  equal  and  opposite.  Thus  it  would  appear  that 
the  net  power  flow  in  a  right-going  (left-going)  complex  mode  pair 
is  zero.  Need,  however,  claims  that  the  net  power  flow  in  a 
single  coaplex  mode  is  zero  CN-2].  It  is.  therefore,  uncertain 
whether  the  equal  and  opposite  power  flow  shown  in  Fig  4.5  is 
actiial  or  the  result  of  numerical  round-off. 

Power  flow  in  the  evanescent  modes,  however,  is  contrary  tc 
what  one  would  expect.  With  the  exception  of  a  small  pass  band 
about  70  Hz.  the  evanescent  modes  are  in  a  stop  band  throughout 
all  of  the  bandwidth  investigated.  Because  of  this,  one  would 
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Evan  Mode 


S  Mode 
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PE  Mode 


Fiqure  4.4 


Magnitude  of  Power 
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CE  Mode 


Flow  in  the  Left-Goir.g  Nodes 


«xp«ct  thtrtt  to  tw  no  net  power  flow  in  the  rigbt/lef t-golnc  polr. 
But  Fife  4.1-H.4  clearly  show  that  there  is  power  flow.  By 
chanslns  the  eigenvector  noraalization.  a  check  can  be  eede  on  the 
validity  of  this  result. 

4.3  Eigenvector  Nonmlization 

The  truss  structure  should  ‘appear  the  same'  to  a  right-going 
wave  as  it  does  to  a  left-going  wave.  This  can  be  seen  by 
considering  Fig  4.6,  A  right-going  wave  node  'sees'  the  truss  as 
in  Fig  4.6(a).  The  eigenvector  normalization  used  in  the 
preceeding  analysis  was  to  set  the  x-displacement  of  node  one  (ut) 
to  unity.  To  a  left  going  wave,  the  truss  would  appear  as  in  Fig 
4.6(b).  Bay  (b)  can  be  obtained  from  (a)  by  a  simple  rotation  of 
(a).  In  order  for  the  eigenvector  normalizations  to  remain  the 
same,  the  normalization  for  the  left  going  wave  should  be  made  by 
setting  Us  to  negative  unity. 
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Uniter  a  CoordliMita  Transfora 

With  tho  orlsinal  noraaliation.  cha  alconvactors  of  the 
laft/rlght  foins  brother  aavaa  in  pa»s  banda  occurred  in  coa^lax 
conjusata  pairs.  With  tha  new  noraAlisatlon  (left-soing  nodes 
noraalizad  to  Ua  «  -1).  the  eigwivectors  had  equal  but  reordered 
values  (to  correspond  to  tha  bay  rotation).  They  were  now 
'physically*  siailar.  The  left  and  right-going  waves  both  'saw 
the  sasM  structure. ' 

A  saaple  set  of  eigenvectors  for  80  Hz.  is  shown  in  Fig  4.7. 
At  80  Hz  there  are  four  coeplex  nodes  present  (between  the  S  and 
PE  modes).  Notice  that  the  right-going  complex  modes  (the  PE  and 
S)  have  cosplax  conjugate  eigenvectors  (as  do  the  left  PE  and  S). 
Also  notice  that  the  eigenvectors  of  the  left/right-going  brothers 
have  physically  similar  displacements  and  forces  with  the 
exception  of  the  shear  forces.  The  PE  and  Evan  modes  clearly  show 
differences  in  the  shear  force  terms.  What  this  implies  is  that 
the  results  of  the  analysis  depend  on  the  frame  of  reference.  A 
right-going  wave  sees  a  different  truss  than  a  left-going  wave. 
This,  however,  cannot  be  true.  It  violates  the  principal  of 
invariance  under  a  coordinate  transformation.  This  then  leads  to 
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Figure  4.7  -  Wave  Node  Eigenvectors  at  80  Hz 

the  conclusion  that  the  power  flew  observed  in  the  evanescent 
modes  is  a  numerical  effect,  and  cannot  be  believed. 

One  normalization  that  would  prove  useful  in  the  next  chapter 
is  to  normalize  all  the  wave  mode  eigenvectors  to  imply  unit  power 
flow.  If  this  were  done,  the  scattering  matrix  (to  be  discussed 
in  Chapter  5)  will  be  unitary  —  all  columns  amd  rows  have  unit 
magnitude  [V-1].  But  because  power  flow  in  some  of  the  wave 
modes  is  zero,  this  type  of  normalization  could  not  be  used.  If 

damping  were  added  to  tl.e  system,  this  norimlization  would  be 
''iable. 
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5.1  ScatterloK  liB.tricies 

All  of  the  analysis  of  Chapters  3  and  4  was  performed  without 
regard  to  truss  boundary  conditions.  In  order  to  consider  wave 
mode  propagation  in  a  finite  length  truss,  boundary  conditions 
must  be  taken  Into  account.  The  concept  of  a  scattering  matrix 
will  be  used  to  give  the  infinite  truss  closure. 

The  cross-sectional  state  vector,  Y.  may  be  transformed  into 
vnue  mode  coordinates  by  the  transformation  [V-l], 

Y  =  B(w)  1  (6.1) 


where  W  is  the  cross-sectional  state  vector  in  wave  mode 
coordinates,  and  o  are  the  eigenvectors  of  the  tremsfer  matrix  T. 

The  cross-sectional  state  vector  Y  can  be  partitioned  into 
components  which  represent  right-going  waves,  w* .  and  left-going 
waves ,  w" . 


1  = 


(5.2) 


One  can  also  consider  wave  modes  which  arrive  at  a  member 
boundary,  a,  and  those  which  depart  a  bouixlary,  d.  The 
relationship  between  the  arriving  and  departing  wave  modes  at  beam 
boundaries  is  depicted  in  Fig  5.1. 
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(11  — *  si«  — ^ 

< —  at  < —  ds 

Figure  5.1  -  Representation  of  Arriving  and  Departing 

Wave  Nodes  at  Bean  Boundaries 

a  and  d  are  related  by  the  wave  mode  eigenvalues,  f , 

a.  =  r  du  (5.3) 

ac  =  f"  d« 

where  n  is  the  number  of  bays 

The  boundary  conditions  at  the  ends  of  the  truss  may  be 
written  as. 

[  B(w)  ]  Y  *  F*xt(«)  (5.4) 

where  the  boundary  conditions,  B.  and  external  forces,  F.  my  be 
functions  of  frequency.  In  wave  mode  coordinates  this  becomes 


C  B(w)  ]  [  «(«)  ] 


Fc  X  T (w) 


(5.5) 


Partitioning  the  boundary  conditions  gives. 


■ 

■ 

a 

B*(<j) 

Bo  (w) 

. 

d 

=  Fixt  (w) 


(5.6) 


After  some  manipulation,  the  departing  wave  modes  may  be  expressed 
as. 

d  =  -B.’‘((j)  B*(u)a  +  B."  F^xt  (5.7) 
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or. 


d  =  S(u)a  +  Fsxt 


(5.8) 


where  S(w)  is  defined  as  the  scattering  matrix  at  the  boundary. 
With  no  external  forcing  this  becomes, 

d  =  [  S{«)  ]  a  (5.9) 

Components  of  the  scattering  matrix  are  complex,  frequency 
dependent  reflection  coefficients  for  the  boundary.  The  second 
term  of  Egn  5.8  is  the  maue  mode  generating  Kitrtx  which  indicates 
how  external  forces  at  the  boundary  generate  outgoing  wave  modes 
[V-13.  The  reflection  coefficients  indicate  how  an  incoaing  wave 
mode  contributes  to  generating  outgoing  wave  modes. 

5.2  Derivation  of  the  Scattering  <%tricies  for  a  Plnwd  Bbm 

Truss  Attached  to  the  Shuttle  Orbiter 

Scattering  matricies  will  now  be  determined  for  the  case  of  a 
pinned  beam  truss  attached  to  the  shuttle  orbiter.  Consider  the 
orbiter  attached  truss  shown  in  Fig  2.6.  The  mass  of  the  orbiter 
is  assumed  to  be  much  greater  than  that  of  the  truss,  thus 
enabling  the  left  side  of  the  beam  to  be  treated  as  being  attached 
to  a  'brick  wall'.  Therefore,  the  truss  left  boundary  condition 
is  zero  displacement.  This  leads  to  writing  the  boundary 
conditions  of  Egn  5.5  as. 


where  and  ^  ^  represent  the  eigenvectors  of  the 
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right-going  and  left-going  wave  modes,  respectively. 

As  discussed  in  Section  2.5,  the  last  bay  on  the  free  end  of 
the  truss  must  be  closed  by  the  addition  of  an  end  member.  The 
dynamic  stiffness  matrix  of  this  member  is  frequency  dependent  and 
so.  therefore,  is  the  boundary  condition.  This  then  leads  to  the 
frequency  dependent  free  end  boundary  condition. 


■  A 

B 

I 

<1 

>1 

'  aR 

_  C 

D 

(5.11) 


where  A,  B.  C,  D  are  elements  of  the  dynamic  stiffness  matrix  of 
the  end  member  (Eqns  2.16,17). 

In  this  example,  the  eigenvectors  were  normalized  so  that 
x-displacement  of  node  one  of  each  bay  was  unity  (the  same 
normalization  used  to  determine  the  power  flows  of  Qtapter  4). 
The  left  and  right  scattering  matricies  were  calculated  from  0  to 
170  Hz.  in  steps  of  0.2  Hz.  Figs.  5.2  and  5.3  depict  the  real  and 
imaginary  components  of  the  scattering  matricies  as  a  function  of 
frequency.  More  detailed  plots  of  the  elements  of  the  scattering 
matricies  are  contained  in  Appendix  B. 

Each  entry  of  the  scattering  matricies,  Su.  represents  how 
much  departing  wave  mode  J  is  created  by  incoming  wave  mode  I. 
For  example,  the  first  coliiinn  of  Sr  and  St  indicates  how  the 
outgoing  evanescent,  S,  PE.  and  CE  wave  modes  are  produced  by  the 
incoming  evanescent  wave  mode. 

Checks  can  be  made  on  the  validity  of  these  reflection 
coefficients  by  examining  limiting  cases  of  these  values.  As 
noted  in  Chapter  3.  at  low  frequencies  the  S  mode  resembles  a  beam 
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where 


in  bending,  while  the  CE  mode  resembles  a  rod  in 
tension/coiiq>ression.  Since  the  wave  mode  eigenvectors  have  been 
normalized  with  the  x-def lection  of  the  first  node  equal  to  unity, 
checks  be  made  on  the  reflection  coefficients  of  the  CE  mode 
at  both  ends.  Fig  5.4  shows  selected  terms  of  the  left  emd  right 
scattering  matricies  at  low  frequency.  The  Si. (4,4)  plot  indicates 
that  the  reflection  coefficient  for  the  CE  mode  at  the  left 
boundary  should  be  -1.0  lO.  while  1  tO  at  the  right. 

The  incoming  CE  wave  mode  must  satisfy  the  zero  displacement 
boundary  condition  on  the  left  end  of  the  truss.  The  reflection 
coefficient  for  this  wave  mode  can  be  easily  determined.  Consider 
the  arriving  wave  mode  at  the  left  boxindary  (Fig  5.5). 

The  zero  displacement  boundary  condition  can  be  met  by 
visualizing  a  phontoa  wave,  Wpn.  being  created  oehind  the  boundary 
and  travelling  to  the  right.  The  phantom  wave  has  equal  but 
opposite  magnitude  at  the  boundary  as  compared  to  the  CE  wave. 
This  wave  then,  exactly  cancels  the  displacement  of  the  incoming 
CE  wave,  thereby  insuring  zero  displacement  at  the  boundary.  The 
boundary  amplitude  of  the  phantom  wave  is  w  out  of  phase  with  the 
incoming  CE  wave.  The  reflection  coefficient  is  then  -1  -*■  tO. 

A  check  can  be  made  of  the  Sr (4,4)  term  by  a  similar  process. 
The  Incosiing  CE  wave  mode  must  satisfy  the  zero  slope  boundary 
condition  at  the  right  end  of  the  truss.  In  this  case,  the 
phantom  wave  will  have  the  same  magnitude  as  the  incoming  CE  wave, 
and  will  be  in  phase.  This  leads  to  a  reflection  coefficient  of  1 

+  to. 

Sl(2.2)  and  Sr (2,2)  can  be  verified  by  thinking  of  ths  S  mode 
as  a  Bernoulli-Euler  beam  in  bending.  For  this  case,  however, 
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Figure  5.6  -  Enforcing  the  Zero  Displacement  Boundary 
Qjndition  by  Means  of  a  Phantom  Wave 

consideration  must  also  be  given  to  near-field  effects.  The 
reflection  coefficients  (at  low  frequency)  for  the  pinned  and  free 
ends  were  found  to  be  consistant  with  those  determined  in  [C-1] 
[H-1]. 

S.3  Natiuml  FrequaoclM  hf  Hsum  Clomure 

Recall  that  in  Section  2.6  a  method  was  presented  for 
detemining  the  natural  frequencies  of  a  truss  by  using  the  global 
transfer  matrix  of  the  structure.  It  was  p>ointed  out  that  even 
for  trusses  consisting  of  a  small  number  of  beys,  it  may  not  be 
possible  to  determine  the  natural  frequencies  due  to  large 
eigenvalues  of  the  transfer  matrix  (generally  associated  with  the 
evsuiescent  modes).  By  treuisforming  the  problem  to  wave  mode 
coordinates  and  employing  the  phase  closure  principle  this 
difficulty  can  be  eliminated.  The  phase  closure  principle  states 
that  natural  resonances  occur  at  frequencies  at  which  all  wave 
modes  complete  a  circumnavigation  of  the  b-'iam  with  a  total  phase 
change  of  2nir. 

For  the  case  of  a  seven  bay  truss  Eqn  5.3  becomes, 

a«  =  f  dt  (5.12) 

ac  =  dll 
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where  f  is  a  diagonal  nacrix  of  eigenvalues  associated  with  the 
right-going  wave  nwdes.  Eqn  5.9  can  be  written  for  both 
boundaries  as, 

dL  =  C  Sl  ]  aL  (5. 13) 

d*  —  C  3  ®’'- 

By  repeated  substitutions  of  Eqns  5.12  and  5.13,  we  obtain  with 
a*,  after  one  circumnavigation  of  the  beam, 

a«  f  S,  f  Sn  a.  (5. 14) 

Resonance  occurs  when  this  relation  is  an  equality: 

C  f ^  Sl  f’  S.  -  I  ]  a«  a  0  (5. 15) 

The  only  non-trivial  way  this  can  be  true  is  if  the  determinant  of 
Eqn  5.15  is  zero.  Therefore, 

det  [  f  Sl  r  S«  -I  ]  =  0  (5.16) 

is  a  satisfied  at  a  truss  resonance. 

Notice  that,  by  replacing  only  one  value  in  the  formulation 
(the  number  of  bays),  the  natural  frequencies  for  a  truss  with  an 
arbitrary  number  of  bays  can  be  determined  "quick  as  a  bunny." 

f 

The  order  of  the  problem  does  not  increase  with  increasing  number 
of  bays  because  the  dimension  of  the  transfer  matrix  is 
Independent  of  the  number  of  bays  in  the  structure. 

Fig  5.6  is  a  plot  of  the  determinant  of  Eqn  5.16  for  a  seven 
bay.  pinned  beam  truss  with  one  free  and  one  pinned  end.  The 
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natural  frequencies  of  the  truss  can  be  identified  whenever  Eg^ 
5.16  tends  to  zero.  Resonant  frequencies  determined  by  this  phase 
closure  method  are  listed  in  Fig  5.6.  These  frequencies  reproduce 
those  determined  by  a  finite  element  analysis  of  the  same  truss 
except  whenever  the  modes  are  closely  spaced.  The  finite  element 
analysis  obtains  five  modes  within  the  35.13  -  35.31  Hz  bandwidth 
while  the  phase  closure  method  locates  only  two.  This  remains 
true  even  when  frequency  steps  of  0.001  Hz  are  used  in  Eqn  5.16 
(Fig  5.7).  The  same  results  also  occur  about  70  and  154  Hz. 
Because  the  isolated  modes  are  so  accurately  determined,  one  may 
be  tempted  to  attribute  the  phase  closure  Mthod’s  failure  on 
numerical  round-off  rather  than  the  physics  of  the  problem.  This, 
however,  remains  to  be  shown. 
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Figure  5.6  -  Natural  Frequencies  Obtained  by  Phase  Closure 


-  78  - 


-  79  - 


* Omptor  6  -  Conclusions  and  R( 


tndationa 


This  thesis  computationally  investigated  wave  mode 
propagation  in  two-dimensional,  periodic  truss  structures.  Some 
conclusions  based  on  this  research  follow. 

1)  The  transfer  matrix  technique  proved  useful  in  that  the 
dynamics  of  a  complete  truss  bean  were  determined  by 
analysing  only  one  of  the  periodic  elenenta.  Conventional 
analysis  tools  such  as  the  finite  element  analysis  become 
computationally  cumbersome  as  the  nunber  of  degrees  of 
freedom  needed  to  model  the  structure  increases.  In  the 
transfer  matrix  method  the  order  of  the  problem  depends  soley 
on  the  order  of  one  of  the  periodic  elements. 

2)  The  method  of  obtaining  natural  frequencies  of  the  truss  by 

sequential  multiplication  of  the  transfer  matrix  tmd 
subsequent  application  of  boundary  conditions  is  only 

practical  for  cases  in  which  the  eigenvalues  of  the  transfer 
matrix  are  not  large. 

3)  The  results  obtained  by  examining  a  pinned  rod  truss  by 

transfer  matricies  closely  match  the  results  obtained  by 
continuum  models  of  the  same  structure. 
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4)  As  with  continuum  models  of  the  truss  structure,  the  pinned 
rod  truss  loses  its  fidelity  at  the  first  resonant  frequency 
of  the  truss  members.  The  rod  modelling  masks  all  local 
member  dynamics  that  would  be  present  if  member  bending  were 
modeled. 

5)  The  pinned  beam  truss  exhibits  complicated  mechanical 
filtering  properties.  As  a  function  of  frequency,  there  are 
bends  in  which  certain  wave  modes  will  propagate  and  bands  in 
which  wave  inodes  will  not  propagate. 

6)  At  low  frequencies,  non-evanescent  modes  are  characterized  by 
predominantly  global  displacements  whereas  at  higher 
frequencies  this  displacement  becomes  localized  in  the  truss 
members. 

7)  Complex  inodes  must  form  in  pairs  and  canr.'ot  exist  alone. 

Thus  in  a  pinned  beam  truss,  there  must  be  at  .'east  four 

(eight,  twelve  etc.)  or  more  complex  modes  present  in  order 
for  any  to  exist  at  all.  Mono-coupled  systems  cannot  support 
complex  wave  modes. 

8)  Cooqilex  mode  formation  is  initiated  at  member  resonant 

« 

frequencies.  Mo  explaination  could  be  found  for  termination 
of  complex  mode  counting. 

9)  Net  power  flow  in  a  right-going  ( lef  •■-going)  complex  mode 

pair  is  zero. 
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Several  results  were  obtained  that  indicate  there  may  be 
numerical  round-off  errors  in  this  formulation. 

a.  Power  flow  was  evident  in  the  evanescent  modes 
throughout  much  of  the  of  the  bandwidth  examined. 

b.  Shear  force  terms  in  the  eigenvectors  of  modes  in 
stop  bands  are  not  invariant  under  a  coordinate 
transformation. 

c.  Closely  spaced  natural  frequencies  of  the  truss  are 
not  detected  when  analysed  by  phase  closure. 

By  using  the  phase  closure  principle  and  the  eigenvectors  of 
the  transfer  matrix  vn  wave  mode  coordinates,  the  restriction 
imposed  in  2)  can  be  circumvented.  In  fact,  by  changing  Just 
one  variable  in  the  formulation,  the  natural  frequencies  for 
a  truss  consisting  of  an  arbitrary  number  of  bays  can  be 
determined.  As  stated  in  10),  however,  this  method  will  only 
locate  isolated  resonances. 

Following  are  some  suggestions  for  follow-on  research. 

Investigate  wave  propagation  in  a  three  dimensional  periodic 
truss  structure. 

i 

Identify  and  characterize  wave  modes  experimentally. 


3)  Develop  vibration  isolation  and  suppression  schemes  which 
exploit  the  filtering  behavior  of  truss  beams. 

4)  Investigate  localization  effects  in  random  periodic 

Structures. 

5)  Determine  if  issues  of  (10)  are  due  to  numerical  round-off 
error  or  are  inherent  in  the  transfer  matrix  formulation. 

6)  Investigate  when  and  why  complex  modes  decouple. 

7)  Resolve  the  questions  involved  with  power  flow  in  complex 
modes.  Is  the  net  power  flow  in  a  single  complex  mode  zero 
or  equal  and  opposite  to  that  of  its  coupled  ‘brother?* 

8)  And  on  a  more  practical  and  mundane  level,  determine  a  quick 
and  reliable  automated  method  to  sort  eigenvalues! 


-  83  - 


Referwicea 


[B-l]  BrillouinL..  "Iteve  Propagation  in  Periodic  Structures." 
Dover  Publications,  Inc.,  New  York.  1946 

[C-1]  Cremer  L.,  and  Leilich  H.O. .  "Zur  Theorie  der 

Biegekettenleiter."  Archlu  der  Elektrischen  Ubertrog. 
1953.  7.  261-270. 

[E-1]  Eatwell  G.P. .  "Free-Wave  Propagation  in  an  Irregularly 

Stiffened,  Fluid-Loaded  Plate,"  Journal  of  Sound  and 
Vibration.  1983.  88(4).  507-522. 

Heckl  M.A. .  "Investigations  on  the  Vibrations  of 
Grillages  and  Other  Simple  Beam  Structures,"  Journal  of 
the  Acoustical  Society  of  America,  1964.  36.  1335-1343. 

[M-1]  Mead  D.J..  "The  Random  Vibrations  of  a  Nulit-Supported 
Heavily  Damped  Beam."  Shock  and  Vibration  Bulletin. 
1966.  35(3).  45-54. 

[M-2]  Mead  D.J.,  "A  General  Theory  of  Ibrsionlc  Wave  Propagation 
in  Linear  Periodic  Systems  with  Multiple  Coupling." 
Journal  of  Sound  and  Vibration,  1973  ,  27(2),  235-260. 

CM-3]  Mills  R.A. ,  "Natural  Vibrations  of  Beast-Like  Trusses.", 

SN  Thesis.  Aeronautics  and  Astronautics.  MIT.  June  1985. 

CM-4]  "Matrix,,"  Integrated  Systems  Inc..  1982,  Palo  Alto  Qt. 

[P-l]  Pestel  I.E..  "Matrix  Methods  in  Elastomechanics." 

McGraw-Hl 1 1 .  1963 . 

[R-l]  Rubin  S,.  "Transmission  Matrlcies  for  Vibration  and  Their 
Relation  to  Admittance  and  Imptedance . "  Transactions  of 
the  ASHE:  Journal  of  Engineering  for  Industry.  Feb  1964. 

[R-2]  Roy  A.K..  and  Plunkett  R. .  "Wave  Attenuation  in  Periodic 
Structures,"  Journal  of  Sound  and  Vibration.  1986. 
104(3).  395-410. 

[V-l]  von  Flotow  A.H.,  "Disturbance  Propagation  in  Structural 
Networks,"  Journal  of  Sound  and  Vibration.  1986.  106(3). 
433-450. 


-  94  - 


Appgpdlx  A  -  Propagation  Q»fftctenta  fur  »  Pimycd 

Ban  Truss 

The  next  two  psgss  contain  ths  propagation  cooff icionts,  jir 
and  4, .  of  the  four  right-going  wave  modes  for  the  pinned  beam 
truss.  An  explanation  of  these  plots  can  be  found  in  Section  3.2. 
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This  appendix  contains  the  left  and  right  scattering 
matricies  for  a  pinned*free  truss.  Ihe  elements  of  the  scattering 
matricies  are  presented  in  more  detail  than  possible  in  Figs  5.2 
and  5.3.  Each  page  represents  a  column  of  the  given  scattering 
matrix.  For  example,  the  first  page  presents  the  first  column  of 
the  left  see  'tring  matrix  —  how  the  arriving  evanescent  mode 
produces  outgoing  Evan.  S.  PE.  and  GE  waves.  The  solid  lines 
correspond  to  the  real  component  of  the  reflection  coefficient 
while  the  dotted  lines  correspond  to  the  imaginary  part  of  the 
reflection  coefficient. 
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ftbstract 

Wave  propagation  In  periodic  trus3-»nrk 
structures  la  analytically  Investigated.  Transfer 
matrix  methods  are  applied  to  the  analysis  of  a 
truss  beam.  The  results,  with  members  modeled  as 
rods  with  pinned  joints,  agree  well  with  results 
obtained  from  an  equivalent  continuum  model  of  the 
same  structure.  Use  of  beam  models  for  the  members, 
including  bending,  shows  that  the  pinned  rod  model 
loses  fidelity  abcve  the  first  resonant  frequency  of 
lateral  motion  of  the  members.  The  truss,  modeled 
with  beam  members  exhibits  complicated  mechanical 
filtering  properties.  Fixed  and  free  boundary 
conditions  ate  converted  to  reflection  matricies. 
The  (ihase  closure  principle  Is  Invoked  to  predict 
natural  frequencies  of  a  fixed-free  portion  of  the 
truss.  It  Is  found  that  closely  spaced  resonant 
frequencies  are  not  Identified  by  this  method. 
Computed  results  show  subtle  erroneous 
characteristics  which  are  attributed  to  numerical 
effects. 

1.  Background 

Many  large  space  structures  will  be 
constructed.  In  part,  of  truss-work  components.  A 
current  example  Is  NASA's  space  station.  Truus 
structures  generally  consist  of  an  assemblage  of 
Identical  bays  and  are  thus  spatially  periodic. 
Periodic  structures  have  long  been  known  to  act  as 
mechanical  filters.  In  order  to  gain  more  Insight 
and  understanding  as  to  how  such  filtering 
properties  can  be  exploited  In  the  dynamics  and 
control  of  large  space  structures,  this  paper 
examines  wave  propagation  in  several  mathematical 
models  of  a  truss  beam. 

Any  survey  of  the  literature  of  wave 
propagation  In  periodic  structures  must  mention  the 
book  by  BrilloulnN  Since  Brillouln's  book,  many 
papers  have  treated  wave  propagation  in  periodic 
structures,  primarily  mono-coupled  systems  (systems 
with  one  coupling  coordinate  llnkirq  neighboring 
bays).  Models  used  Include  spring-mass^,  strings 
and'  rods^,  and  periodically  constrained  beams*. 
These  works  have  all  verified  Brillouln's  dictvin 
paraphrased  here:  "A  one-dimensional  periodic 

waveguide  supports  as  many  travelling  wave  modes  in 
each  direction  as  the  (minimum)  number  of  coupling 
coordinates  between  bays.  Each  wave-mode  exhibits 
alternating  (possibly  overlapping)  frequency  ranges 
of  pass-band  and  stop-band  behavior.  The  number  of 
pass  bands  is  equal  to  the  number  of  degrees  of 
freedom  within  each  bay."  Few  works  have  dealt  with 
multi-coupled  periodic  wave  guides.  Mead  has 
approached  the  prgblen  mathenatically,  both  for 
general  situations',  and  for  a  specific  model 
(Timoshenko  beams  with  perlodicallv  attached 
inertias)^.  Hodges,  lowers  and  Noudhouse  have 
repotted  theoretical  and  confirming  experimental 
work  on  wave  propagation  In  periodic,  rib-stiffened 
cylindrical  shells'.  Eatwell°  has  considered  wave 
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propagation  in  periodic  fluid  loaded  plates.  In 
each  study,  the  Introduction  of  multiple  coupling 
coordinates  between  bays  has  permitted  a  new  ty^  of 
travelling  wave  mode:  the  'complex  mode'  which  both 
travels  and  is  spatially  attenuated.  Such  modes 
were  also  discovered  in  this  work,  in  which  four 
coupling  coordinates  between  adjacent  truss  bays 
were  used. 

A  structural  analysis  is  incomplete  without 
consideration  of  boundary  conditions.  In  this 
paper,  conventional  boundary  conditions  for  truss 
beams  (equations  relating  forces  and  deflections  of 
boundary  points)  are  converted  to  wave-mode 
coordinations.  The  result  Is  a  matrix  of  frequency 
dependent  reflection  coefficients  at  each  boundary. 

This  paper  then  Invokes  the  phase-closure 
principle  to  define  and  calculate  natural 
frequencies:  "Resonance  occurs  at  those  frequencies 
at  which  each  propagation  path  closes  on  Itself  with 
total  change  of  2k  n  (kBl,2...)  after  one 
circumnavigation."  The  truss  Is  thus  modeled  as  a 
multi-mode  waveguide,  terminated  by  reflection 
matricies,  rather  than  an  assemblage  of  lumped 
parameter  member  models. 

2.  Wave  Modes:  Definition  arri  Derivation 

A  wave  mode,  on  a  one-dimensional  waveguide  is 
described  by  both  a  wave-mode  eigen-shape,  and  by  an 
associated  propagation  coefficient.  The  eigen-shape 
Is  that  unique  mix  of  cross-sectional  variables 
which  propagates  with  constant  relative  value  and 
phase  along  the  member.  The  associated  propagation 
coefficient  specifies  the  wavelength  (or, 
equivalently,  phase  speed)  with  vhich  propagation 
occurs.  A  tensioned  cable,  for  example,  can  support 
(in  the  classic  approximation)  three  wavs  modes  in 
each  direction:  one  axiaU  with  a  velocity  of  VeVu  , 
the  other  two  are  lateral  with  velocity  of  7  T/u. 
(CA  is  axial  stiffness,  T  is  tension,  m  Is  linear 
mass  density) . 

Note  that,  in  agreement  with  Boillouin's  quote 
given  in  the  introduction,  these  three  wave  modes 


correspond 

coordinates 

to 

the 

three 

modeled  deflection 

Wave 

modes 

in 

periodic 

stt’jctures  can  be 

analagousiy  defined.  We  select  any  reference 
cross-section  in  each  bay,  introduce  kinematic 
assunptions,  and  assign  a  numbei  of  deflection 
variables  to  define  the  deformation  state  of  that 
cross-section.  (Mead  has  shown  that  a  wise  choice 
for  the  reference  cross-section  is  the  one  that 
minimizes  the  number  of  deflection  variables 
required) .  A  wave  mode  is  then  defined  as  that  mix 
of  cross-sectlcnal  variables  which  repeat  with  fixed 
relative  amplitude  and  phase  in  each  subsequent  bay 
along  the  structure.  A  corresponding  propagation 
coefficient  pet  bay  defines  wavelength  and 
propagation  speed. 
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Wave  Modes  tn  a  Truaa  B«jin 

lYfls  paper  invest  i<jatee  the  travel  I  Irq  wave 
modes  supported  by  two  models  of  a  truss  beam 
constrained  to  move  in  a  plane.  Fig  I  is  a  sketch 
of  the  bean  and  of  the  chosen  repeating  element. 


Pig  1  State  Vectors  Associated  with 
Gne  Bay  of  a  Periodic  Truss 


(Negative  values  of  F,  have  been  taken  for 
ccmpatability  of  the  trHnsfer  matrix  ard  finite 
element  analysis  force  coordinate  definitions.) 


»R  -  t  T  1  (7) 

The  first  bay  model  uses  4  plmed-rod  elements 
and  yields  S  by  8  mass  and  stiffness  matrices. 
ThuSt  no  internal  degrees  of  freedom  need  be 
eliminated.  The  second  bay  model  includes  member 
bending  effects.  Bight  bean  elanents  are  used,  as 
sketched  in  Figure  2. 


The  members  are  modeled  as  being  pinned  at  the 
junctions,  thus  four  deflections  are  required  to 
define  the  deformation  of  the  coupling 

cross-section,  if  one  introduces  the  corresponding 
four  coupling  forces,  and  groups  the  coupling 
deflections  and  forces  into  a  'cross-sectional  state 
vector",  then  the  dynamics  of  the  bay  can  be 

described  by  a  transfer  matrix  relation} 

\  -  W  \  (1) 

This  bay  transfer  matrix  is  square,  with  dimension 

Be 


Finite  Element  Model  of  Bay  used  to  Include 
Member  Bending  Effects 


This  transfer  matrix  can  be  obtained  in  many 
ways.  In  this  analysis,  for  purposes  of  direct 
comparison  with  a  conventional  finite  element 
analysis,  we  derive  T(w)  by  exact  nunerlcal  dynamic 
condensation  of  a  finite  element  model  of  the  bay. 


Nodes  2,4,5  and  6  are  clamped,  nodes  1,3,7  and  8  are 
pinned.  The  resulting  28-degree-of- freedom  finite 
element  model  thus  includes  26  Internal  degrees  of 
freedom.  Note  that  only  the  linear  deflections  of 
modes  1,3,7  and  8  are  external  degrees  of  freedom? 
the  resulting  transfer  matrix  is  again  8  by  8. 


Two  bay  models  are  used,  each  based  upon  a 
particular  finite  element  discretisation.  Bach 
model  yields  a  mass  and  stiffness  matrix; 


Wave  Modes  Properties  Inferred  from 
The  Transfer  Matrix 


A  wave  propagating  along  a  periodic  structure 
can  be  characterised  by. 


Vl  ■  «  (8) 

indicating  that  the  state  at  station  i+1  is  the 
state  at  station  1  multiplied  by  a  factor  r 
This,  together  with  the  transfer  matrix  relation 


which  is  then  partitioned  into  left,  right  ard 
internal  degrees  of  freedom  and  manipalated  to  yield 
the  tranafsc  matrix; 


'  I  T  ]  (9) 

forms  an  eigenvalue  problem  for  5  .  The  eigenvalues 
are  generally  complex  and  occur  in  f  and  1/  f  pairs, 
corresponding  to  identical  waves  prepagatitg  in 
opposite  directions  [Eigenvalues  of  a  symplectic 
matrix  occur 'in  inverse  pairs]. 

For  each  wave  mode  there  are  frequency  regions 
in  which  the  wave  will  propagate  without  attenuation 
I  5  I  •  1  (pass  bands)  and  regions  in  which  the  wave 
is  attenuated  K  I  <  1  (stop  bands) . 
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rtlatlan  between  t.  and  1/  can  be  seen  by 
conattuctii^  a  plot  of  the  i  plane  (Plq  3) . 


Pass  Bands  Stop  Bands  Complex  Modes 


FI9  3  Ihe  (  Plene 

Pot  a  9iven  Ctequencyr  valuee  of  I  t  I  which  lie  on 
the  unit  circle  are  in  a  pass  band,  ihose  inside 
the  unit  circle  ate  positive-going  waves  in  a  atop 
band  while  those  redacted  outside  the  circle  are 
negative-going  waves  in  a  atop  band.  Values  of  I  C  I 
which  11a  in  the  interior  (eatsrior)  of  the  circle, 
but  not  on  the  teal  axes,  are  tcrmsd  complex  wave 
motes.  M  a  function  of  frequency,  the  eigenvalues 
move  about  the  plane,  continually  changing  mognitule 
and  phase. 

In  the  absence  of  damping,  the  transfer 
matrix,  T,  is  real,  thus  its  eigenvalues  will  be 
real  or  members  of  a  complex  conjugate  pair. 
Cmplex  motes  thus  occur  only  In  groups  of  fourt 
wave  moue  Interaction  la  necessary.  Mono-coupled 
systems  (with  2  by  2  trar.sfer  matricies)  cannot 
su()port  complex  wave  moies. 

Particular  results  wer&  cdculated  for  a  truss 
beam  used  In  prior  studiea^'^”.  me  bay  members 
were  assumed  bo  have  no  structural  dxnping,  a 
bending  stiffness  El  -  2.S263s6  Ib-in^,  mass  per 
length  m  >1.11163-4  slug/in,  an  axial  stiffness  of 
>  4.361e6  lb  and  longeron  an!  batten  ler^th  of 
55. I  in.  Niils^  developed  continuum  models  for  this 
truss,  a  Timosksnko  bean  model  for  bending,  and  a 
cod  m^el  for  extension.  Mills'  equivalent  values 
for  the  truss  arti  axial  stiffness  Ek  •  8.222E6  lb, 
bending  stiffness  61  ■  6.596809  lb  -  in^,  shear 
stiffness  Gh  ■  l.B693e6  lb,  mass  per  length  m  > 
4.S92e-4  Ib^Vln^and  inertia  per  length  P  1  > 
P.19438  Ib-s*. 

Figures  4-8  present  dispersion  curves  and  wave 
mode  shapes  for  the  four  right-going  wave  modes. 
Comparison  with  predictions  of  the  continuum  model 
is  provided.  Nave  mote  shapes  were  derived  from  the 
transfer  matrix  eigenvectors.  One  wavelength  of  a 
wave  mote  is  shown  at  a  given  frequency. 

At  low  frequencies  the  first  wave  mode  shape 
exhibits  a  global  sinusoidal  response  and  is  thus 
labeled  as  the  bending  mode.  Ihe  dispersion  curves 
for  the  bending  mote  indicate  cfjmpllcated  mechanical 
filtering  of  this  mods  as  a  function  of  frequency. 
At  low  frequencies  the  mode  is  in  a  pass  band 
(propagation  with  no  attenuation) .  the  mode  shape 
shows  mostly  global  response.  As  the  first  resonant 
frequency  of  the  bay  diagonals  approaches,  the 
response  now  becomes  more  localised  in  the  bay 
diagonals.  At  35  Hs  (the  diagonal  members'  first 
ptnned-pinned  resonant  bending  frequency)  the  mode 
becomes  complex  for  a  narrow  bandwidth,  both 
propagating  and  attenuating.  At  48  Hs  the  mode 
enters  a  atop  band,  a  region  in  which  the  vave  mode 
will  not  propagate.  The  sharp  spike  at  78  Hs 
corresponds  to  the  first  plnned-pinned  resonance  of 
the  bay  longerons.  The  mode  once  again  becomes 
conplex  after  this  resonant  fre<^iency.  For  higher 
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-  Beam-Based  Finite  Element  Model 

-  Rod-Based  Finite  Elment  Model 

.  Timoshenko  Beam  Model 

Have  mode  shapes  calculated  frem  the  beam-based 
finite  element  model t 


10  Hs.  36  Bays 


30  Hs.  14  Bays 
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Fig  4  Dispersion  Curves  and  Wave 
Node  Shapes  for  the  Bending  Mode 


frequencies,  the  truss  response  is  no  longer  global, 
but  becomes  localized  in  the  truss  mmnbers. 

# 

Predictions  based  on  Timoshenko  beam  theory, 
and  results  of  the  analysis  with  pinned  rod  members 
cempare  almost  exactly,  but  diverge  from  those  of 
the  mote  complete  model  at  higher  frequencies. 
Internal  resonances  completely  dominate  the  motion 
at  these  fre<^encies. 
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teMfSaacd  PlntM  Modicl 

- Rod-BaMd  rinlt*  Blmant  N9d«l 

ttavt  mod*  shapes  calculated  from  the  beam-based 
finite  elment  model  t 


10  Hx.  to  or  -  >v« 


30  Hx,  10  of  -  Baya 


so  Hx,  IS  or  63  layx 
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130  Hx.  10  of  *  Bays 
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16S  Hs.  20  Bays 


'  Beam-Based  Finite  Eleitent  Model 

-  Bod-Based  Finite  Element  Model 

.  Tiffloshento  Bern  Model 

Nave  mode  shapes  calculatsd  from  the  beam  based 
finite  elsnent  model i 


so  Hx.  IS  of  119  Bayx 
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90  Hx.  IS  of  3S  Bays 


ISO  Hx.  9  of  9  Bayx 


Fi9  5  Dispersion  Curves  and  Nave  tt^' 

Shapes  for  the  Shear  Mode 

Unlike  the  bending  mode  which  begins  in  a  pass 
band,  the  second  mode  examined  begins  in  a  stop 
band.  this  mode  initially  has  aero  phase 

(non-propagati  ng)  and  does  attenuate.  These 
properties  are  similar  to  those  of  the  Timoshenko 
beam  shear  mode,  which  is  a  near  field  below  u  ■ 
/GB/  p  I  '  ■3(1  Ha.  Because  of  this  initial 
similarity,  this  mode  is  labelled  the  shear  mode. 
Uke  the  bending  node,  the  shear  mode  goes  through 
alternating  stop  and  pass  bands,  separated  by  bands 
in  which  the  mode  is  complex.  Below  3S  Ha,  the 
wavelength  is  infinite.  The  complex  mode  shapes 
(range  75-95  Hs)  are  identical  to  those  of  the 
oending  mode,  since  these  modes  couple  to  create  the 
complex  modes  in  this  frequency  range.  Near  13B  Hs, 
the  stcond  pinned-pinned  resonance  of  the  diagonals 
appears  in  the  mode  shape  plots. 


XJ 


150  Hx.  7  of  7  Bay* 


Fig  6  Dispersion  Curves  and  Wave 
Node  Shapes  for  the  Compression  Hods 

The  low-frequency  behavior  of  this  wave  mode 
is  essentially  just  c'fflpcession-extenslon  and  all 
models  predict  similar  response.  This  mode  is 
characterised  by  quite  large  pass  bands  separated  by 
narrow  stop  bands.  Osmplex  mode  formation  for  tus 
mode  only  occurrs  between  70.8  and  71.3  Hs.  N.'.ar 
50  Hs,  thi*  compression/extension  response  is 
suppressed  by  quite  active  longeron  and  diagonal 
response.  Only  the  horlsontal  longerons  remain  in 
bending  by  65  Hs.  Near  150  Hs,  the  response  Is 
confined  to  the  second  pinned-pinned  resonance  of 
the  diagonals. 
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Nav*  nod*  ihnp**  c*Xculat*d  fton  tM  b*«i)-b*Md 
Unit*  •laiant  nad*li 


PI9  >  A  Conpl**  Hod*  QoupUng 
B*t**«n  th*  Boodlng  and  Shacr  Nodas 


TO  Hs  120  Hs  1&5  Hi 

PI9  7  Dispcclaon  Cutvaa  and  Mav*  hade 
Shape*  for  the  Bvaneecent  Hxle 


The  Riegnltudu  and  phase  oC  the  fourth  mode  over 
the  frequency  rang*  investlqated  is  essentially 
sero.  This  indicates  that  the  inode  'dies  out 
Slickly'  so  'hat  th*  reaponae  can  be  considered  to 
be  confinod  a  single  bay.  With  th*  exception  of  a 
very  narro*  pass  bead  at  7J  Hi  (the  first 
pinneLni-inned  diagonal  resonance  of  th*  diagonals) , 
this  n^e  is  always  in  e  stop  band.  The  response 
of  the  first  bay  as  a  function  of  frequency  is  shown 
above.  Ostween  71  and  73  Hs,  the  evanescent  mode  is 
conplex.  There  is  no  analogous  wave  mod*  in  the 
continuum  model. 


Ooniplex  ttodej 

Ctetrivt  «av«  modes  have  at  received  much 
attention  in  th*  structoral  dynamics  literature,  and 
appear  to  have  bren  awntioned  in  only  three 
published  papers^*’’**,  iha  plnn«d-beam  truss  model 
reveals  two  fraqutncy  bands  In  which  wav*  modes  are 
complex— from  35  to  41  He  and  from  72  to  95  He.  If 
the  dlaparslon  curvas  of  tha  banding  and  shear  modes 
are  plottad  togethsr,  some  interesting  observations 
can  be  made  (Pig  8) . 


Both  modes  at*  cnaplex  throughout  th*  same 
bandwidth*  (35-41  Ht  and  75-95  Hs).  In  addition, 
the  magnitude  of  the  eiganvaluas  are  exactly  tha 
tana.  The  two  wave  modes  couple  througtout  these 
regions,  producing  th*  complex  modes.  The  complex 
modes  begin  at  tha  first  plnnad-plnnad  trequanclsa 
of  ths  diagonals  and  longttona  at  a  joining  point. 
Kt  the  b;aak-away  points  the  andss  one*  sgain  taks 
on  separata  character. 

Tha  frequency  ranga  between  78  and  85  Hi  is 
full  of  complex  modes  (Pig  9).  Within  this  range, 
there  are  three  pairs  of  right-going  complex  modes. 
Th*  bending  and  compression  modta  coupla  for  a  very 
short  band  cantered  at  71.2  Ht.  kt  71  Mi  even  the 
evanescent  mode  forms  a  complex  mode  with  the  shear 
mode.  But  the  lorqest  coupling  is  between  the 
bendlrq  and  shear  modes  between  72.5  and  95  Hs. 
(tote  that  the  coupling  is  triggered  near  tha  first 
pinned-pinned  frequency  of  the  longerons. 


Fig  9  Complex  Mode  Coupling  About  78  Hs 
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Wav  Ho» 

Ihi  precedln}  fiquces  show  that  each  wave  node 
has  (teqaenhy  bmds  in  which  there  is  propatjation* 
hards  in  which  there  is  no  propa4ation«  and  bands  In 
which  there  is  both  attenuation  and  propa9ation  (the 
coH^les  nmdes) .  Intuition  ni9ht  tell  m  that  when  a 
wav  pr<va9atea,  it  uansnits  energy  along  the 
structure  and  when  it  does  not  propagate,  energy 
cannot  MOVt  But  what  about  coa^ea  laodea  which 
share  aspects  of  both  propagating  and  attenuating 
waves?  Do  ccnpleii  modes  transmit  energy  along  the 
structure?  Mid  it  so#  how  is  this  possible  if  there 
is  no  damping  in  the  systm?  Niad  addressed  this 
point  in  19?)  and  found  theoretteally  that  there  is 
no  net  powr  flow  in  theae  medes^. 

instantaneous  povr  is  the  product  of  the 
IpstantaneouB  velocity  and  forv.  While  noting  that 
these  are  vector  quantities,  this  baeemes, 

P(t)  •  Me  •  Re 

•  Re  (ue^“^  •  Re  (H) 

•  Re  (iu  ue^“^  •  Re  (Fe^“^ 
which  can  be  expanded  to 

R(t)  ■  Re  (iu  (u,^  4  iuj)  (cosu  t  -t  islnw  t)|*  (11) 

Re  ((F,j  ♦  ifj)  (coswt  ♦  Isinw  t)  1 

Ihe  average  power  flow  over  one  period,  T-2  «  /»  , 
is  detlnsd  as, 

*‘avg  •  lAj^^P(t)  dt  (12) 

After  integrating  over  one  period  v  get, 

^avg  -  -'«R  .  Fi  -  «i  .  Fr)  (13) 

This  then  gives  us  the  average  power  flow  for  each 
we  made,  vre  it  alone  present  in  the  structure. 
Interaction  between  wav  modes,  creating  other  forms 
of  power  flow,  is  also  possible. 

Mivr  flow  was  calculated  for  the  eight  wave 
modes  present  In  a  pinned  beam  truss.  the 

eigenvectors  used  in  Gqn  1)  vre  normalised  so  that 
the  axial-displacement  of  node  one  was  unity  (see 
Figure  1) . 

Pigs  II  shows  plots  of  the  log  of  the 
magnitude  of  power  flow  in  the  four  left-going  wave 
modes. 


As  expected,  ths  bending,  shear,  and  compression 
modes  show  power  flow  in  pass  bands— povc  flow  in 
each  left  and  right-going  brother  wave  pair  being 
equal  and  opposite.  No  povr  flow  occurs  in  stop 
bands.  Oomplex  mode  regions  of  the  bending  and 
shear  modes  show  up  as  'noisy*  data  on  the  plots, 
kt  ths  magnitude  of  the  powr  flow  in  these  complex 
modes  Is  equal  and  opposlts.  Thus  it  would  appear 
that  the  net  povr  flow  in  a  right-going 
(left-going)  cosplex  mode  pair  is  sero.  Head, 
hoMvsr,  claims  that  ^  net  power  flow  in  a  single 
complex  mode  is  asro^.  it  is  as  yet,  uncertain 
whether  the  equal  and  opposite  puvr  flow  is  actual 
or  ths  result  of  numerical  round-off. 


Shear  Mode 


Compression  Mode 
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a  an)  d  ata  talatad  by  tha  wava  moda  el^anyaluat, 


s"  d. 


(16) 


wheta  n  la  tha  ninbar  of  bays 


Ihe  boundary  conditions  at  tha  anda  of  tha 
truss  may  be  written  as» 

I  BW)  )  t  -  (17) 

thara  tha  boundary  conditional  B,  and  axtetnal 
fOrcasi  P|  may  ba  functions  of  fraquancy.  In  wava 
moda  coord  Inatas  this  bacomas 


Flq  la  Naqnltuda  of  tewar  Flow  In  tha 
Laft-Qaln)  Nodas 


towar  flow  In  tha  awaacant  moda  la  also 
contrary  to  OKpaetatlon.  With  tha  ascaptlon  of  a 
small  pass  band  about  71  Hb,  tha  avanaacant  modes 
are  In  a  atop  band  throii]hout  all  of  the  bandwidth 
invastiqatad,  Bacauaa  of  this,  one  would  expect 
there  to  ba  no  net  power  flow,  since  Flqura  IB 
aunasts  that  power  is  flowing «  numerical  affects 
ata  suapeetadi  and  ate  praaantly  being  Invsstlgated. 

3.  Wava  bade  Boundary  Oondltlons 


[j  a,(w)  1  I  Bj  (w)  ij 


■  faxt'-J 


A  partial  Inversion  yields  tha  boundary  condition  In 
casual  form  I 

d  -  Bj^(«)a  +  F,^^  (19) 

ot,  d-S(M)a  +  Bj;l  F^^^  (26) 

where  $(«)  Is  teemed  tha  Kattarlng  matrix  at  the 
boundary.  With  no  external  forcing  this  becomes i 


Ml  of  tha  analysts  of  Chapters  3  and  «  was 
parformad  without  regard  to  truss  boundary 
conditions.  In  order  to  consider  wave  mode 
propagation  in  a  finite  length  truss,  bo«>dary 
conditions  must  be  taken  Into  account.  The  concept 
of  a  scattering  matrix  will  ba  used  to  give  the 
infinite  truss  closure. 

The  croas-aactional  state  vector,  y,  may  ba 
transformed  into  wava  moda  coordinates  by  the 
transformation 

y  -  V  (u)  W  (14) 

where  N  Is  the  cross-sectional  state  vector  In  wave 
moda  coordinates,  and  v  are  tha  eigenvectors  of  the 
transfer  matrix  T. 

The  cross-sectional  state  vector  H  can  be 
partitioned  Into  components  which  represent 
right-going  Mvas.  w+,  and  left-going  waves,  w". 


W  also  label  wave  modes  which  arrive  at  a 
mmeber  boundary,  a,  and  those  which  depict  a 
bouixlary,  d.  Tha  relationship  between  the  arriving 
and  departing  wave  modes  at  beam  boundaries  Is 
depicted  in  Fig  11. 


d  -  t  S(w)  )  a  (21) 


Coiiponents  of  the  scattering  matrix  are 
cosplex,  frequency  dependent  reflection 
coefficients.  The  second  term  of  Eqn  2B  is  ths  wave 
mode  generating  matrix  which  Indicates  how  external 
forcas  at  the  boundary  ganetate  outgoing  wave 
modes’’. 

Derivation  of  the  Scattering  Hate  ices  for  a 
Plnned-rt«  ^uss  Beam 

The  boundary  conditions  for  the  pinned  e;id  of 
our  truss  (taken  to  be  the  left  end)  are 
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roUowiiq  the  preceedinj  derivation,  we  obtain  the 
scattering  matrix  given  in  Figure  12.  Mote  detailed 
plots  of  the  individual  entries  are  available  In 
reference  ll. 


Application  of  the  free  boundary  conditions  at 
the  right  end  requires  a  bit  more  cate.  These 


; 


HjH 

■ 

■ 

s 

mm 

■■1 

wm. 

mSm 

■ 

^3 

MB 

mm 

■  R««l(S^)  .  -  laai(S^) 

Fig  12  Reflection  Coefficients  for  free  End  of  Truss 


boundary  condltlona  must  Include 
MRibec  which  ccmpletea  that  end. 


the  effect  of  the 


compression  wave  is  woll  know  to  be  1  for  a  free-end 
end  for  a  fUed  end.  The  SC4,4)  plot  of  Figure 
12  Indicates  that  the  reflection  coefficient  for  the 
compression  mode  at  the  fixed  boundary  tends  to 
•l.l,  while  S(4,4)  at  the  toe  and  tends  to  1.0.  The 
low-fret^ency  limiting  behavior  of  these  two  terms 
is  thus  correct. 


this  member  has  a  force-deflection  relation 


_ Natural  Frequencies  by  thase  Closure 


1 

A  B 

1 

1 

1  I 

C  D 

1 

t 

h 

Where  (A  B}  C  0]  can  be  obtalnoi  from  dynamic 
condensation  of  a  finite  element  model  of  that 
number. 

In  this  arwlysls,  the  member  was  modeled  by  2 
beam  elements,  thus  the  9  dimensional  finite  element 
model  must  be  reduced  to  the  form  equation  by 
dynamic  condensation  of  five  internal  degrees  of 
freedom. 

Checks  can  be  made  on  the  validity  of  these 
reflection  coefieients  by  exmeinlng  limiting  cases 
of  these  values.  At  low  frequencies  the  bending 
mode  resembles  a  beam  in  bending,  while  the 
compression  mode  resembles  a  rod  in 
tension/compression.  Since  the  wave  mode 
eigenvectors  have  been  normal  lied  with  the  axial 
deflection  of  the  first  node  equal  to  unity,  checks 
can  be  made  on  the  reflection  coefficients  of  the 
compression  mode  at  both  ends.  The 

deflection-normal isad  reflection  coefficient  of  a 


The  phase  closure  principle  states  that 
natural  frequencies  occur  when  all  wove  modes 
complete  a  circunnsvlqation  of  the  structure  with  a 
total  phase  chaise  of  2Kii  .  For  the  case  of  an 
r>-bay  truss,  the  wave  modes  arriving  and  departing 
the  two  ends  ate  related  by  (Fig  11) 


(24) 


where  C  Is  a  diagonal  matrix  of  eigenvalues 
associated  with  the  right-going  wave  modes.  Bgn  21 
car.  be  written  for  both  boundaries  as. 


I  1 
f  Sr  1  -L 


(25) 


By  repeated  substitutions  of  Gqns  24  and  25,  we 
obtain  aj^  after  one  clrcunnavigation  of  the  beam, 


(26) 


Resonance  occurs  when  this  relation  is  an  equality; 

n 


U"  S, 


S„  -I  1  -  I 


(27) 
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Itw  only  noi>-tciv4l  wy  this  can  be  ttoe  is  If  the 
determinant  of  Bin  27  is  tero.  Iheretore, 

det  t  <  "  C "  -I  I  •  •  (2«» 

Is  a  sstisfled  at  a  truss  resonance. 

NDtlec  that,  by  r^lsclni  only  one  value  In 
the  formulatton  (the  ntadMc  of  bayslt  the  natural 
frequencies  for  s  truss  with  an  arbitrary  number  of  _ 
bays  can  be  determined  "quick  as  a  bunny."  the  ^ 

or^f  of  the  ipcoblsm  does  not  increase  with 
inereaaini  nunber  of  baya>  but  rmsaina  that  of  the 
transfer  matrix. 

Piq  13  is  a  plot  of  the  determinant  of  fiqn  2t 
fbr  a  seven  bay,  pinned  bees  truss  with  one  free  and 
one  pinned  end.  the  natural  frequencies  of  the 
truss  can  be  identified  whenever  ^  2d  tends  bo 
aeto,  hseonant  frequencies  determined  by  this  phase 
olosure  method  are  listed  In  Plq  13.  ItMse 
^equeneiea  r^cduce  those  determined  by  a  finite 
element  analysis^"  of  the  aeee  truss  except  whenever 
the  modes  are  closely  spaced.  The  finite  element 
analysis  obuins  five  mo^s  within  the  3S.13  •  3S.31 
Hs  bandwidth  while  the  phase  closure  method  locates 
only  two.  This  rmxalns  true  even  when  frequency 
atepe  of  I.Hl  Ha  are  used  in  Bqrt  21.  The  seme 
results  also  occur  stoouc  7d  and  1S4  Ha.  Because  the 
isolated  modes  are  so  accurately  determined •  one  may 
be  tampted  to  attribute  the  phase  closure  method's 
failure  on  nisierieal  round-off.  This,  tnwever, 
rmsaina  to  be  Shown. 


5.  tltmwdeled  Effects 


tilnear  behavior  has  been  assumed.  Sn  actual 
spacecraft  truss  may  exhibit  siqnlficent 
non-linearities,  particularly  if  it  is  d^oyable 
and  thus  has  relatively  looae  joints.  The  effects 
of  such  joint  non-llnearlties  upon  the  results 
presented  here  are  not  known.  It  seems  plausible 
that  tha  situation  would  become  even  more  cosples, 
and  that  the  pattern  of  stop  and  pass  bends,  at  any 
qlven  response  atplituds,  would  auffer  earns  sort  of 
blurring. 

Bvsn  wars  an  actual  truss  linear,  it  would  not 
be  perfectly  periodic.  Snail,  unintentional 
variations  from  pecfsct  psriodicity  would  be 
present.  The  statistical  affect  on  wave  propagation 
of  such  randem  variations  in  bay  properties  is  the 
Subject  of  reference!".  This  reference  shows  that 
the  first-order  effect  is  that  all  wave  nodes  at  all 
frequencies  will  be  spatially  attenuated.  The 
degree  of  attenuation  is  proportional  to 
"candomnesa"  ard  inveraely  proportional  to  the 
"coupling  strength*  between  bays.  (Svitabie 
non-dimensional  measures  of  randomness  and  coupling 
strength  must  be  introduced) .  The  physical 
exploration  fOr  such  localisation  is  that  the 
coherent  wave  is  scattered  into  Incoherence)  tha 
vibrational  energy  is  transferre^J  into  a  spatially 
localisad  rseponsa.  Ns  thus  anticipsuc  that  an 
actual  truss  (as  ompared  to  its  idaalissd 
fMthematical  model)  wili  exhibit  the  characterlstica 
described  by  this  papsr  only  approximately. 
Rsal-world  effecta  (non-linearity,  disorder,  and 
ot)wrs)  will  band  to  modify  this  response 
(especially  at  higher  frequencies)  to  be  (tore  of  an 
iil-definsd  local  rattla  that  slowly  appears  and 
disappears  in  local  portions  of  the  structure. 


Present 

Finite 

knslyals 

Slmeents 

12.  It 

12. IB 

n/i 

7B.51 

33.97 

33.97 

n/l 

7B.52 

35.13 

35.13 

n/i 

7B.54 

"nTT 

55755 

n/i 

7B.54 

iv'l 

35.29 

n/l 

79.55 

7 

35. 3B 

n/i 

7B.57 

n/i 

35.31 

n/l 

79.59 

rm 

57715 

n/i 

7B.59 

51. M 
64.51 

51. B4 

64.51 

79.59 

15.53 

67.  BB 

67.  BB 

1B3.83 

193.99 

'  7 

55t55 

121.14 

121.12 

n/i 

7B.B4 

147.91 

147.91 

7B.32 

7B.32 

153.45 

153.45 

O'! 

7B.39 

T5?n5 

IV^i 

7B.4B 

n/i 

154.57 

n/i 

7B.43 

n/i 

154.69 

n/i 

7B.47 

155755 

555755 

n/i 

7B.47 

157.B7 

157.97 

n/i 

7B.49 

n^i  ■  not  identified 


7  ■  possible  identification 

Pigute  13  -  Natural  frequencies  Obtained 
by  Phase  Closure 


6.  Conclusions 


This  research  conputatlonally  investigated 
wave  mode  propagation  in  two-dimensional,  periodic 
truss  structures.  Sene  conclusions  based  on  this 
research  follow, 

1)  The  transfer  matrix  technique  proved  useful  in 
that  the  dynamics  of  a  complete  truss  bean  were 
determined  by  analysing  only  one  of  the  periodic 
elmsents.  Conventional  analysis  tools  such  as  the 
finite  element  analysis  became  computationally 
cunbersome  as  the  number  of  degrees  of  freedom 
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ne«d«d  to  model  the  structure  Increase;;.  tn  the 
transfer  matrin  method  the  order  of  the  oroblem 
depends  only  on  the  order  of  one  of  the 
crOSS*sectlonal  state  vector. 

2)  The  method  of  obtaining  natural  frequencies  of 
tl«  truss  by  sequential  multiplication  of  the 
transfer  matrix  and  subsequent  application  of 
boundary  conditions  is  only  practical  for  cases  in 
which  the  eigenvalues  of  the  transfer  matrix  are  not 
large. 

3)  The  results  obtalr.ad  by  exanlnlng  a  pinned  rod 
truss  by  transfer  matrlcles  closely  match  the 
results  obtained  by  eontlnuim  models  of  the  same 
structure. 

4)  As  with  contlnuun  models  of  the  truss  structure, 
the  pinned  rod  truss  loses  Its  fidelity  at  the  first 
resonant  frequency  of  the  truss  members.  Ihe  tod 
modelling  masks  all  local  member  dynamics  that  would 
be  present  If  XMnber  bending  were  modeled. 

5)  The  pinned  beam  truss  exhibits  complicated 
mechanical  filtering  properties. 

6)  Conplex  modes  must  form  In  pairs  and  cannot 
exist  alone.  Thus  In  a  pinned  beam  truss,  there 
must  be  at  least  four  (eight,  twelve  etc.)  or  more 
complex  modes  present  In  order  for  any  to  exist  at 
all.  Nono^^upled  systms  cannot  support  complex 
wave  modes. 

7)  Complex  mode  formation  Is  Initiated  at  member 
resonant  frequencies.  No  explalnatlon  could  be 
found  for  termination  of  complex  mode  coupling. 

8)  Net  power  flow  in  a  right-goir^  (left-going) 
complex  mode  pair  is  sero. 

9)  Several  results  were  obtained  that  Indicate 
there  may  be  numerical  round-off  errors  In  this 
formulation. 

a.  Power  flow  was  evident  in  the  evanescent 
modes  throughout  much  of  the  bandwidth 
examined. 

b.  Shear  force  terms  in  the  eigenvectors  of 
modes  in  stop  bands  are  not  invariant 
under  a  coordinate  transformation. 

c.  Closely  spaced  natural  frequencies  of  the 
truss  are  not  detected  when  analysed  by 
phase  closure. 

10)  By  using  ths  phases  closure  principle  "'d  the 

eigenvectors  of  the  transfer  matrix  in  wave  mode 
coordinates,  the  restriction  imposed  in  2)  can  be 
clrcuxvented.  In  fact,  by  charging  just  one 

variable  in  the  formulation,  the  natural  trei^ucr.c’cc 
for  a  truss  conslstliq  of  an  arbitrary  nunber  oZ 
bays  can  be  determined.  As  stated  In  10),  however, 
this  method  may  only  locate  Isolated  resonances. 
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ABSTRACT 

A  thoory  for  aetlva  control  of  olaatlo  aavo 
propaaatton  In  atrueturaa  la  davolopod.  Attention 
la  focuaod  on  aotlvo  andlfloatlon  of  tha  aeattarlng 
bobavlor  of  dlaeroto  loeattona  in  a  attuctural 
network.  Tlw  wave  ando  Input/output  relation  at  a 
atruetuml  Junction  contalnlnc  control  aetuatora 
can  bo  altered  In  two  waya.  Flrat.  the  cloaad  loop 
reflection  and  trananlaalon  coefflelenta  can  ba 
apeclflad.  and  tha  necoaaary  feedback  to  achieve 
theaa  coefflelenta  datanalnod.  Second,  an  optlnal 
wave  controller  can  bo  foranilated  which  aaxlalzaa 
the  aver-ace  power  dlaalpatlon  at  a  Junction.  If 
the  open  loop  atruetura  la  atabla.  then  tha  optlnal 
control  fuarantaoa  atablllty.  alnce  energy  la 
actively  dlaalpatad  at  tha  Junction.  Saatpla 
control  lor  a  are  dorlvad  and  alaailated  for  a 
frea-fraa  bean  to  daaKnatrato  tha  technlquaa  and 
Indlcata  tha  aehlavabla  parforaance. 

INTROOUCTlOn 

Nodal  analyala  of  atniotural  dynanlca  la  a 
powerful  and  widely  applied  technique.  Tha 
technique,  hovavar,  la  Halted  to  ayateaa  with  a 
relatively  aparaa  apectrua.  alnca  the  andal 
paraaetara.  particularly  elganahapea,  are  otherwlae 
known  to  ba  extreaaly  aenaltlva  to  aaall  parametar 
perturbatlona  of  the  atruetura  (1).  Since  nodal 
denalty  Incrvaaaa  with  node  nuater.  thla 
senaltlvlty  haa  proapted  one  analyat  to  auggaot  (2) 
that  It  la  poaalble  to  naka  the  nodal  nodal  too 
complex  (of  too  large  a  dlnenalon).  Analyaoa  (3.4) 
for  aono  future  apace  nlaalona  ahow  that  hundrada 
of  nodea  of  an  elaatlc  apaeacraft  can  contrlbuta 
algnlf Icantly  to  perforaanco  degradation.  Many  of 
theaa  nodea  are  conalderably  beyond  the  range  where 
they  any  be  confidently  nodalled.  Thua.  one  facea 
the  problen  of  controlling  atruetural  dynanlca 
which  are  wall  beyood  tha  frequency  range  in  idilch 
modal  analyala  la  applicable. 

One  alternative  la  the  achievement  of 
significant  levela  of  danplng  by  passive  or  by 
active  meana.  Dlreet  velocity  fetKiback  between 
dual  (colocated  and  of  Ilka  type)  sensors  and 
acttkirnra  has  been  shown  (S)  to  be  unconditionally 
staolllzlng  If  tha  matrix  of  feedback  gains  Is 
positive  definite.  Thla  concept  has  been 
formalized  In  a  two  level  control  architecture, 
kziown  as  llAC/Li^C  (6).  Although  the  feedback  gain 
matrix  may.  In  principle,  be  full,  experience  has 
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shown  (7)  that  a  reatrlctlon  to  local  velocity 
feedback  (a  diagonal  gain  aatrlx)  reaults  In 
negllgtbla  degradation  In  porforaence. 

Thla  paper  develops  an  altamatlva  to  direct 
velocity  faadback  for  active  dealing.  Feedback 
eoapensatora.  baaed  on  spatially  local  nodela, 
actively  modify  wave  tranaalsalon  and  reflactlon 
character la ties  of  tha  structure.  Such  reflection 
and  tranaalsalon  coefflelenta  are  relatively 
Insensitive  to  aodelltng  errora.  depending  only  to 
first  order  upon  local  paraaatar  perturbatlona. 

Prior  work  (8,9)  hM  shown  that.  In  apeclal 
caaea,  coapenaatora  daatgnad  for  active  absorption 
of  travailing  waves  can  ba  very  slallar  to  dlreet 
velocity  feedback.  In  ganaral  thay  can  ba  quite 
different. 

TRAVELLlNQ  WAVE  OmANluJ 

Modelling  wave  propavstlon  through  atrueturaa 
of  arbitrary  ccaplexlty  can  bacoaa  l^rraetlcal. 
However  It  Is  Invariably  poaslbla  to  find  anny 
eoaponants  In  any  structure  for  which  a  wave 
propagation  viewpoint  la  feasible. 

Thla  paper  considers  one  stich  coaponent;  a 
Junction  of  an  arbitrary  nuabar  of  alendar 
onu-dlaanslonal  elastic  aaabera  (Fig.  1).  The 
members  are  viewed  as  waveguides  along  which  a  set 
of  discrete  decoupled  travelling  wave  modes  may 
propa^te.  These  travelling  wave  modes  are  coupled 
to  one  another  at  the  Junction,  the  dynaalea  of 
which  are  described  by  frequency  dependent 
reflection  and  tranaalaslon  coefficients.  Since 
the  reaalnder  of  this  paper  builds  upon  the 
travelling  wave  description  of  Junction  dynnalcs, 
we  provide  a  brief  suMary  (10). 

Junction  Dynamics  Formulation. 

Thla  section  wwUces  reference  to  Fig.  1  which 
shows  an  arbitrary  Junction  of  several  members,  and 
may  Include  a  flexible  body.  The  bnundary 
conditions,  which  may  be  a  function  of  frequency  u, 
describe  how  boundary  nntlons  Interact  with  member 
forces  and  externally  exerted  Influences.  Such  a 
relation  has. the  general  fora 

B(w)  y(«)  .  C  B.{«)  B,(u)  ]  ]  .  Q(u)  (1) 

where  the  vector  u  contains  the  boundary  motions 
and  f  contains  the  member  forces  at  the  boundary. 
The  square  matrices  B«  and  B,  contain  the 
homogeneous  dynamics  of  the  boundary  while  Q  la  a 
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nany  Mabvrs.  Each  aeabar  supports  lnco«li«  »i  and 
outgalnc  w.  savs  aodas.  Extsmal  tnflusncas  Q  any 
also  bo  appllod. 


vaotor  of  axcomal  Influoneos  (forcaa  and  rolatlvs 
doflsetlona)  actlnc  on  tha  boundary. 

This  boundary  relation  can  ba  tranaforaad  Into 
a  ro  lot  Ion  fovamlnc  tha  local  aavs  behavior.  A 
full  rank  tranaforaatlon  la  aada  froa  physical 
variables  u  and  f  to  savo  ande  coordinates  a,  as 
follows: 


<2) 

where  the  tranaforaatlon  Y  has  been  partitioned 
Into  square  subaatrlcea  and  the  vector  of  wave  node 
aaplltudes  haa  been  partitioned  Into  Incoailnc  and 
outgolns  wave  aode  aaplltudes  wi  and  w«.  This 
tranaforaatlon  Is  a  characteristic  of  thu  aeabers 
attached  to  the  JunctloTi.  Each  wave  node 
propocates  alont  one  of  the  aeabsrs.  Independently 
of  the  reaalnder  of  the  asabsr  response. 

Associated  with  each  wave  node  Is  a  frequency 
dependent  alx  of  asabsr  deflections  and  forces 
(each  coluBBi  of  Y(w)  In  Eq.  2).  I^bstltutlnc  Eq.  2 
Into  the  boundary  relation  (Eq.  1}  gives 


which  Is  an  expression  of  the  boundary  conditions 
In  wave  aode  coordinates. 

Equation  3  can  ba  rearranged  to  give  the 
Input/output  relation  governing  a  Junction  with 
outgoing  waves  resulting  froa  the  scattering  of 
Incoalng  waves  and  generation  by  external  forcliqi; 

w.  -  S  w,  ♦  ♦  Q  (4) 

where 

S  -  -[  ByY,.  B,Y,.  [  ByYy,  ♦  B.Y,,  ]  (5) 

♦  -  C  B.Yy.  ♦  B,Y,.  ]-‘  (6) 


In  this  Junction  description,  the  aatrlces  S  and  t 
represent  hoaogensoua  and  ncrihaangenaeus  wave 
behavior  and  are  called  the  scattering  and 
generation  aatrlces,  respoctlvoly.  Both  any  be 
coaplex  and  frequency  dependent.  This  description 
contains  only  local  Junction  and  structural 
dynaalcs  and  does  not  contain  Inforaatlon  about 
other  portions  of  the  structure. 

The  scattering  behavior  of  this  Junction 
description  can  ba  altered  actively  through 
exertion  of  external  Influeneeo.  such  as  eosaamded 
notions  or  appllod  gonsrallaed  forces,  which  depend 
upon  Incoalng  wave  notion  at  the  Junction.  Before 
doing  so.  aethods  are  required  to  help  deteralno 
the  perfomance  and  stability  of  such  active 
control. 

Averaae  Junction  Power  Flow 

Travelling  waves  can  aove  elastic  and  kinetic 
energy  through  a  structure.  The  net  power  flow  out 
of  the  Junction  Is  a  quantity  of  Interest  and  can 
be  used  for  control  deslpi.  The  power  flow  out  of 
a  Junction  Is  given  by 


Power  .  ga  .f(t)  (7) 

It  Is  nscessary  that  esm  be  taken  to  ensure  that 
the  entries  In  u  and  f  are  orderad  such  that  their 
dot  product  representa  power  flew  out  of  tho 
Junction  with  positive  not  power  flow  Indicating 
that  aore  power  flows  out  of  tho  Junction  than  Into 
the  Junction  (an  exaaplo  of  this  Is  given  later). 
Note  that  power  flow  Is  a  tlao  dapondent  quantity, 
which  Is  a  bllinsar  function  of  the  boundary  forces 
and  velocities.  Hepca,  tho  avorago  power  flow  la 
not  stiviy  the  sun  of  tho  poser  flew  of  the 
Indlvldixkl  wave  aodea.  However,  the  total  average 
power  flow  is  equal  to  tho  aua  of  tho  average  power 
flow  at  each  frequency,  due  to  the  orthogonality  of 
sines  and  cosines  at  different  frequenolea. 
Therefore  we  consider  the  average  power  flow  at 
each  frequency  w  Independently. 

The  tine  avorago  power  flow  over  one  cycle  Is 

P*,o(«)  -  ^w(«)-  P(o)  w(w)  (8) 

where  w  Is  tha  vector  of  wave  isode  aMplltudes,  and 
the  superscript  H  denotes  the  coaplex  conjugate 
transpose.  The  eatrlx  P  Is  given  by 


P 


Yy,“Y,.J  IY,.-Y,. 


P*va  Is  real  for  any  inl.-^  of  wave  nodes  In  w  since  P 
la  hereltlan.  A  passive,  ncndlaslpatlva  Junction 
will  have  zero  net  power  flow  (P*v«  ■  0). 


CUifROL  DESIGN 

Two  methods  for  wave  control  derivation  are 
presented  In  thla  section.  In  tho  first  method, 
the  cloved  loop  scattering  nntrlx  Is  fully  or 
partially  specified,  and  tha  control  which  achieves 
this  behavior  is  derived,  in  the  second  method, 
the  control  Is  derived  such  that  It  alnlelzea  a 
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cost  tattd  upon  tho  ium  of  Junction  powor  flo*  pluc 
tho  control  offort  oxponM.  FlimUjr.  the 
pvrformnco  ochiovtd  by  both  ncthoda  to  dlocuoooO. 

Q  1. 

by  «  llnonr  eodblnntloa  of  the  Ineontns  onvo  oooo 
oaplttudM 


Q  ■  F  Vi 


noi 


thon  the  Junction  rvlatlon  will  have  tho  fora 

W«  ■  C  S  4-  P  F  ]  Vi  ■  Sci  Vi  (11) 

If  tho  control  doolcnor  opoalfloo  tho  ontrloo 
noodod  In  tho  eloood  loup  oentcorlng  ontrlx  Set., 
thon  tho  frequoney  dopo:olont  gnlno  can  bo  found 
(10).  For  oxaaplo,  all  outicolnt  wavoo  can  bo 
ollalnatod  by  oottlng  tho  eloood  loop  acattorlnc 
aatrlx  oquil  to  tho  null  natrlx  uoing  tho  gain 


F  •  -  ♦■‘S  (12) 

Slnco  vavo  aodoo  any  bo  difficult  to  aoaauro.  Eqa. 

1  and  2  can  bo  uaod  to  dorlvo  oquivalont  foodbaek 
uolns  phyalcal  dofloctlono  u. 

Qptlaal  navo  Oontrcl 

Optlaal  control  la  defined  by  tho  nlnlalxatlon 
of  aoao  coat,  typically  baaed  upon  tho  roaponoo  of 
tho  ayatoa  and  tho  effort  expended  in  control.  For 
tho  vavo  control  probloa.  with  a  goal  of  active 
daKplng.  not  power  flow  out  of  a  Junction  la  an 
obvloua  quantity  to  alnlalxo  alneo  that  Ineroaaoa 
tho  energy  dlaalpatlon  at  that  Junction. 

Ualng  Eq.  8.  a  poaalblo  coat  functional  haa 
tho  fora 


J  ■ 


v"Pv  ♦  Q"RQ)di» 


(13) 


whore  Rpcnallxoa  control  offort.  Slnco  tho  vavo 
mode  aaplltudoo  are  affected  by  tho  control  action, 
tho  w  voetor  la  a  function  of  tho  Incoalng  vavo 
nodoa  and  tho  control,  ao  .that  . 


V  ■ 


[ 


V, 

S  Vi  ♦  ♦  Q 


] 


(H) 


Q  ■  ♦  *3*‘  ♦  F*«*]  Vi  a  F  Vi  (17) 

Thla  glvoa  control  exertion  which  la  proportional 
to  tho  Incoalng  vavo  node  aaiplltudoa.  A^ln.  thoao 
vavo  at'do  auplltudoo  can  bo  tranaforvad  to  give 
proportional  feedback  of  phyalcal  dofloctlono  at 
tho  Junction  ualng  Eqa.  1  and  2. 

Tho  aoeond  dorlvattvo  of  tho  Integrand  of  Eq. 

13  (Eq.  15)  with  roapoct  to  Q  la 

R  (18) 

Pa.  la  homltlan  and  poaltlvo  aoaldoftnlto.  alneo 
outgoing  vavoa  propagate  energy  avay  fron  tho 
Junction.  (In  fact,  thla  condition  doflnoa  outgoing 
vavo  aodoo.)  If  R  la  ehoaon  to  bo  poaltlvo 
doflnlto.  than  Eq.  18  la  poaltlvo  definite  and  tho 
control  In  Eq.  17  alnlaisoa  tho  coat  funetlonal  In 
Eq.  13. 

Savoral  proportloa,  of  Eq.  17  can  bo  readily 
aoon.  For  oonaorvatlvo  ayatoaia  that  aupport  only 
propagating  vavoa,  energy  la  carried  Indopondontly 
by  oa^  vavo.  Thla  cauaoa  P.a  to  bo  of  full  rank 
and  Pal  to  bo  tho  aero  aatrlx.  Thla  allovo  a 
control  to  bo  derived  ualng  Eq.  17  vlth  R  aqual  to 
tho  aero  natrlx.  In  other  woida.  If  p  la  aquaro 
(all  actuator  typoa  uaod)  thon  there  oxlata  a 
nlniouB  achlavablo  coat  and  It  eorroaponda  to  tho 
control  derived  ualng  Eq.  12. 

For  ayatoao  vlth  ovanoaeent  vavoa.  Pa.  vll^ 
not  bo  of  full  rank  and  R  ouat  net  bo  nonaoro  In 
order  to  prevent  Invaralon  of  a  alngular  aatrli:. 

In  thla  caaa.  actuator  roatrlctlona  auch  aa 
aaturatlon  Halt  tho  achlavablo  porforaanco.  If 
only  a  aubaot  of  poaalblo  controla  la  available, 
there  are  altuatlona  In  vhlch  tho  product  P"PaaP 
will  roault  In  a  natrlx  of  full  rank  and  R  can  bo 
aot  equal  to  tho  zero  aatrlx  to  obtain  nlnlnua  coat 
vlth  the  available  actuatora.  Note  that  vlth 
R  B  0.  tho  roaultlng  eloaod  loop  acattorlng  aatrlx 
will  bo  nonaoro.  Thla  la  bcicauao  tho  outgoing 
ovanoaeent  vavo  can  coablno  vlth  tho  Incoalng 
ovanoacont  wave  to  dlaalpato  onargy  at  tho 
Junction. 

Slnco  Pava  la  never  poaltlvo  for  an 
uncontrolled  Junction  and  tho  control  In  Eq.  17  la 
chosen  to  alnlalze  tho  quadratic  In  Eq.  13,  tho 
optlaal  feedback  guf^rantooa  dlaalpatlon  In  tho 
active  Junction  Independent  of  tho  Incoalng  wave 
aodn  nix. 


FREE-FREE  BEAN  EXAMPLE 


Then  tho  Integrand  of  Eq.  13  la  given  by 

w,"P.iV.  ♦  v,’'P,.(Sv,  ♦  PQ) 

♦  (Svi  ♦  PQ)''P.iVi 

♦  (Sv,  ♦  PQ)''P..(Svi  ♦  PQ) 

where  tho  P  vatrlx  haa  boon  partitioned  as 


(15) 


The  derivation  and  properties  of  vavo  control 
can  bo  best  denonstrated  using  an  exanple.  A 
free-free  bean  la  chosen  for  tho  exanple  structure 
because  auch  a  bean  exists  In  our  laboratory  (Table 
1)  allowing  doalgns  to  bo  experlnentally 
dettonatratad.  The  Bornoul  11-Euler  bean  siodel 
supports  one  evanescent  and  one  propagating  vavo 
aiodo  In  each  direction. 


P  ■ 


(16) 


This  cost  functional  cun  bo  minimized  by 
minimizing  tho  Integrand  at  every  frequency.  The 
Integrand  la  nlnlnlzod  vlth  respect  to  the  control 
Q  when 


Bean  End  Dvwlca  Formulation. 

The  first  step  la  to  derive  the  boundary 
conditions  for  each  bean  end.  The  free-free  bean 
and  externally  applied  Influences  are  shown  In  Fig 
2.  Tho  boundary  condition  relations  for  tho  left 
and  right  ends  are 
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T^U  1  ^••-‘Frw  wd  MtuKtor  tp^elftantona 


Bsaa  Propertloa: 

Braaa 

Material 

Length 

1  - 

Bending  Stlffneoa 

El  ■ 

Mass  per  Unit  Length 

pA  ■ 

Actuator  Praportloai 

.  r-O.061  0.00391 

•  t  1.578  -O.llOSj 

«•  ; 

7.3152  « 
31.1 

2.8523  kc/a 


For  tho  rwMtiHior  of  thlo  oxoMpU,  only  tho  loft 
Junetlon  will  bo  donlt  with  oxplteltly. 

Evalunttn*  tho  ontrloo  In  tho  tranoformtlon 
mtrlx  of  Eq.  2.  uolns  Eq.  20,  glvoo 


V 

1111 

V* 

Ik,  k,  -Ik.  -k 

w,« 

-El 

4 

lEIk*  -Elk*  -lElk*  Elk* 

W,p 

Lei  J 

-Elk*  Elk*  -Elk*  Elk* 

Wi. 

•1th  X  ■  0  at  tho  boundary  poaltlon.  Subotttutlnc 
Eqs.  22  and  23  Into  Eq.  10  and  aolvtnc  for  tho 
acattarlnq  and  aava  ganaratton  aatrlcaa  aa  daflnad 
by  Eqa.  5  and  0,  raapaotlvaly,  glvoo 


r  0  0  1  0  1 
Lo  0  0  1  J 


V 

•• 

-El  •*' 
EX 


JL.2 


•haro  tho  prlaaa  donoto  apatlal  partial  dorivatlvaa 
of  tha  tranavorao  baaa  dlsplacaaant  v. 

Tho  four  aava  oolutlono  to  tha  Bornoullt-Eulor 
baaa  aquation  aro 


V 


_  -Ikxalut  .  _  ^kxt-lut 

Wrpm  ♦  WrdS 

_  .llottlwt  .  _  -kx^lwt 

Wl»0  ♦  WlaO 


♦ 


(30) 


■haro  tho  •avo  nuabar 


Tho  tranafor  fuaetlon  Iroa  an  axtamal  forca 
appllad  to  tha  right  and  of  tho  baaa  to  tho 
tranavorao  dlaplneaaant  at  tha  aaaa  and  can  bo 

axpraaaod  aa 


v,^  ■  [1  0  0  0]  Y  [i]  P  (») 


It  •  (pA/EI)‘'^  «*'■ 


.haro 


la  a  poaltlva,  raal  quantity  and  tho  aubaerlpta  and 
eonatanta  ara  daflnad  aa 

rp!  rightward  propagating 

ra:  right  and  avanaacont 

Ip:  loftoard  propagating 

lo:  loft  ond  avanaacont 

p  s  aaaa  danalty 

A  :  croaa-aoctlonal  araa 

E  :  aodulua  of  olaatlelty 

I  '•  crooa-aootlonal  aonant  of  Inorcla 


and  1  la  tho  length  of  tha  bean.  Thla  la  an  oMBct 
•elution  of  tha  govarnlng  oquatlon  and  boundary 
condltlona. 

Tho  next  atop  la  to  dorlvo  tha  tsot  power 
matrix  P  at  any  beaa  croaa  aoctlon.  Thla  la  done 
by  aubatltutlng  tha  aquara  wubaatrlcao  of  Eq.  23 
Into  Eq.  9.  The  reaultlng  aatrlx,  uatng  tha 
definition  of  wavo  nuabar  In  Eq.  21,  la 


'TF.> 


R^R 


P  >  2  w*k  (pAEI)*'* 


-I  0 
0  0 
0  0 
0  -1 


0 

0 

1 

0 


0 

1 

0 

0 


(28) 


Figure  2  Scheaaitlo  of  froo-froa  beoa.  Orientation 
of  extornal  Influencoo  Q  and  baaa  deflectlona.  v 
and  V ' ,  ara  ahonn. 


For  tho  left  end  of  tho  bean  In  Fig.  2,  where 
tho  aetlve  Junction  control  will  be  perforaed,  tho 
Incoolng  and  outgoing  wave  aodo  anplltudea  are 
defined  aa 


»  ■ 

Wi 

F  ■ 

■ 

W'F 

Sinew  tho  wave  node  aaplltudo  vector  la 
defined  by  Eq.  22.  tho  (1.1)  and  (3.3)  entries  In 
Eq.  29  represent  the  power  flow  aasoclated  with 
propagating  waves.  The  laaglnary  (4.2)  and  (2.4) 
entries  represent  power  propagated  by  the 
Interaction  between  tho  two  evanescent  nodes.  Note 
that  the  evanescent  aodoa  do  not  propagate  power  by 
theaselvoa.  ‘ 

Wave  Absorbers  for  the  Beaa 

Njw  that  the  junction  dynaalcs  and  power 
relations  havo  been  derived.  Junction  control 
compenutlon  can  be  foraulated.  First,  the  closed 
loop  (1.1)  icatterlng  matrix  entry  will  be  set  to 
zero  assuahg  that  only  one  physical  deflection 
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MMumnnt  ta  av«tlabla.  Iliia  raaulta  In  mi 
outKoInt  «*va  balnt  erantad  tor  an 

IncMtng  propatntlnc  man,  Staca  th* 
chnraetartatta  nttanunttoo  lansth  of  tho  otanoaeant 
■odaa  la  invarvily  prafartlaonl  to  tho  aqunra 
of  froquanoy  (&t.  16t«  tte  layortanoa  of  tkla  (1<1) 
antry  haBoawa  aora  olMtana  nt  hlglwr  fraquaiwtaa. 
Sacowlt  optianl  faadkaak  af  piiyataal  daflaattan 
aaaaurananta  will  ba  dartaad.  Porforaanea  af  tba 
two  daotans  will  t!Mii  ba  avaluatad.  In  tba 
followlnt  dlacuaaton,  tha  f  and  G  aatrlcaa  danota 
incoatnc  aava  noda  and  pbralaal  daflaatton  faadb^jok 
(Olna,  raapaotlvaly. 

Faadbaek  of  a  pbyatcal  daf lactlon  can  ba 
fichlavad  by  aattlns  Q  ■  C  u  In  Eq.  d  and 
aubatlcuttnc  for  u  froai  tho  top  half  of  Eq.  23. 

Tho  pain  for  which  tha  oloaad  loop  (1.1)  acattarlnp 
antrix  witry  la  aara  can  ba  axtraatad  In  cloaad 
fora  or  nuaarleally  at  varloua  valuaa  of  froquaney. 

If  a  tranavaraa  dlaplaoaaant  aaaauraaant  la 
ehoaon  ta  eonjuaetloa  with  terqua  actuation,  glvliqt 
faadbaek  of  tte  fora 

N(a)  .  C(«)  u(«)  .  g(*.)  v(«)  (29) 

than  tha  oloaad  loop  aoattoring  aatrix  haa  tba  fora 

a-  1  r'l-T(l-l)  UI-2t  1 

*  TTtTThT  [  1-1-2IT  1+T(1-I)J 

whara 

T  •  t '  .^  .  0  1  (31) 

2£lk* 

Sotting  tha  (1.1)  torn  to  core  and  ualng  tha 
doflnltloa  fraa  Eq.  21  glvaa 

Of  «(*>)  ■  “I  (pAEIj’^’w  (32) 

Thia  corroaponda  to  foadbook  of  tranavaraa  volocity 
to  torqua  through  a  gain  equal  to  -(pAEl)*'*.  Tha 
roaultlng  cloaad  loop  aoattoring  aatrix  la 

»•'■[-?  i]  i“) 

Tha  powar  flowing  out  of  tha  cloaad  loop  Junction, 
at  each  fraquaney.  can  ba  found  by  aubatltutlng 
Eqa.  33  and  11  Into  Eq.  8  to  gat 

P*v«ajW|"^  J  1  }*'  "J**"^*^*' 

Thla  quadratic  ylalda  a  real  value  for  avaraga 
powar.  Tha  olganvaluao  of  tba  oloaad  loop  powar 
natrlx  ara  1.411  and  >1.414.  Thla  maana  that  Pck 
la  an  Indaflnlta  aatrix  and  any  amplify  certain 
Incoming  wave  mode  mixaa.  Tharafora,  Junction 
dlaslpatlon  dapando  on  tha  alx  of  Incoming  wave 
nodoB.  and  tharafora  on  tha  dynaalca  of  tha 
raaalndar  of  tha  beam. 

Optimal  feedback  can  ba  derived  using  Eq.  17 
with  R  equal  to  tha  zero  matrix  alnca  only  torqua 
actuation  la  being  uaad.  Thla  results  In  Incoming 


wave  node  faadbaek  of 

F  a  El  k*  C  (-i-1)  (!♦!)]  (3S) 

or.  aqulvalantly.  faadbaek  af  daflactlon  and 
rotation  alth 

C  a  0.5  (£l)*'*(pA)''’  C  0  (-!♦!)  u*'*  ]  (36) 

Thla  only  cal la  for  rotation  faadbaek  and  deaa  ao 
through  what  can  bo  tornod  a  half  differentiator 
atneo  It  providaa  a  fraquaney  dapandanca  af 
and  a  fortyflva  dagraa  phaaa  land.  Thla  raaulta 
In  a  cloaad  loop  aeattorlng  aatrix  of 

*•'■[-?  lii  ]  <"> 

Tha  resulting  not  powar  la 

P*»*  ■  y  ••"[”}  .J  •  J  Wi"PeiW|  (38) 

Thla  eloaad  loop  power  aatrix  haa  alganvaluaa  equal 
to  0  and  >2.  Thorafora.  tho  aatrix  la  negative 
saaldaflnlta  and  aaargy  la  navar  gaaaratad  at  tha 

Janet  ion. 

Fig.  3  coagaraa  tha  oloaad  loop  rasponaaa  with 
tha  open  loop  raaponaa.  found  ualng  Eq.  88.  ualng 
tha  faadbnoko  given  In  Bqo.  38  and  38.  Tha  open 
loop  ayatoa  la  provided  alth  about  O.SX  daaplng 
tbrou^  tha  addition  of  a  linear  daehpot  at  tha 
rl^t  Junction.  Rota  that  tha  faadbnek  In  both 
eaaaa  raault  In  136  dograaa  phaaa  1^  and  a 
logarlthnle  maviltucto  rolloff  slope  of  >3/8  above  1 
rad/aao.  Thla  mtehaa  tha  raeaptanea  fron  force  to 
dlaplaeamant  at  tho  rl|d<>t  and  of  a  sanl>lnftnlto 
boon.  In  other  words,  at  high  fraquanclao  (above  1 
rad/sae  U  Fig.  3).  whara  avanaacant  modaa  bacena 
Inalgnlf leant,  tha  beam  behnvao  as  If  It  ware 
aoml>lnflntta.  Fig.  4  llluatrataa  that  tha 
corresponding  powar  (low  out  of  the  loft  Junetlm 
la  negative  for  all  fraquanelas.  Rotlng  Fig.  3. 
tha  parformanea  la  slightly  batter  at  lew 
froquanclas  for  tha  ivtlwal  faadbaek.  alnca 
avanasoant  wavaa  ara  balng  axploltad  to  Ineraaoo 
Junction  power  dlaalpatlon. 

Fig.  S  ceaparaa  tha  eloaad  loop  tranafar 
functlona  to  tha  open  loop  tranafar  funetl<wi  with 
tha  dynanlca  of  a  torqua  wheal  actuator  Included 
(Table  1).  Tha  actuator  dynanlca  vara  Ignored 
during  control  daaign,  but  need  not  ba.  Noea  that 
tho  controller  derived  by  sotting  Sci.(l,l)  ■  0 
results  In  an  Instability  at  72  rad/aao.  Thla 
instability  was  verified  using  a  finite  alanent 
nodal  and  la  seen  In  Fig.  8  whara  tha  powar  flow 
out  of  tha  Junction  bacomoa  it  positive  quantity 
near  67  radrseo.  An  Intaraating  feature  can  be 
sdan  by  cosparing  Fig.  3  with  S  and  Fig.  4  with  6. 
Kota  that  wt.wn  tha  compensator  la  derived  based 
upon  tha  correct  modal,  resonant  behavior  appaara 
to  vanlah.  When  not  based  upon  tha  exact  modal , 
reaonant  behavior  still  exists,  becauso  wave 
cancelling  Is  not  exact,  and  Instability  occurs  for 
tha  compensator  In  Eq.  32. 


Fr«qu«oey  (nidlaaa/a«cand) 


Fraquanoy  ( radiana/iaeood) 


t 


3b  Fraquanoy  (radlaas/aacond) 

Fipira  3  Nasnltuda  (a)  and  phua  (b)  of  baan 
transfar  function  froa  unit  forcing  at  tha  right 
and  to  colocatad  tranavarsa  dlaplacaaant  for  a) 
S«t(l.l)iO  control,  b)  optlaal  control,  and  c)  open 
lo^.  Actuator  dynanloa  ara  not  Inoludad. 


5b  Fraquanoy  (radlana/aacond) 

Figure  5  Nngnltuda  (a)  and  phnaa  (b)  of  bona 
tranafor  function  fren  unit  forcing  at  tha  right 
and  to  colocatad  tranavaraa  diaplacaaont  tor  a) 
Sci.(l.l)aO  control,  b)  optlaal  control,  and  c)  open 
loop.  Actuator  dynanloa  ara  Inoludad. 


Fraquancy  (radlana/aecond) 

Flgura  4  Nat  ponar  flowing  out  of  cha  left 
Junction  for  unit  aaplltuda  forcing  at  tha  right 
end  and  for  a)  Sct(l.l)>0  control  and  b)  optlaal 
control.  Actuator  dynMloa  ara  not  Included. 


Frequency  (radlana/sacond) 

Flgura  6  Net  power  flowing  out  of  tha  left 
junction  for  unit  amplitude  forcing  at  tha  right 
end  and  for  a)  Sci.(l.l)wO  control  and  b)  optlaal 
control.  Actuator  dynanlca  ara  Included. 


V 
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concusiom 

Hvtm  Jufwttm  aantr*!  tail**  advwttac*  of 
eoi*tnii«  UA  rabuatw  at  mlooatH  r««4teek  with 
th«  hltb  pwfwwai  at  fnikaak  •kIm  optlaltad  at 
avary  fraaiuattey.  7l»  yarfaraaiwa  anri  diaatpatlon 
of  th«  Juaettaa  eaairol  ean  ba  a«taralnad  atthout 
knaaladga  at  clatei  atruetural  babavlar.  Slaea  tha 
daalcA  da^a^  aaly  ti«aa  laaal  dynaales,  it  aannat 
ba  wnattlYa  to  aothillinc  arrara  in  dlatant 
portions  at  tha  atmecura.  By  aaxlaislng  Junetlon 
diaalpatton  at  all  traquotwlaa.  high  partoraanca 
vibration  aupprasslon  la  aehlavad.  parhaps  avan  to 
tha  axcant  at  allaliiatliig  raaonant  babaviar  la  tha 
struotura.  It  ana  aboan  that  daalgnlng 
eaapmaatara  without  ragard  ta  aetuatar  dynaales 
oauaas  a  dagradatlan  la  partamanea.  But.  tha 
actuator  dynaaiaa  nay  ba  lacludad  la  tha  boundary 
condltlona  to  pravant  this. 

Savaral  dlaodvaatagoa  oust  also  ba  facad  In 
using  this  schoaw.  lha  conpanaatora  ara  typieally 
eosplaa  tunetlona  of  traq^ianey.  Thaaa  oan  ba 
dlttleult  to  livlaanat,  and  nay  bacons  nara 
dlttlcult  whoa  actuator  dyannlea  ara  nodaltad. 

Many  axtanalana  to  this  theory  of  actlva 
control  at  aava  propagation  ara  pesalbla.  Ona 
night,  for  aaaavlo.  attaopt  to  adapt  such 
control lars  by  obsarvatloa  of  thalr  parfomanea. 

Ono  night  attanpt  dyiwile  aatlnatlon  of  Inconlng 
wava  aodaa,  using  partial  naaaurananta  and  thaory 
yat  to  ba  davalopad.  Ona  night  nnka  thaaa 
noaauranants  aona  dlstnnea  “upstraan"  fron  tha 
actuator  to  provlda  for  actuation  and  sonalng 
dynanles.  and  thus  nnica  tha  thooratlcal 
coapanaatara  aaalar  ta  Inplaaamt.  This  proniaas  ta 
ba  an  In taros ting  araa  tor  raaaareh. 


(8)  von  Flotaw,  A.  H. ,  "Dlaturhanoa  Bropogatlon  in 
Struetural  Nataorlta.''  Journal  at  fcund-aiid 
Ylbratlnn.  (IBgS)  108(3),  pp.  d33H«60. 

(•)  van  Flotaw,  A.  H. ,  "Travallng  Ihva  Control  tor 
Largo  Spacaoraft  Strueturas,"  Journal  of 
Culdnnea.  Qantral^  ^  ttninnlas.  Vol.  t,  Na.4, 

"Bava-Absorblng 


July-A(«  1988,  p.  488. 

(lO)von  Plotow,  A.  H. .  Sehafar,  B.. 
control loro  far  a  PloMlbla  Boon, 
atldnnen.  Osntroi.  and  Dw—les. 


JwirniLBf 

.  g,  no. 


Vol 


8. 


Nov-Osc  1088.  p.  873. 


REFCKEHCES 

(1)  Oourant,  R. .  Hllbart.  0..  Hathods  of 
Wathanatleal  Physics.  Vol.  I.  Intorsolanca 
Publlshars.  Inc.,  Now  York.  1963. 

(2)  Skalton,  R.  C. .  ’’Algorlthn  Oavalopaont  for  tha 
Control  Ooslgn  of  Flaxlbla  Structuras.**  NASA  Cf 
2268.  Nodal Ing.  Analysis,  and  Optlalsatlon 
Issuas  for  Largo  Spaca  Structuras. 

(3)  Klssal.  G.  J..  Kagg.  0.  R. .  ’'Stability 
Enhsneanont  for  Control  of  Flaxlbla  Spaca 
Structuras."  IEEE  Control  Systans  Nagiulna. 

Vol.  ft.  No.  3.  Juna  1988.  pp.  19-28. 

(4)  Barnstaln,  0.  S. .  Graalay.  S.  V. .  "Robust 
Controllar  Synthasls  Using  tha  Naxtnun  Entropy 
Ooslgn  Equations."  lBSJi;aUBfiil2ni-AUflHUl& 
Control.  Val.  AC-31.  1988,  pp.  362-364. 

(5)  Bales,  N.  J..  "Dlract  Valoclty  Faadbaek  Control 
of  Largo  Spaca  Stnieturas."  Journal  of 
Guidance.  Control,  and  Dn—lca.  Vol.  ft,  no.  3. 
Nay- Juno  1979. 

(6)  Aubrun.  J-N. .  "Theory  of  tha  Control  of 
Structuras  by  Low-Authority  Controllers," 
Journal  of  Guidance.  Control  and  Dynamics.  Vol. 
ft.  No.  S,  Sapt.-Oct.  1980.  pp.  444-451. 

(7)  Nlllar.  0.  W. .  "Exparlnantal  Invastlgations 
Into  Passlva  and  Active  Control  Using 
Space -Roallzabla  Techniques, "  Daniplng  1986. 

Vol.  Flight  Qynaalcs  Laboratory  AFVAL.  Las 
Vegas.  April  1986. 


aoMi  AmoxiMAnoNS  roa  rn  dynamics  or  sPAcicaAfT  tbthxu 


A.  H.  «M  Ftetow 

MtMMkiMMt  ImHm  M  iWkMloiy 


INTEODUCnON 

PmI  uktjrw*  «f  (M  dymMtkt  of  oyowwoft  i«tk«n  kovo  gootnlly 
k«w  of  l«o  tjrpoo;  tiiMr  qoito  otayl*  mMi  won  OMd,  tjpkoBjr  oriik 
tko  lolktr  m«um4  «o  bo  ilnitkt  oM  tooHoootbUi  or  ooiptokoodoo 
tim«loUoM|t,>,3|  ooio  pioporod  tor  compiior  iaploMoololioo.  Ooaorot 
•CtotMol  00  tko  iMportoKO  of  vorieoo  pkyokal  otictt  dooo  aol  tooa 
to  hooo  booa  loockod.  Soth  omIiH  koo  Miotdaottp  aMo  Ibo  ckoiio 
of  wktek  oftolo  to  aodtl,  imtH—  yrtto  oibteiitty,  Kifcmu  »  fa  o 
krooS  tooMMiy  of  ooib  iokllibo4  to  toto,  iMI  liilo4oi  $t  rboHoi. 

Ibo  «t(h  lopiAM  ki  ikk  popor  «aa  moUooM  bp  tbo  pkUotopkp 
tkot  tbo  opproprioto  ippfBork  to  doottoplot  oo  topiaoorit  moM  of  « 
pkyiieal  qntaa  ii  to  iaclo^o  m  mom  tkaa  tko  bon  niainon  of  otieto 
roqoind  to  npro^aoo  tko  bokaotear  of  iatmot.  Siaeo  tkii  it  aoooo 
•aittp  aa  itontioo  proco^on^  thia  papor  bailio  apoa  iaaipklo  plooaoi 
ban  tko  naolta  of  pnolaoa  oailpon.  Spoctial  oaponitea  It  iaaohad  to 
lof  an  tko  4paanka  to  a  nlatioolp  tet  oikntioaol  antioa,  aoeoapM 
bon  oad  aopaitepoaod  apoa  tko  alow  loU/paw  kbratioao  of  tko  op^ 
ton.  It  ia  taunt od  (witk  iutr<nn«»l  aoMoaca)  tkat,  baeoMo  of  tko 
kw  toarinao  laporinttd  bp  tpaeacraik  tothon,  aoa-Uaoor  inliarinail 
ttmt  otiala  b^aoioar  will  bo  inpottoal. 

raiaitooiiaal  poitarbatitaa  of  tko  tatktr  bon  ila  tlowlp  oaiyiap 
qook-aqaiUkrian  on  dtaeiibad  bp  a  ipaton  of  liaoar  poitiol  diftna* 
tiol  oqaatioaa.  ia  wkkk  toopitadiaal  oad  lotoral  natioa  on  coapM 
bp  oBckt  eamtan  of  tbo  aqaiUbiian  ohopo.  Tkan  oqaatioaa  an 
aoa-dlmoaiinaoBaod  oad  ianotipotod  wItk  mpoct  to  won  ptepapa- 
tioa,  nvooliap  that  far  won  kaptha  nack  tnalkr  tkoa  oqailibiiaat 
radiu  of  eamtan,  lotoral  oad  kapkadlaol  noOioaa  ofcctinlp  d  naa 
pk.  Aooaaiptka  of  pokt-non  dpaanka  hr  tko  oad  bodin  kada  to  m 
oipoa-«aolptia  wkkk  pialda  oipoa  baqaiacka  oad  akoroa,  tko  Int  ftw 
of  wkkk  caa  bo  qako  difcnat  boat  thoaa  of  tko  elaaka  cohk  appiari 
HMtioa.  Bfnto  of  totkor  otifcon,  eamtan,  toaaka,  kaptk,  ntiiml 
rata,  ate.  an  illaniaotod  ia  tawaa  of  ana  dinnwimol  poiaataton. 

Tko  iatoat  of  tkk  papor  k  to  piovido  knpk  coacoptaol  nodoh  of 
tko  natioa  of  tatkond  ootallitoa,  botk  to  poUo  donkpnoat  of  fktan 
ainaktiaaa,  oad  to  pnoUa  0  bona  apaiaat  wkkk  to  eonpan  oinalatka 


APPSOPBXAXS  MODXU  01  TIXSn  HLASTICRY 

Tb  data,  modok  of  totkor  olaatkitp  kan  napad  bon  tko*  of  oa 
iaoatoaaibk  ekola,  to  tkat  of  a  boon  arkk  aoa-opmawtik  rmn  iirtina 
oad  witk  tonioaal  itnia  oaatpp.  It  k  ookp  to  tkow  that  tko  *boadiap 
kaptk,*  (p,  bopoad  wkkk  tko  oloeta  of  boadiap  itUhoao,  SI,  on  oop- 
lipibkeoaipand  to  tkon  of  toaaka,  T,  k  pina  bp  <p  w  Witk 

totkor  diomotor  oa  tko  oidor  of  oao  miUimotor,  oad  totkor  toaoka  oa 
tko  eidtr  of  a  (iw  Nowtoaa,  tkk  boadiap  ekaractoriotk  loaptk  k  oa  tko 
oidorofafowcoatimoton.  Tkoa,  far  taek  totkon,  witk  kaptho  of  maap 
moton  or  kiknatan,  boadiap  otilban  don  aot  coatributo  tiiaificaatlp 
to  pkbal  natoiiap  foicn,  oad  a  boaai  modal  k  iaapprapriato. 

Boadiap  otilPan  dooo,  kowootr,  eoatiibato  aoa>Uatarip  to  tko  oa. 
toaaioaal  atnaowtimia  bohavioor  of  aaek  totkon.  Tko  aatoral  knn  of 
a  nal  win  k  aot  atniphl.  *Ui>ldoal  otiaaon  of  oaapoeilad  oripia,  aad 
a  apinl  akapo  dao  to  doplopnaat  bon  a  nol  wiU  botk  bo  pwnat.  Tko 


ekanctarktk  kaptk  of  tkno  inpotfcetioaa  nap  ooip  woU  bo  eonpain 
bk  to  tko  boadiap  kaptk.  Upon  1,  adaptod  bon  nftnaoa  4,  praaaata 
nkoaat  oapoiiaMatal  moka. 


ApnxD 

roici 


nOUMI  1 A  odn  oakiUta  a  aoa  Haaar  attonatnia  nktka  dwo 
to  otniphtoaiap.  Tbk  Span  conpana  tko  naolta  of  oao  oMpor. 
innt  wUk  aa  aaalpak  kaaad  apoa  tba  aaaonptioa  tkat  tko  oa. 
atooand  wko  akapo  k  n  bo  woaad  oa  a  apoot  of  ndioa  r. 


Spaeoenb  totkon  will  obaa  opoiato  aadar  oarp  low  toMka,  aooa 
••  kw  aa  a  fcw  Noortoaa  far  oad  naaan  of  naap  koadn*  of  kikuam. 
Wt  an  tkoa  iatanatod  ia  tbo  oataaaieaal  atran/atroia  babavkor  n  toa. 
kaa  appioaebn  ano.  Tko  men  eanaaoa  aaaonptioa  koo  booa  biliaaar; 
liaoar  olaatk  for  oatoaaioaal  atnia,  aad  oon  toaaiea  for  cempnaaivo 
atraia.  Tko  oapoiimoalal  naolta  of  Fipan  I  akow  tko  bohavioor  to  bo 
aaenconplaa. 


Two  approainato  aaalpan  of  tko  fareo/doPoetiea  bokavkor  of  a 
win  witk  iaitial  carviaon  caa  bo  offbnd.  Botk  prodict  a  aea. 
liaoar  atma/atraia  bohavioan 


(valid  for  amall  atraia,  approximatolp  -0.08  <  c  <  0.01).  Tko  atraia,  «, 
ia  tkoa  aooa  to  botho  aoat  of  two  coatribatioaa,  a  liaoar  olaatk  oatoaaioa 
piwpeitkaal  to  the  toaaiea,  T,  aad  iavonolp  piopoitioaal  to  tko  aaial 
•tifcan  SA,  aad  a  aea-lkoar  aheitoaia;  dao  to  tko  wim't  toadoaep 
to  rotara  to  iu  aaatnand  akapo  n  T  —*  0.  Tko  voloo  of  r  dopoada 
oa  tko  inamptioaa  mado  ia  tko  dorivatkaa. 

If  aa  iaaanaaibk  win't  aaatraaaod  akapo  ia  anamod  to  bo  a  kolix 
of  radioa  r,  pitch  aapk  a  ai  0,  aad  aickapU  £  (tko  win  k  tlpktlp 
woaad  oa  a  rad  of  radiaa  r),  tkoa  tko  toaaka,  T,  ropaind  to  oxtoad 
tko  win  to  a  loaptk  A  (whila  pnvoatiap  aatwiatiap)  it  pivoa  bp(S| 


I 


^  QJ  h  Si  Kf. _ 1 

wkM*  SI  ktkt  ltM«M  m4  *k*  toniml  t»Whm  S  m  Mm 
ik»  iUtto  wiifc  ni»*«»  »•****•"*• 
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-  OJ  St  I 
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riiM  OJ  m  St, 


,«_(*)»  n-f/Mr*  {*) 

Am  ihwattiw  4wi«MiM  «•  mM  %  attikltir  «ttiakM  w 

MMHti  ilttpa  kv  iM.  )4a«iiM  at  *  riaiMMkt  tteMT  «fi>kk  wiU  M»> 

A.  h  )•  M*  4iac«lt  ta  iAmi  Ut»  aato  ihit 
^li■■|1tl■.  At  iMdM/ainte  kaAaataar  «t  tka  aiAally  toinaaifcla 
aiiakatoM 


•  --(J)*  i  a-3IVir/A/A*  (S) 

mA— *A  BqaaHaa (1)  ia Uwa  tlw  w af  Aa  aaa Itaaar  AartMifan 
of  ataalka  (4)  ar  (•),  ami  lAa  Haaar  alaalk  aalaaiiaa  T/SA. 

TIm  aaparianatal  caiaa  al  Flfaia  1  arai  aaaaaiaA  fer  a  laa|A  af 
taiaa  iaaalaaa*  a>taaia4  eaw**  *<*»•*>»*  ^  * >*—**  «**^ 
wiia  waaaaAit  caatMuariaa  iwaaa  aa  aapacaeraA  tatAat(4|.  PUaiihh 
aalaaa  kaaa  Aaaa  iaaaiaaA  iaka  ii^iaariaai  (1)  aa4  (4)  to  eakalala  Ika 
tkaaialkal  aaiaa  ia  niaia  1. 

A  waald  ba  iatwaallat  to  a^atalali  aboal  (ar  la  aaaaaaia)  tba  la»* 
laakna  amaa/alnia  babaaioar  al  albar  taaJMaaa  latbaia.  ECada  al 
bniiiag,  iiiaaAiac,  twin  aa4  albar  mbar  Aalaibi  aaaU  >nlaaliaBy 
aU  la  Iba  aaa4iaaailtf  iaicatlaaai  br  laaUaal  aMama.  Tba  lantia 
aaaMafM  bjr  Flgafa  1  aagfad  ibal  aa^  Ba»4iBaar  babaaioar  apitt 
ba  aiacb  mora  iBpoilaat  Ibaa  naar  al  Iba  albar  aea-Haaar  aCicla 
iacMad  ia  paal  aaalpa«.  Ibr  Iba  aiiwlna  dadM  ia  raliwaia  A,  Iba 
ana  Bawr  laaiMlilii  S^*)i  *aa  ba  fiaaiar  ibaa  Iba  Baaar  taaibilAr 
by  a  fadar  al  ap  la  oaa  ibaaaaaAl 


riGUlUB  >  It  ia  propaaad  to  (br|0  datailaA  medaliBg  of  tha  uthtr 
‘wriaklaa*  ia  favour  ^  madaUat  aaly  tba  approximata  poaitioo  aad 
utiof  a  Boa>liatar  atraaa>atraia  raiatioa.  Tba  tatbar  poaitioo  would 
tbao  ba  modtiad  adtb  a  roMlutioa  el  approximataly  Ij  oi  y/Tf/T. 


ia  priacipia  it  ta  paakbti  to  awdai  tbiaaabiit  atm  aliaibar  bao4» 
iat  HilMM  by  aaiag  a  baaai  aMdat  Ar  iba  mbar  aoi  lanMag  tba 
dMatta  ol  tba  mb«r  abapo.  Tba  raaoAtio*  dmabdid  waoM  bo  aa  tba 
ofdar  al  a  Aw  mlidatMa  (tba  baadbii  Ao|lb)s  ibaa  «aaU  Aai  to 
a  kaialiatiy  lai|a  aaa^lar  abaalaiiao  tar  titban  of  aaaml  Mlata 
tan  taafi^  Tba  appfaaab  iotiadoaad  A  tba  piaaaadin  poratnpba 
ooabi  ba  10  aaa  aa  iladA  aabh  nodal,  with  a  aaa  Baaor  Anaa  aiiain 
babaaiaar  aa  A  ataalAa  (1).  Pi«aia  I  iadkaaaa  tba*  tba  latbar  paaA 
tiaa  «oaM  tbaa  ba  iMdaAd  to  a  pncAioa  aa  tba  ordar  of  Iba  baadtM 

Aogib,  iduaaia  Ar  aaaai  paipiiia 

UVISSNCS  FBAMia  AMO  IQOAnONa  Of  MOTION 

Tbaa^aalAatalutAaolaaaAalAcabAfaiabaadiMarlaiaAaai 
aiitbaaa)  baaa  Aat  baaa  laai»a(l).  aad  aia  aaaiAaly  lapr  iiaad  la  nalor 
aatiiAa} 

orbata  |t  A  tba  maaa  par  aatl  aliaiaad  Uaylb  of  tba  tatbar.  E(«)t)  A 
Iba  vaeiar  poaMea  al  Ibi  tatbar  la  a  Aacttaa  al  lAao.  t,  aadatiaiaad 
arahaglb,  ».  Tba  aicAailb  A  aiwaabaiiy  naaaaiad  Aaai  aaa  aad  of 
Iba  mbar,  toy  oAbia  aad  body  A  lAnail  Aaaaa  par  aait  Aoflb 
ara  Adkalad  by  oartor  t.  Tba  malaa,  T,  A  givaa  aa  a  AaclAa  of 
a,  «bata  a  m  |dB/fo|  I,  by  a^aaliaa  (1)>  It  Iba  mbar  A  la  ba 
aiodaAd  aa  eeaataai  baigib,  ayaalAa  (1)  A  faplaaod  by  tba  aaoamAa* 
IdA/aoll-l.  (TbaAaMaliHNaaaAttMlAnaddaltbambar  A 
appiopiiala  A  dAtaaaad  A  a  aabaaqaaal  aaaliea.) 

Tba  boaadary  aeodAioBB  rafaAad  lo  conplala  ay aalAaa  (d)  oiB 
dapaad  oa  tba  dyaaatiaa  al  Iba  aad  badAa  al  tba  mbaaad  aalattia 
lyataaa.  Tba  Aiaa  aanoad  by  tba  tatbar  aa  Iba  aad  body  4  ( A  a  »  04 ) 
A  jaat 

»a-l(r-p(^)*)^Uo  (») 

Mala  tba  appaaraaca  of  tba  (aonaaily  aagUcibA)  tbiaatAt  tana  daa  A 
tatbar  dapAyaaaal . 

RaAraaaa  3  laporta  tba  daaalepsaat  of  a  ajiBoAlAa  band  apao  a 
laAa  difaiaaw  dAcraiAalAa  of  aqaalAa  (»),  and  boaadary  roaditiaao 
baih  apoa  a^ailAa  (T)  aad  tba  aawptiaa  of  taAabA  modab  Artba 
«d  bodAa.  Tba  laAwaea  fraow  cbaaaa  A  aaitb'caaland  Aartial,  Aaa 
ralaliva  motioa  mat  ba  taaahwd  la  tba  tauU  difftraaoa  of  too  iaiya 
aaaban.  A  tbA  laAiaaca  Aaaw,  aqaalioaa  (6)  aad  (7)  an  biybly 
Boa4Aaar  A  Iba  tbna  compoaaaA  of  M. 

A  nora  coauaea  appreacb  baa  baaa  to  Atiodaco  a  tatbar  laAiaaea 
Aamjl.al,  aad  lo  tapran  tatbar  motioa  with  mpoel  to  tbA  fraam. 
TbA  tatbar  Aam  baa  biatoiirally  baaa  cboaaa  wiA  oaa  axA  dalaad 
by  tba  tatbar  itiarbmaat  poiaia  oa  tba  too  bodAa  aad  tba  olbar  aan 
dalaad  «A  Ibav  oiiaatatAa  with  rmpict  to  Aa  orbital  pUaa  (aaa  Fly 
ara  3).  If  tatbar  dadoctwaa  ara  aapraaaad  wiA  laapaat  to  tbA  drama, 
tbaa  tba  lotatAaal  motioaa  of  Aa  raAraaoa  fram  add  coiielA,  caa* 
tripatal  aad  ayyalar  lacaAntAa  tarma  to  tba  lima  darivativaa  of  ayao- 
tk^  (6)  aad  (T),  aad  tba  aqaalAaa  datcribAt  tatbar  dalactAa  ara 
coapAd  to  Aoaa  daaoibiaf  lyttaaa  attitada.  Siam  Aa  aagaUr  vaAeity 
of  Aa  tatbar  lafaraam  from  A  dalaad  by  aad  body  motioa,  wbkb  da* 
paada  (A  part)  apoa  taAar  Arcaa,  tba  aqaatioaa  of  motioa  tovaraiag 
lyalom  attilada  ara  alao  eoapAd  lo  Aa  partial  diffnaalial  aqaatioaa 
levaraAg  tatbar  dAactioaa. 
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^rt^a-Ty  iitifMilh'  tqMlitM  cm  Ite  to  iaiitnCto  In«w4  tojtop. 

•OIM  •§»!«•  CCCM  ••to  fciccr  Ito*  citoM  cto  Ito  k»»titoic«  »toc 
•»c^  •••  to  toc«M  to  to  4  •err  «m1  cf  ito  ctoilil  fcito4. 

THi  ArpftoxnunoN  or  sracnui  ■■pakation 

Ac  cHwmihwinmto  14  ■•iirtNl  <■>*»•*■»  *•******>** 

iMi  to  otolMiy  4itoN4lW  cviciicM  it  to  ImicAm*  tto 

tocyccticl  cc»M4iic4.  TMi  ipto>to«ctic4  ii  %mA  M—  toe  r»tok»- 

liM  toe*  tto  ctocl  to  cMtotoc  toMcM  to*  Mto  ctocr  4yMniM  to  4 
H>cnii>Ml>i»i4tow4to4ty  tociwitotcrt—towcMC—totoMt 
1  Tto  ttocr  dvacBlto  Mm  4  «4Mto«tolM4a  1M4  toe  ptoto  to 

totw  to  toe  ftM  4)rMtoto. 

I  tto  Itoi  4y44Mii  aMMy  toe  toe  to*  AyMaM  •net  •clkcB^ 
toto  ie,  ttoy  yMtkiyeto  to  tto  etow  49»eatiH  et  ttoit  toMet^i 
leeee  e^tolitotoit  Weeto 

Tto  ton  tefcwie  tor  tto  ttowy  e«4  pwettoe  to  i»eeti4l  einitotogi. 
with  efftoeliM  t*  mtmf  iwyto,  ie  rethepe  «i  4M*>tohto  beeh 

Mto-W 

Ttoit  1  ii  4  cMMciy  to  wttotetoe  to  tto  tiiem  he^wfcfae  to  4 
letheM  lyetcM,  both  to  eyatotok  eaA  •■■Mtkei  Ibm.  Tto  ■■■hew 
leto  eie  upwettotoiee  to  tto  he»e4/h«Miee4  itottle  HttoM  eetoh 
Uto  lyetiM.  Nett  the!  tto  ••Mieto  Mthaetoi  tor  thii  tpedto  cytoMi 
todkale  that  neat  totanto  aMiieM  will  to  mck  toier  the*  pilch  ato 
itoltoitoealintyetMi.  Tto  cm  tMM«k4 1»  thk  epectial  cMtiatiM 
k  tto  peaMar  eltlMtot  eMfltolka  to  the  eihitar  4m  14  tettor  tiMka 

icttof  e*  toe  444  to  tto  Itetor  topktoaee*  toMP. 


TAPIA  1  ■kkaatee  to  Peiktoi  to  Vthnetoa 
to  4  TtotoM  SMiellkc  Syeiwi 


Oeacfiptioa 

Symbtok 

NaMericol* 

SyeleM  Pitch 

3100  eecewda 

SyetoM  Roil 

X. 

«• 

2100  eecowde 

Elaatk  Boaaco 

01  eerewde  * 

Tttber  Medea: 

Fiiet  Lateiel 

«>/F 

440  reeewrie 

firet  Loayitadiaal 

0  eerewde  * 

Bad  Body  Attkada 

orbiter  1000  eecende 

tahMieUite:  U  M*ondt 


NuMtleto  vtoMe  eeed  cn;  eihitto  nt«  w,  >  1.16  x  10~*  ptr  itcrad, 
(kw  Mrth  ofhk),  Mitoitifheie  SA  -  10»Ar,  oibiur  mcH  •  10‘hf, 
raheaullite  aiaM  titp  -  «»*•.  ‘•‘Ie*  ^  ^  - 

eoAf,  telhtt  «•«  deMky  p  -  •  x  10-*»»/w,  orWtar  iatrtie  /,  - 
lO^hf  -  m*,  orbiter  etlach  poiat  otoet  4  -  lOtn,  teb-MltUiU  ieertia 
U  -  12Sh(  -  in*,  tabtelellke  attack  poiat  oftat  d  m  o.TSm. 

a 

Thk  ptfM  k  baet4  oa  a  liaear  elakk  aMel  for  tether  akal  Httoew. 
Tha  •oa.UMar  etmaetnia  tohatoawtotto  tether  to  be  eM  hr  the 
Italiaa/Ankaa  lalMka  k  aet  aeailabk, 


TO  qvAti-BQinLnniuM  mwam.  sbapb 

Hm  attitato  aMtiwi  toe  geaenl  ii|i4  body  ia  orbit,  i«ipoa4iat  to 
eatoiaaaeaitt  tonaee,  k  well  aa4mtn4.(m  Tto  aieUoa  too  ptaeito 
letohk  ba4ly  ia  eehk,  ••4  ite  fakwattka  with  the  itaeiiaikael  leU 
k  kM  well  aa4iiitae4.  faMal  ila4ka  hna  ehawa  that  the  lipU  ba4y 
Biatka  k  imatlilly  •apei*aito4  by  ieaibk  4ilhnaMkai  ea  kaf  at 
thtee  helbnaelkaa  reania  imll  lelaitee  to  eyeteat  4kaeaikaa,(l0|  aaA 
their  aataial  fta^aaacke  leoMia  pethape  4  heter  to  tea(ll|  larier  thea 
thaa  tto  irhkal  late  w»  Review  to  Tbhk  1  laeeab  that,  with  the 
eateptka  to  ethkir  etUtahe  atetka,  the  aataiel  heaatatke  to  tto 
iatttaal  aiotka  to  the  tethiM  lyetf  are  ia4et4  aiach  haler  thaa 
eehkal  imta.  If  tkw  ea4  bo4y  attita4e  aietka  caa  to  i|aeie4  er  k 
ectieely  eeatialk<  the  attkato  hhtilkaa  to  the  tethew4  ayeteae  will 
oeeat  Math  Mha  theee  to  a  liyU  haijh  at  ka«  ea  iatewel  Mkeliaaa 
WMeia  faR  eeMpaiai  ta  ttthie  kayth. 

Rthiaaeii  1»  aa4 14heieaeeato4iia4  the  e^aillhiiaa>kayita4iail 
etiaia  aa4  teaeka  4ktiihaHeaa  ia  a  tether,  eahject  ta  tto  eeeaMptkae 
to  hater  elaeikity  aai  a  coaeteat  ytavkalkaal  yiaileat  aetiM  ekay 
tto  aak  to  a  aliailhl  tether.  XtoM  eta4ke  have  iaathf  itkeHy  eew 
•meh  tto  valHky  to  a  Mpk  lypiaMMiia.  eaaet  hr  klekekael 
tettor  etratot  tettor  teeatea  k  eRtoti'iely  eeatoeia  itbath  ea4  Mwee 
•M  Mach  neater  thaa  tettor  Man,  aa4  epetieBy  paratolk  if  tether 
Meeekkfailcaal. 

The  aaetoeyailihiiaM  tkapa  to  a  tettor  k  aet  aeciMeiily  etraiihl. 
Lateral  hroM  4m  ta  etenByacMk  4iatt  navky  yrahkat,  tketia4y.~ 
••Mk  iateraetka  wkh  tto  eaitkk  Mepakk  SeU  ^44  coiWk  elKte 
4m  ta  laifkeal  er  htpkpMMi  to  tto  tether  hoM  a  MaHive  ea4  ba4y 
will  ett  4eBett  tto  tettor  lateiaUy  epeiaM  tMkk  lakeiiat  fetOM.  Bath 
to  IhiM  hiete  will  vary  with  tkM  aa4  ipaea,  both  ia  Mapaitaha  aa4 
4iieclka,  wkh  Mato  to  the  eaiiatka  oecaiiat  at  heptacke  ceaMtiM 

li^  ftthie  faMMK 

uv; 

Aera4yaaMk  Diap  10'*  to 

(atMoapherk  deaaky  lO'**  to  10*'*y/«ni*) 

Peetia4yaaaek  S  x  10~*M/m/Aivcre 

(earth'e  Mayaelk  leU  ia  lew  earth  orbit) 

Gravity  GrrAkat  v  x  I0~*lt/m 

(v  k  lateral  delactiea  ia  meteie) 

Ceiiolk  t  X  lO'^Af/m 

(t  k  retricMl  or  depleyMeat  rata,  ia  m/t) 

Wftikil  ealwa  yivM  ia  Tbhk  I  have  boM  aaa4  wbera  aM4e4. 

Tto  epprotoMatka  to  epoetrel  eeparatka  perwula  cakalatioa  to 
aa  iatoaataaeoM  lather  toapo  by  iaektiap  apoa  tialk  epailibriaM  with 
tbcN  lateral  feicee.  If  om  aMaMee  that  the  tether  eapeiieacee  a  Uaoar 
hiM  deaaky  .f,  eaifNwi  ia  diiectwa  tad  Magakade  alaay  tto  wire, 
Ibea  the  epailibriaai  carve  k  plaaar,  aad  k  pivM  by  the  eolatha  to 

^(rU)  +  F.o  (6) 

lofether  with  ea  appropriate  etroM/ettaia  lelatiea.  Siaco  thk  carve 
will  be  very  ehcllow,  we  will  Maaaae  k  to  to  a  portka  to  a  ckcalar  are 
of  redtaa,  A,  il  »  £,  aad  will  aaeaaM  leaika,  T,  to  to  iadepeadeat 
to  e.  Baak  eqaiUbrioM  aaalyek  thM  ykMi  M  «  T/Fx,  (Fx  k  tto 
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•^*tal«»  lMw4wi*l|f«lt>»  to-*  H/m,  jfWii»i»it»  •!«»»•»»* 

•t  Jl  ■  lOQO  tai  4  piliii  M9  if  t  *  M  wilHi  IM  4  iMbw 
iMilhainkau  TW*  “**•*••  • 

kr  t  mAv  liMiO  4t  I  ki  aai  kMMinttO  N>  Tkt 

(H»wii«n  Jy  m  «■*  taiif**"*  *» 

Mmwm  to  Mi  U  Mm  tte  IftnMM  •(  *  iHriMi  )■ 

iwM  W  Ik*  Miiiai*  •(  «  ntaMM  kMM  wU*  wtfli  nmiM  ■«  ite 

t-rtTTTlTi  IJin  IW  HM  IMIW,  111  «*  ■^‘-*  It****— 

•MMty  atlk*  aittaM  IMb  Mi  ii|M  k«iy  mmUm.  n*  mOmt  ftw* 
mMn  ikt*  MMm  «t  MllMia  Miy  iPiMiMMiK  MM  «kM  Ik* 

•■i  bailM  w*  MMti  M  p«iM  MMti  Mmi  Ik*  aiittMM  liM* 
*f  Ik*  Hlkw  Mik  i*M*»l  M  Ik*  Hm  iiMiiltM  Ik*  IM  **l»*k  y*lMH 
to***y«—»(ini*Mility  t/Ol>.lkiMfMiHlk»M*<M*Hk« 
iM**ik*ihiMi*kM**lwiykllilk*>M«M,«*i«»tl<Mltk*MtMti 
wwMtiUy  Ik*  w»m»  m  Ik*  HknllM  af  Ik*  MIkit  iM*.  Rikw**  tt 
COM*  I*  *  Mil**  C*MtMl**. 

Tk*  *lMriy  wylM  *«Mkil«B  ikM*  «•  M  *oMli*r  «*o  IkM  k* 
•■MHtai  *•  MImm  A  ilakal  yitak  *ai  i«M  HkfMito  of  Ik*  ayMM 
ci**l**  o  iy*H»l>r  aa*r  ooilmo  IimIm  i*  Ik*  i*lk»t,  «ki«k  **ii*o 
*lo«(y  io  iko*.  TV*  *MMaa  Mk*  ik*y*  ii  ■ooily  Mniykl,  wkk  o 

*h-  Mot  -T-rr**-|  ‘*rr  ^  *““*■ - -  r*—  Tklo*f*Ulkii*M 

k  l*>k  wkoo  ok*i«*oi  M  Iko  Mo  ***k»  of  iolini*!  mkw  Mi** 

lAAT  nnODlMOIlOMI 

flMklkM  M*t*M  *10  OltMlM  tf  OTMlt  tOMOO; 

t  HMohH*ai  koo*  *k**ro(l]  ikK  wik  l*M*  Mlko*  ■«y  |i»>*  ior- 

a  Ik*  MM*M  MoMm  tiHiMM  ikiMiM  *f  Ik*  *oi  koi. 

k*,|0«tll  aock  fcol  Mkor  MliaM  oik  ko  *aMi  itaodly 
3  Tk*  y*tfcM»oB*  olkiMlk  kohiko  loi  *ok  **>*lil*  oMkoi*  ***» 
liot  «y*t*M  k*o*i  oyM  i*Ml*  Mknit  *^  *  — Mo*  y*yl**i  lo 
*  ooky  cyoc*  *l*li*o4t0|  iiyvkiB  MNoaiy  **  IkM  Mki*  iyoaM 
k*. 

PM  *i*ita(7|  o(  Ik*  iyoaoM  *r*li«kily  ««**«i  «l*kk  **kka 
koo*  taocloM  Ikal  «oio  oMy  aHykl  *foiiikMi  tvMoi*  cm  koo* 
•  iml  iolocoe*  oyM  ywMikoliioal  miM.  Tk*  hoioMOUl  *y»> 
mclric  Mi*  of  •  piao*i>yM*i  cM  cm  akooo  I*  ckoof*  ckoiod** 
«k**  »  ooa-iiMoko**!  y*ioMl**,  A*  m  (l/M)*MA/T,  «aB**i*i  o 
cikical  oolo*.  Tk*  volo*  of  Ikfa  yoioMM  OMm  wk*lk**  Ik*  l*lk*r 
b*k*M  *ol«okkly  (A  <  ti^  o*  iaoMoMy  (A  >  **  it  k  y*iioik*i 
&«•  Ik*  *toiiikiMM  ik*yo.  Tk*  ooIm  of  Ikki*  I,  loyolkw  wkk  Ik* 
MkMio  of  M/£  m  tOO^  yiali  o  oolo*  «f  A  v  I,  My  aoor  Ik*  cMcot 


io  loflioo**  T,  M  »o*ly*li  i*  ayyioyM*. 

Tkk  **cliM  i*iiM  Ik*  *M*tiM0  *f  M*i*a  foonoioa  ioioilcakool 
poiMikalioa*  of  •  okaklly  coDoi  Mk**.  Tk*  *ooiiik(Mi  coio*  i* 
Uk**  Io  k*  pUo**,  aoi  Ik*  yMloikolka*  •**  Mood  wkkio  Ikk  Ulk** 
aqoiUkiioa  yUo*,  *a4  HM*t  I*  k.  Tk*  ifccl*  of  •ouU  *— r**“t  i** 
Io  Ik*  do*  (ofii*  «*•)  »itol**  **t*fi>k*  of  Ik*  tokwoe*  koM  *i* 
itoowi,  hoMm  wkk  Ik*  *t|ioMilko  of  *y*tH»i  **p*«»Uoo. 

Finn  3  Mmo  Ik*  MMl  y*rtoik*kt*a* 

((•.t)  tai  y(*,t)  of  Ik*  Mkw  Mk  myoc*  lo  ko  *t«ilikiiuo  *k*y*, 
<l*to*i  ky  •(*)  tai  y(^  Mm  •  k  Ik*  a^aiUkMa  Hctcaflk.  Tkio 
«0«iiikiiiB  aickaglk  iiMo  digktly  koai  tk*  aolonl  uckoylk,  «, 


(••*  rifti*  I)  icywiiai  tyoa  ik*  oatittkikM  uMa.  Tk* 
lokia  10  k*  Ik*  «ua  of  ik*  *^oiiikMa  «ata*,  It*)i  *ai  *  y*i 
*(*,().  UaM  Ik*  iMiiHi*Bi  JaaitM  ia  Iki  yfniiilaa  ft 


LoMnlt 


m 


(to) 


(ti) 


ko«*k*M 


*ai  ki|k*r  *(i*r  ia  yomikotka*!  ^oaaiiM 
Tk*  y*i*aikati«a*t  **adM  k  gioM  ky 


»-**(££  + 8£) 

wkm  S2  k  Ik*  «l*clk*  *M*ad*Ml  iUMm  of  tk*  Mlk«»  at  tk*  a^ak 
likfkB  link  (m  llgoi*  t). 


FIGUKS  0  Tk*  agpiotkaa  *f  aotka  loianiiai  laiaU«aiia»l  tatkar 
iaicctioa*  koM  tk*  *a*Uikri«m  coroo  c*a  k«  «ayt«Mi  la  i*Mal 
diAtaat  coocilaau  *y*t*Mi.  CurrUiB**r  cootiiaota*  ar*  mOiI  for 
TnfTiiag  Ik*  kigk  ko^oMcy  ooo*  yTom..M  Ikaitlag  bakaokar, 
aai  CM  b*  aaoi  kr  m  aitMaailyk. 


ffifiT  1  1  -  -nl^^T  r  *y|nMiiiiM  -iMi  fit  tiij  ililliiTr 

piaaii  yk**i  ctUoaM,  to  ai*aiyala»*  agaatka*  (0),  (tO)  tai  (13) 
iaio  a  iiaik  aacaoi  oiicr  partial  iilmailkt  ftr  «(*,i).  W*  pnfcr  tk* 
ippwck  *»'f*to*ac*  IT,  ia  wkkk  cahk  filartiBOi  *ia  iMwni  ia 
i«tM  of  caaqioaaal*  litgoailil  aai  p*ip*aiirat«r  to  tk*  ogaiMiaM 
cam  (m*  Pigai*  3).  Btaattoa*  (0),  (tO)  tai  (tl)  cm  b*  traailbraNd, 
atiag  Ik*  liaaafbnaatka 


ia  iy 

(13) 

-i*  .  i* 

(M) 

ial*  M  *tai*okat  •yoMt; 


witoiM  (I^Mutor  inaafenMA)  (II)  mi  (M)  •* 


B  (®  2)  ■ '£f  “ -i  (S  ■ '4)  ■  K  (?•) 


i(-S)-S-?(2-4)*2(J‘) 

«ktn  Jl  •  to  At  n«« 

•fttTMtanaCitoiMtow.  (U)  nmIm 

ltn*toM(m,(ll)«i4(M)«»4n<to<ltotpitoMtoi>to»il«» 

m*4  Ml  ki  thaiMi,  Mt  Mii  iIm  nilM  of  carMw*)  Jl.  toi  iim>m> 
«tok«.  Il  to  ihar  IkM  carMtan  iMptai  Um  M*  MMipMMli  «l  Ihi 
plaaat  aMitoa;  a^aaliaM  (U)  aal  (10)  an  aaaptoi  top  Mnaa  iaaaMap 
l/A  Aa  it  — «  aa.  ttoa  caapiap  Atoappaan.  aa4  Itoa  aaaariiai  lateM 
la  Itoa  towiMir  juiapliA  aaaa  a%aMiaM  tor  atoll  aa4  taiwal  Mitoa 
al  M  alitoto  aahto.  Maton  ansal  la  itoa  ayaiUkrtoua  plaM  nmIm 


■laatoaM  (U)  lai  (i«)  an  aatoakto  tor  taaaiUpaitoa  a(  itoa  la> 
latoiaa  Ikto  kipto  toapanap  Mtoar  naton  to  aOlallnlp  Aanritoai  top 
piapapaltoa  al  Jaiaaplit  lalanl  aa4  liapaaltal  aaan.  tolto  Mnaa  a 
•alaiiaaaf  Itoa  torn 


atom  a  a(w,a)’»><to(i».«)  ii  l>M«a  aa  Itoa  piapapaltoa  caato. 
ctoal.  SatoMinttoa  ataqaaltoaa  (IT)  iata  (II)  aa4  (1«)  ytoUi  a  patoal 
w>apto4  laaaaA  arlar  palpaiwalali  to  «na4  a.  Ttoaaa  palpaaniab  aia 
iitiilaAatoap  Itoa  Ban  itoalitotoiaytpawi.  manltoalaaaapwpua 
liaa  toacann  aaatotopaariaa  tor  toA  » 1,  Itoal  to,  artoaa  itoa  aaaalaafito 
toaaann  aaaall  lalaitaa  la  Itoa  latoaa  al  aimlna.  Ston  Itoa  toafancp 
toaa  toaaa  ana  tonaatoiaaltoii  atoto  anpaal  lalanl  aaaa  ipaa*. 

Itoiaa  aaton  af  r/SZ  (toalto  aaaanaA  aaaalaal  aptoto  a)  liaa  Itoiaa  toUri 
aal  aalaaa  af  aaatoinaaaiaaal  laafiBlial  aaaa  naad.  haaallialtoa  af 

Itoa  rinaapiadlai  aan  napa  to|n  aaiin,  (C.,  aj*",  laaaato  Itoal  Itoa 
wapaaaa  aaaatola  af  paw  aalaaaiaaal  (fc.  a.)  ■  (1 . 0).  ar  paia  latowl 
(Cat  a*)  *  (0, 1)  naltoa  tor  toX  1.  Aa  arAar  a> aia|atoaAa  aaaljtoa 
af  Itoa  latna  of  apaaUara  (II)  aaA  (M),  n  h«l  —  aa  «iU  piaU  a 


fraiM  aa4  Caa|toqr(T)  lapan  aa  ipiwaiaili  ai|aa  aaalpato  af 
aaaariaaa  (P),  (10)  aal  (1^  tor  r*~— *  ptoail  toiiaiaij  caaAtoton 
aai  itoallan  pantoaMa  taaaaaitoa.  Ttoap  caaciaAa  itoal  Itoa  aalp  naAa 

atnaiip  ifniaA  top  aHitol  canataia  al  aa  aUalto  eatola  to  Itoa  fan  apaK 
namalannlnaAa.  Itor  aaalpato  al  a  mtonaA  ipaaaenll  apalna.  aa 
an  ialaiaalai  toa  faftnal  toaaaAaap  aaaAtoiaaa.  A  laaaial  aad  baAp 
af  aaato  a  intoaaaA  apalan  caa  pmaUa  a  conplaa  boaaAarp  aoadilieB, 
iacMiacatoacIa  a(aa4  toaAp  laaitoiitop  aaA  atiitada  molioa.  W«  tm 

nalala  Itoa  aifaa-aaalpato  tor  aitotoiaip  tooaadaap  aoadiliaaa,  aaA  atoaa 

lapiaaaataHaa  aniatiaaa  tor  Itoa  ainpton;  aaa  aaA  aBaalinip  piaaaA  top 

auactonaal  lo  a  anp  anaaiaa  haAp^  Itoa  aitoar  aaA  coaaanaA  la  a  pain 
aun  aalp  aaaaial  Itoan  aaan  aaaaaba  ttoaa  Itoa  intoar. 

lamAactiaa  af  Itoa  aaa  Ainaaatoaal  ctan  aaciiaaal  aaeiar 


r-(e/i.lZ/rg,,/t,g)r 


0  t  0 

f  i/H*  0  0 

0  0  0 

0  l/H  -A»  +  l/im 


|»,  W*) 
(»».  11-*) 


*(i,ia^)  (M.N**)  (in.N**) 


hataaMaMtoV^ 


PlQiiua 


^an  ta  r/KZ,  A  «  aaA  Itoa  apailal  Anhaltaa 

to  tatow  wtoto  napan  la  a  BaMAtoMHtoaat  Atolaaaa,  r  -  AW/Oa. 

BaaaAaip  aaaailaan  aa  atotoar  aaA  af  Itoa  Mtoar  an  caMaalaaalp 
MVi*naA  aa  a  nalite  apaaiiaa) 

B(a)r-f  (10) 

whaia  f  to  Itoa  aaelar  of  appBaA  fcran  or  latoiaaA  Alaplicmnn,  m 
appnptUta.  Tto  AoAm  a  piaaaA  aaA  al  a  a  0  aamaltoa  (W)  «aaM 
anplap 

aaA  ^  to  am  aafeiaaA  Atoplacanaat.  A  poial  aaaaa,  m,  al  a  «  A  to 
AaaaribaA  bp 


/-a«*  I  0  o\  . 

Ttoa  taaaral  fenaofttoa  aotiiwaafaqaaliM  (19)  to 


r(a,a)  -  (ri«‘'**/‘  r4i'»**/*) 


wtoara  r<  to  Itoa  ai«aaaaclor  of  itoa  matrix  ia  oqaalloa  (19),  aaA  >h(0) 
to  Itoa  camapoBAiai  atpaaialaa.  Appikaiioa  of  baaaAaip  coaAiliaM  at 
Itoa  Iwo  oaAa,  aacto  ia  tha  feim  of  apaaliea  (lOJ  panaila  avataaltoa 
of  Itoa  roanaala  Gi,  «  -  1, 1, 9, 4  ia  taana  of  Itoa  fcrea  aaelor  (fa ,  fa)'- 
Ttoo  laapoan  aaptatoaia  aloap  Itoa  laltoar  aaa  Itoaa  ba  oxpinaaA  ia  tanaa 
of  a  matrix  of  itaaaiar  taactieaa; 


r(a,a)-a(a,«)(j) 


S’ 


TWm  M  liHite  tauUiM  taa  mluMi  tor  My  ««Im  «f 
•,0  <  •  <  £i  m4  My  •!  ®,  m4  nim  ik*  ni*MM  atoN  ito 
XtW  M  l>>  imtlutM  M  >lw  h»m4i> 


Tk*  tnMfcr  fcMllMt  «r  a^MliM  (n)  iHB  MIT  •Ivwir  «ri*k  tiaM 

«iM»a®i»4i»M4^Mtt>MWM>  aiimtitiM  imIMm 
IftrtiB  wrtllilm  MiMiattHriM.  T,  nitw  af  «fMMi«i  A,  m4 
4iiMi  iha  iifniiMa  at  Ci  a  m4  la  (Kaaa  ikaa  4alatllfM  a«Mal  M 
aka  ykM  at  Mkar  naiBkitw,  «,  4aeaayla  taM  {  aat  %  Tka  nl^ 
aaa*  MaMlar  taatea  aM  U  4aciaa4  ftaa  ataaliM  (It)  aat  aaiiaUa 


figait  S  ftaia  a  ylak  at  #t  H*wm**iM  «ilk  Ihiaa 

4lMMlaMl  tNayai  M  •  Mft,  a  a  T/tX  aa4  mfitL.  TUa  iiaaalM 
AmmIm  aka«a  iba  kaMaMM  aaaalamlM  at  Ma  lar  aat  at  ika  aaikar 
(a  a  1)  May  aarilat  by  a  aail  laaanl  aaaahaaabM  aa  Ika  aaar  aa4 
(a  a  0).  V  tka  ayailikflwa  tatkaa  akaya  ava  amiykl,  ikia  faayaaaa 
aaaM  ka  aaia.  Fiyan  U  akaaa,  kr  a  laat  ayailikttaM  t/SU,  aa4  a 
taat  Mkaalalliaa  «aN  latla,  m/iti,  bka  Mia  at  t(a  a  £)  aa®  y(a  a  0) 
M  a  kaaliM  at  ftayiMay.  Aa  ai^acaat,  Ika  laa  kayaMay  laiyaMa 
kaata  taaaiAa  aam  aa  tka  Mhar  kaaaataa  altaiyki,  M/t  — >  m  h  ia 
cIm  Ikaa  aaM  aHykiaalhar  caiaabaia  atf  aaayla  Ikaaa  Ma  Maliaaai 
yaiikalaily  ak  laaaaaaaa. 

rtyaia  Ik  akaaa  kha  aaaM  eafaaa  fcr  M  iaciaaait  aataa  at  r/SX 
Tka  ha  kayaaMy  IkaWay  ktkaaiaar  MMaiat  aaakaayaA,  kaaaaw  kka 
aaa-AiMaakMaikayaiariM  atkki  Ink  ka  laaaaaaaaa  an  ibaaak  ^ 


fttaMMU  M  ■  uty/SJT 


yiQtnU  a  tVwiLf  kiacttM*  «( tW  mpoAM  II  o» 

<a4  «( Ik*  utktr  I*  •  UMnt  »«cimi*a  M  ik*  Mktt  f*4 


flyana  <a  aaA  Ik  yMi  k*kk  kalykk  iaM  kka  tkaiaam  at  kka  aa> 
Aartyiay  aibMiM.  Wyaiaa  I  akaw  kka  aMitka  atkk*  liik  bwf  aakaiai 
kayaaaaiiaaaAakakaakayaiMakaaktMatkaakaa  Unnaikaalyn 
tanakaia,  Mft  aat  f/SX  Mft  la  kaU  laai  at  t«a  aalaaa,  Mft  * 
to.  too  aktta  Tftl  It  mM.  Suaay  anOal caayUay  ii  ynOkkat  b^ 
taaMkkakaaloaMlatiiaiakattiaktaaaat A* >Mk  AkA*MW(aaiy 
akaa  to  kka  «a)o*  pntkkaO  by  laftnaai  T)  tkaaa  aiaOt  akayaa  katana 

fkikkaaakadylaiayakaOMaaOiwkaaOtkiikakaaiaar.  Tka  lakaial  aaO 
ItaylkaOlail  naka  om  aka  aaayk  akiaayly,  Fiyan  Ok  akaiataathaaa* 
ykay  bakam  aha  liak  kn  Ittaial  noOtt  aaO  kka  kayltaOlaal  kaaaaa 


I9VBCT  or  omoyioMT  om  ftRsnvA]* 

Tka  ynaaaOky  Mtlykt  kn  tgaint  ilbkki  atOnlaynaa*  aa4  n> 
tikaal  M  kka  kak  taklwr  OyaanlM.  katk  tka  iiiltik  wayHay  Oaa  M  a 
kimatlal  nkkky  at  kka  katkar.  aaO  kka  ffaOaat  kaytk  tkaaya. 


Itakiiwal  at  tka  katktr  ka  a  Miniai  *M  kaOy  will  naolk  ia  M 
ayaikkrion  kiaMniMal  nkaky  at  kka  kakkn  ahoy  ika  aqaiUbtiaat 
cam.  Tkit  tiaaikliiaal  nkitky  wID  aM  tiikllt  nayWay  kanM  ka 
ayaakaM  (II)  aM  (10).  KaknaaaOkiaikawatkakaadikiaailatiMal 
caltMy  wll  ban  a  aaylMkk  albtb  ayM  tka  ykatkaklaaal  bmUmt 
at  M  akatk  — -y  h  kayaa  Ihk  aakkiiy  la  natk  kaa  tkM  tka 
clank  laktnl  waaa  lyaaA  V^'/n  Oakikcal  lyaaO  at  lyaannik  kakkna 
k  linitaO  by  attkaOt  akahttty  aaaaUantiaaa  ka  i/£  <  «..  wkkk. 
aa  tka  haiit  at  kka  MatMl  atyanlka  ananoO  inyika  t  «  y/Tfi^ 
lyaoiiay  kka  clbtt  at  tkk  nriilk  ktayMay  k  kkaa  aanriatcat  wkk  kka 
aana^ptkaattyacttaltayaMkaoyaaMkkkkayncatOiay  Maiyki 
kkaiaO. 


Tka  yicrcitlay  y  at  ayrayk  aiyan  kkak  nlattaa  takkcr  kaytk  ckaay  n 
will  ka  naatt  anc  tka  yatkO  at  ana  tka  kManaakal  katkar  noAa. 
Whn  tkk  k  MkliO,  katkar  noOa  akayn  will  ka  aMctinly  tkoM  at 
tka  CBBakaai  kaytk  lyakan,  kat  thair  anyktaik  will  aaiy  kaMy  wkk 
tka  kaytk.  Aa  lyywalnaka  aaynikaa  hr  tkk  PayaMnca  cm  ka 
OaiinO  ky  inanky  a  ytcM  naOa  ikaya,  of  anyHkaOa  a  aad  yaonak 
iktlly  iaOayaaOaat  at  kaytk,  aM  iBaktiiy  ayaa  namnilta  aftkiaia 
aaafyy.  Tkk  kaAa  ka  tka  caaclaaka  tkak  SXa*/£  nnala  *-*-**■*  if 
tka  anOa  k  yrinaiily  iiayMkial,  *M  tkat  r»*fl  nnaia  coaikaat  if 
tka  neda  k  yttaaiily  lataraL  Siaca  T  k  ayyraainataly  ytayaikkaal 
to  kaytk,  kkatal  OaBactka  anyUlMn  akaaU  ka  lyyiaainakaly  iadn 
paaOaak  of  kaytk.  Tkk  aynn  arkk  tka  tinalakka  naaka  nyaitad  ia 
lakraaca  I.  Tka  Oty*Maaca  at  Sit  aa  kaytk  k  awn  diScalk  to  a^ 
preauaaka.  If  tka  aaa-llaaar  MacU  cm  ka  acykctaA,  tkaa  Slit «  XAk 
iadayaadaot  at  kaytk,  aM  taayaatial  katkar  aikntkac  akaaU  daenan 
daiiay  latiiaaal  accoidiBy  to  a  •»  VX.  Iftkatatkarawdakcomyladlat. 
era!  aM  aaial,  thn  iu  ilayaadaaca  m  kaytk  akaaU  ka  aeaaa  wciyktad 
anraya  at  tka  iadividaal  dapiadaacka. 

MODKUNG  UMIXATION8 

Tka  iaaiyku  yaiaad  ia  tkan  aaalyan  wan  ackkaad  oaly  at  tka 
caat  of  Mkar  naan  aannytkaa.  lakaiaat  wm  laatrictad  to  tatkand 
ayatcaw  iaaakiay  aaa  tatkar  aM  two  aM  kodka,  wkk  a  ayaetnn  pan 
mittky  tka  appwrinrtwa  af  M«cknl  aayantka.  Tka  laaaka  af  Fiy< 
ataa  I  aM  I  akaw  tkat  fer  aaan  ckakaa  at  patanatan,  tka  aaaanpkiM 
of  ayackial  aayantka  will  ka  aklatad.  Tka  caaclaktaa  narbad  arill 
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M*  b*  kppUubl*  to  vwy  difftiwt  tyiMiM  nch  u  Utbrn  with  n«t* 
Ulibh  m4  moMM,  iBMiivo  ItpMod  totban,  multipl*  taihaiti  ntpidly 
•pk»ia(  Mthwi,  ud  muy  othwor 

Th*  •{(•■••••lyaii  pmaatad  ia  bacad  npoa  iba  aarampiioo  of  mall 
datactioBt.  Ratmacaa  18  aad  18  hava  coaaidarad  laifar  amplitoda 
motioB  of  cablaa.  Rafaratica  II  abowt  that  tba  qaadratk  lannt  i*  tba 
atnik  aMigy  mpraailiiB  of  a  iballow  eataaaiy  lamaia  domimaU  oaly 
aa  bac  aa  daCaetioaa  lamaia  amatt  compand  to  tba  aqaiUbriaa  aag. 


FIGUU  a  TVaada  of  tht  Beat  hm  natural  fraquancica  aad  moda 
•hapaa  of  a  Catbaiad  ijrataaa  wnk  alitht  aquilibrium  curvatura.  Ona 
and  saai  ia  oSactivaly  intaiia,  tha  othar  baa  bva  timaa  tba  taihar 
maaa,  m/tUi  •  S. 

Eqaatieaa  (IS)  aad  (18)  an  tbaa  oaly  valid  for  vary  mall  dalactioaa, 
f  *  £/8A  w  O.OOIX.  Ralanaca  19  darivra  tba  aqnatiooa 
of  motioa  of  a  aaqnaaca  of  aaaamtd  daloetioa  modaa  of  a  apacacraft 
tatbar,  wban  tba  nfmaca  atata  ia  takaa  to  ba  atraifbt,  and  a«aiiy 
nattraiaad.  Tbia  oorii  abowa  tbat  aoB'Unaar  affacta  will  eoupla  axial 
aad  both  lataial  daCaetioa  modaa,  aad  by  intagration  of  the  aquationa 
of  motioa,  akowa  tbia  coapliag  to  ba  aigaiflcaat  whan  daBactioaa  bKoma 
aa  largo  aa  O.IL. 

Uamodalad  affacta  wbkb  tbnataa  to  ba  important  an  and  body 
atitnda  >>oUoB  aad  ffaxibility.  Vary  alow  aad  body  attituda  motion 
would  atiU  pamit  apaetral  aapintioa,  amply  ladaSitiai  tha  rafannea 
aquilibriam.  Fast  aad  body  attitada  motioa,  and  and  body  flaxibility 
will  potaatiaUy  coapta  itreagly  to  tba  tatbar  modaa.  Tabla  I  aatimataa 
tba  aab-aatallita  paadaUr  motioa  to  bava  a  period  of  13  aacondi.  Ona 
aboald  axpaet  atnag  coapliag  of  tbia  motioa  with  tha  boonca  moda,  aad 
witb  aavatal  (patbapa  tba  40^)  lataial  tatbar  modaa.  Tha  introdactioa 


of  faat  aad  body  attitada  dyaamica  aroald  nqain  tha  aaa  of  atlatat  two 
mon  aoa*dimaBaioaal  paramatan,  parbapa  dfl  aad  »ban 

d  ia  tba  oSi«t  batwaaa  tha  tatbar  attach  point  aad  tba  aad  body  maaa 
ciatar,  m  iu  maaa,  aad  /,  ita  iaartia.  A  atady  of  tha  affacta  of  tbia 
coupling  ia  lait  aa  a  topic  of  futun  raaaaicb. 

SUMMARY 

Tbia  paper  baa  iavaatigatad  tha  dyaaaiica  of  typical  tatbarad  apaca* 
craft  ayttama  ia  aa  axpoaitory  appioximata  way.  Tba  motioa  ia  abowa 
to  occur  at  two  time  acalaa,  one  comparabla  to  orbital  rata,  tba  othar 
much  faater.  Spectral  aapaiatioB  ia  iavobad  to  approximataly  dacoupla 
tbia  motioa. 

Faat  tatbar  vibratioaa  occur  aritb  luapact  to  a  alowly  vaiyiag  qaaai* 
equilibrium.  Tba  aquilibriam  abapa  of  tba  tatbar  ia  aatimatad  to  ba 
alightly  aaggad  horn  a  atraigbt  liaa,  aad  tba  mall  paiturbatieaa  from 
tbia  aquilibrium  an  daaciibad  by  a  lyitam  of  liaaar  partial  diffana- 
tial  aquatioaa.  Nonnlimaaaioaal  paramatar  gioapa  an  idaatifiad  which 
govara  tha  character  of  tba  faat  tatbar  vibratioaa. 
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Abstract 

A  cable  pinned  on  both  ends  was  excited  by  a  variable  frequency  shaker  and  various  aspects  of 
its  dynamic  response  were  measured,  including  cable  wave  propagation  speeds,  resonant  frequencies, 
and  resonant  mode  shapes.  Cable  tangential  velocity  at  a  point  was  determined  by  using 
electromagnets  to  create  a  magnetic  Held  that  the  cable  oscillated  in,  thus  giving  rise  to  an  induced 
voltage  in  a  small  filament  wrapped  around  the  cable  at  that  point.  This  voltage  produced  made  it 
possible  to  experimentally  determine  cable  wave  propagation  speeds  and  resonant  frequencies. 
Resonant  mode  stuqres  were  detennined  photographically.  Results  were  compared  to  a  new 
theoretical  model  that  used  the  midspan  deflectioii  of  the  cable  as  a  running  parameter.  All 
experiments  were  performed  at  three  different  sag  levels  to  test  the  validity  of  the  model.  The  results 
of  the  experiment  presented  a  limited  proof  that  the  model  proposed  accurately  describes  actual 
behavior.  It  was  concluded  that  certain  non-modelcd  effects,  particularly  three  dimensional  cable 
oscillations,  were  significant  in  the  actual  experiments  and  recommendation  has  been  made  to 
incorporate  these  effects  into  the  theoretical  model. 
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1.  Introduction 

« 

A  cuived  cable  suataining  driving  oscillations  exhibits  a  complex  dynamic  response  that  is 
largely  i  function  of  how  much  the  cable  is  sagged.  A  cable  with  a  small  degree  of  sag  (with  the 
term  "small"  defined  more  quantitatively  later)  behaves  in  a  well  known  manner.  This  behavior 
is  predicted  analytically  by  the  so-called  "string  equation",  which  is  the  linear  differential 
equation  that  predicts  the  completely  familiar  normal  string  vibration  modes.  A  cable  with  a 
large  degree  of  sag  behaves  in  a  somewhat  different  way;  however,  its  analytical  solution  is 
completely  determined  by  solving  a  different  linear  differential  equation.  This  classic  "hanging 
chain"  equation,  as  well  as- the  string  equation,  have  been  known  for  centuries. 

As  one  might  expect,  the  dynamic  response  of  a  sagged  cable  with  an  intermediate  sag 
should  exhibit  a  dynamic  response  intemiediate  between  the  results  obtained  for  the  string  and 
the  hanging  chain.  However,  an  analytical  model  of  the  behavior  was  not  formulated  until 
recently.  In  a  paper*  entitled  Some  Approximations  for  the  Dynamics  of  Spacecraft  Tethers. 
Prof.  A.H.  von  Flotow  proposed  a  model  to  explain  the  intermediate  behavior  for  the 
intermediate  sag  case.  His  model  predicts  that  there  are  two  coupled  differential  equations  which 
are  functions  of  sag  describing  the  tangential  and  lateral  motion  of  a  driven  cable  .  My  partner 
and  I  have  attempted  to  verify  the  validity  of  Prof.  Flotow’s  model  by  driving  a  piiuted-pinned 
cable  with  a  variable  frequency  shaker  and  measuring  its  dynamic  re^nse.  We  have  chosen 
three  figures  of  merit  to  determine  experimentally:  wave  propagation  ^ed  along  the  cable, 
resonant  frequencies,  and  resonant  mode  shapes.  We  performed  our  experiment  at  three  different 
sag  levels:  a  shallow  sag  representing  string  behavior,  a  large  sag  representing  hanging  chain 
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behavior  ,  and  an  intermediate  sag  representing  the  interesting  intermediate  behavior.  By  using 
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an  eigenvalue  solution  technique,  solutions  to  Prof,  von  Flotow’s  equations  of  motion  can  be 
solved  and  theoretical  results  for  wave  propagation  speeds,  resonant  frequencies,  and  resonant 
mode  shapes  can  be  ascertained  for  all  three  experimental  sag  levels.  Clearly,  then,  the  results 
from  theory  and  the  results  from  the  experiment  can  be  directly  compared  and  the  validity  of 
Prof  Ton  Flotow’s  model  (barring  large  experimental  errors)  can  be  estaUished. 

In  addition  to  possibly  veri^ing  a  previously  untested  hypothesis,  a  further  motivation  for 
our  experimemal  study  is  the  real-world  application  to  spacecraft  tethers.  In  a  situation  when  the 
only  link  between  an  astronaut  and  the  mother  ship  is  a  spacecraft  tether,  the  very  safety  of  the 
astronaut  dqtends  on  die  dynamic  response  of  the  spacecraft  tether.  Uofbrtunately,  my  parmer 
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•nd  I  were  unable  to  simulate  the  pinned-free  boundary  conditions  of  a  zero  gravity  environment. 
However,  a  lewoiking  of  Prof,  von  FIotpw*s  analysis  with  our  pinned*pinned  boundary 
ctmditkms  was  done  and  thus  good  experimental  verification  of  the  pinned*pinned  case  with  our 
pinnedpinned  analysis  will  rqtresent  a  verification  of  Prof,  von  Flotow’s  general  model. 

The  methods  used  to  experimentally  determine  wave  propagation  speed,  resonant 
frequencies,  and  resonant  mode  shi^s  are  quite  complicated  and  I  will  explain  the  basic 
pnnc4>les  here.  Basically,  a  way  was  needed  to  measure  the  tangential  cable  velocity  at  a  point 
along  the  cable.  After  much  brainstorming,  a  rea.sonable  solution  was  proposed.  If  the  tangential 
velocity  of  the  cable  at  a  point  could  be  conveited  into  a  voltage,  we  would  have  a  quantitative 
measure  of  the  cable’s  tangential  velocity  at  that  point.  However,  this  can  be  accomplished 
relatively  simply  by  remembering  sinq)le  electromagnetic  theory.  A  wire  moving  through  a 
magnetic  field  develops  a  voltage  proportional  to  its  velocity  through  the  magnetic  field. 
Therefore,  by  wrapping  a  small  copper  filament  around  the  cable  at  a  point  and  allowing  this 
point  of  the  cable  to  shake  dvough  a  magnetic  field,  a  voltage  could  be  generated  in  the  filament 
which  could  be  sent  to  an  amplifier  and  then  to  a  signal  recorder.  Indeed,  this  was  done  in  order 
to  meanire  wave  propagation  speed  and  a  cable  velocity  (tangential)  vs  driving  frequency, 
resulting  in  a  transfer  function  plot,  which  exhibits  peaks  at  the  resonant  frequencies.  The 
experimental  determination  of  mode  shiq>es  has  a  much  simpler  solution.  After  experimentally 
varying  the  frequency  until  a  normal  mode  occurs,  a  time  exposure  photograph  could  be  made  at 

that  frequency.  A  "washed-out"  picture  of  this  mode  shape  could  thus  be  obtained.  All  of  these 

I 

experimental  results  can  be  compared  graphically  to  theoretical  results,  which  is  a  much  clearer 
method  to  compare  experimental  and  hypothetical  results  than  comparing  numerical  data. 
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2.  Theoretical  Background 

An  attempt  will  be  made  in  this  section  to  point  out  the  main  points  in  Prof,  von  Flotow’s 
theoretical  model  derivaticm  and  to  explain  how  our  dteoretical  results  (to  which  our 
experimental  results  were  compared)  were  obtained.  To  begin,  we  must  review  the  djmamics  of 
a  hanging  cable  (refer  to  Figure  1).  An  equation  can  be  derived  for  the  radius  of  curvature  R  in 
terms  of  the  length  of  the  cable  L  and  the  midspan  deflection,  or  sag,  5  by  considering  sintple 
geometry.  We  obtain  the  following  result; 

R-  '■Ysi  CO 

By  considering  force  equilibrium  on  the  cable,  an  equation  relating  the  tension  in  the  cable  T  to 
the  sag  S  can  be  formulated: 

T-  nvjR-  (») 

where  m  is  the  mass  per  unit  length  of  the  cable  and  g  is  the  acceleration  to  due  to  gravity. 

From  Prof,  von  Flotow’s  paper  (Ref.  1),  the  following  non-dimensional  parameter  may  be  a 
convenient  way  to  reduce  data  and  make  it  more  general.  This  nori-dimensional  parameter  X  is 
defined  as  follows; 

V"  =  (Mf  (3) 

where  E  is  the  Young’s  modulus  of  the  cable  and  A  is  the  cable  cross-sectional  area.  In  this 
p{q}er,  it  was  discovered  that  for  I  ,  5  was  small  enough  for  the  cable  to  be  treated  as  a 
string.  Similarly,  for  v»is  ,5  was  large  enough  for  the  cable  to  be  treated  as  a  hanging  chain. 
However,  for  V»30,^  as  at  the  interesting  intermediate  case  described  in  the  introduction 
section.  Knowing  th  ',  it  only  remained  for  my  partner  and  I  to  determine  the  value  of  sag 
needed  to  give  us  the  desired  value  for  ^  . 

However,  this  can  be  done  simply  by  substitutmg  in  vquations  1  and  2  into  equation  3  for  R 
and  T,  respectively.  The ' :  <  > ;  of  this  substitution: 
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Theiffbre,  since  all  quantities  excqpt  for  6  and  X  can  be  experimentally  measured  (and  indeed 
were  measured),  fiw  a  given  value  of  V  •  the  value  needed  for  6  is  com^etely  determined, 
nugging  in  foe  numbers,  we  arrived  at  the  following  settings  for  5:  for  foe  low  sag  case  (  V  1 
),  fiM).03S0  meters;  for  foe  hi^  sag  case  )•  6^.2(X)  meters;  and  for  the  intermediate  sag 

case(  )•  ^.140  meters. 

I  won’t  attenq>t  to  rigorously  develop  the  analytical  model  used  in  Prof,  von  Flotow’s 
paper,  as  foe  mathematics  are  quite  abstract  and  complicated.  Basically,  linear  partial  coupled 
difforential  equations  were  formulated  and  solved  by  using  an  eigen-analysis  solution  technique. 
The  resulting  solutions  were  similar  to  a  set  of  solutions  prepared  by  a  UROP  student  of  Prof  von 
Flotow’s  a  year  ago,  with  one  modification.  Our  analysis  used  pinned-pinned  boundary 
conditions  while  the  boundary  conditions  discussed  in  Prof,  von  Flotow’s  paper  were  pinned-free 
boundary  conditions.  Because  of  the  large  amount  of  matrix  algebra  involved  in  this  solution 
technique,  the  problem  was  solved  on  a  computer  using  foe  programming  language  MATRIXX, 
which  has  fantastic  matrix  manipulation  techniques.  The  code  wcs  written  to  predict  theoretical 
mode  shapes  and  transfer  function  plots  of  cable  tangential  deflection  at  a  point  vs.  driving 
frequency.  Refer  to  Appendix  A  for  a  copy  of  foe  program  used  to  predict  the  transfer  function 
plots  and  a  page  explaining  the  variables  and  constants  used  in  the  program.  The  output  of  this 
program  was  three  plots  of  cable  tangential  deflection  vs.  driving  frequency  for  the  three 
different  sag  cases  mentioned  above.  These  graphs  can  be  seen  in  the  results  section  of  this 
report.  Appendix  B  contains  the  programs  used  to  generate  mode  shq>e  data  at  the  given 
resonant  frequencies.  These  resonances  were  determined  by  locating  the  peaks  of  foe  transfer 
function  plots.  Again,  a  sheet  is  included  to  define  the  variables  used  in  the  computer  program. 
Appendix  C  contains  the  data  obtained  from  executing  this  program.  This  data,  which  represents 
cable  tangential  deflection  vs.  non-dimensional  cable  length,  can  be  plotted  on  top  of  given  plots 
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of  the  cable  in  the  equilibrium  position  to  obtain  the  deflected  shape  of  the  cable  at  the  resonant 
frequencies.  Hence,  these  plots  can  be  directly  compared  to  plots  made  by  toking  data  from 
actual  time  exposure  photognqths.  Again,  these  plots  will  appear  in  the  results  section  next  to 
their  foewetical  counterparts. 

I 

The  analytical  model  for  determining  foe  wave  propagation  ^ed  down  the  cable  is  to  use 
the  classic  formula  known  for  centuries: 
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where  T  is  tibe  tension  supponing  ^  cable  at  the  ends  and  m  is  the  mass  per  unit  lengdt  of  the 
cMe.  The  value  for  T  can  be  obtained  from  equation  2  and  a  numerical  value  can  be  obtained 
for  the  wave  pn^>agation  qpeed  for  each  of  the  three  sag  levels.  Again,  these  numbers  will  be 
presented  in  the  results  section  in  a  table  cmnparing  theoretical  and  experimental  wave 
ixropagadon  speeds. 

One  inqmttant  result  that  should  stated  at  this  point  is  that  theory  predicts  mode  couiding 
for  the  intermediate  sag  case.  Mode  coupimg  occurs  when  two  different  resonances  mode 
shapes  are  excited  at  closer  and  closer  frequencies.  In  fact,  as  dte  resonant  frequertcies  merge 
into  the  same  frequency,  a  mode  shape  with  mixed  characteristics  of  the  two  parent  modes  is 
seen.  This  mode  shape  coupling,  as  predicted  by  Prof,  von  Flotow’s  model,  actually  was 
observed  when  tf)e  theoretical  plots  of  the  first  four  mode  shapes  were  printed  out  for  the 
intermediate  sag  case.  If  nothing  else,  this  helps  to  confirm  that  our  number-crunching  tmly 
represents  the  solution  (for  our  boundary  conditions)  of  Prof,  von  Flotow's  previously  untested 
theory. 
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3.  Experimental  Apparatus 


3.1  General  Setup 

A  section  of  the  strong  beck  in  leb  wes  procured  end  our  epperetus  wes  setup. 
Subsequently  we  Mteched  e  twelve  foot  long  nylon  ciAde  to  the  strong  beck  with  <me  veiticel  end 
one  horixontel  ceble  clemp.  The  horizomel  ceble  clemp  wes  found  in  leb  end  simply  bolted 
rigidly  into  foe  vertical  strong  beck  well.  We  found  the  base  of  the  vertical  cable  clamp  in  the  leb 
as  well.  Using  e  lafoe  ,  we  madiined  threads  into  the  vertical  aluminum  rod  that  the  ceble 
attaches  to  and  screwed  it  into  the  rigid  bolted-down  base.  With  this  design,  it  would  q^ar  that 
our  assumption  of  pinned-pinned  boundary  conditions  is  a  valid  one.  This  base  could  be  moved 
horizontally  and  bolted  again  -  thus,  this  offered  us  a  way  to  vary  the  midspan  deflection. 

A  variable  frequency  shaker  was  mounted  near  one  end  of  the  cable.  Either  a  wave-tech 
generator  or  a  frequency  spectrum  analyzer  was  used  to  drive  the  shaker  (after  passing  through 
an  amplifier)  at  a  fixed  frequency  or  as  a  white  noise,  respectively.  The  choice  of  the  driving 
mechanism  depended  on  which  of  the  experimental  variables  we  were  trying  to  measure  (mode 
shapes  or  resonant  frequencies,  respectively). 

As  mentioned  in  the  introduction,  a  magnetic  field  is  needed  to  measure  tangential  velocity. 
This  quantity  was  needed  for  the  resonant  frequency  and  wave  pr(^>agation  qpeed  phases  of  the 
experiment.  From  foeoretical  considerations,  a  practical  minimum  for  the  required  magnetic  field 
strength  was  found  to  be  about  10,000  Gauss.  It  is  difficult  to  obtain  magnetic  field  strengths  of 
this  magnitude  in  the  lab;  therefore,  my  partner  and  I  decided  to  construct  electromagnets  that 
would  give  us  the  required  magnetic  field  strength.  This  proved  to  be  a  demanding  task.  Indeed, 
the  construction  of  these  magnets  took  up  the  majority  of  our  machining  time.  Please  refer  to 
Figure  2  for  a  diagram  showing  our  magnet  construction  scheme.  The  cable,  when  driven,  moves 
vertically  in  the  air  gap  of  the  electromagnet.  A  small  copper  filament  wrapped  around  the  cable 
at  this  point  will  achieve  a  voltage  when  passing  forough  this  magnetic  field.  The  necessary 
number  of  turns  of  wire  around  the  magnet  core  was  determined  to  be  q>proximately  2500.  The 
wire  was  wrqtped  around  foe  core  1^  using  a  lathe. 


3.2  Wave  Speed  Propagation 

b  diis  phase  of  our  eaprriment,  boHi  magnets  were  used.  The  Bnall  copper  filaments 
wr^jped  around  die  cable  were  connected  to  leads  that  lead  to  a  two-channe]  oscilloscope  with 
memoiy.  In  the  experimental  procedures  section,  the  method  of  obtaining  the  wave  propagation 
qieed  will  be  exidained.  Please  see  Figure  3  for  die  experunental  setup  for  the  wave  speed 
propagation  phase  of  the  experiment. 


3.3  Resonant  Frequencies 

For  this  part  of  our  experiment  only  one  magnet  was  needed.  A  frequency  spectrum 
analyzer  drove  our  variable  frequency  shakerf  via  an  amplifier)  with  white  noise,  The  induced 
voltage  in  the  coU  was  then  sampled  by  the  input  channel  to  the  frequency  spectrum  analyzer. 
Please  see  Figure  4  for  the  experimental  setup  for  this  phase  of  the  experiment. 


3.4  Mode  Shapes 

In  the  final  phase  of  our  experiment,  all  magnets  were  removed.  A  manually  controlled 
wavetech  generator  was  used  to  drive  the  shaker  at  a  fixed  frequency.  A  construction  paper 
^ckground  was  painted  black  and  used  as  a  backdrop  for  our  photognqdis.  We  used  a  7S0W 
spotlight  to  illuminate  the  cable  so  it  would  register  on  a  time  exposure  photograph.  A  35mm 
camera  with  a  wide  angle  lens  was  used  to  photographically  record  black  and  white  pictures  of 
the  mode  shapes.  Please  refer  to  Figure  5  for  the  experimental  setup  for  the  resonant  mode 
shapes  of  the  experiment 
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4.  Experimental  Procedures 


4.1  Wave  Speed  Propagation 

The  experimental  procedure  in  this  case  was  particularly  simple.  We  tweaked  the  cable  at  a 
point  to  the  right  of  the  right  magnet.  This  tweaking  motion  was  accomplished  by  applying  a 
shaip  pulse  to  the  cable  with  one  finger.  When  the  transverse  wave  had  propagated  along  the 
cable  to  the  point  where  the  right  magnet  was  located,  the  sudden  displacement  of  the  cable  at 
this  point  triggered  our  two*channel  oscilloscope  to  begin  a  time  sweep  on  both  channels.  It  took 
a  small  but  measurable  time  for  the  transverse  wave  to  propagate  down  the  cable  to  the  second 
magnet.  When  the  wave  reached  this  point  the  first  non-zero  signal  was  generated  on  the  left 
magnet  channel.  By  comparing  the  two  channels  on  the  oscilloscope,  it  was  observed  that  the 
channels  registered  a  very  similar  signal  separated  by  a  time  delay.  By  knowing  the  distance 
between  the  two  magnets,  we  then  calculated  the  wave  propagation  speed  along  the  cable  by 
simply  dividing  the  distance  by  the  time  delay.  This  experiment  was  performed  five  times  at 
each  of  the  three  sag  levels.  The  average  of  the  rive  trials  was  calculated  and  is  displayed  in  the 
subsequent  results  section,  compared  with  the  theoretical  value  of  the  wave  speed  for  each  case. 

One  source  of  error  in  this  experiment  is  certainly  the  setting  of  cable  sag.  Especially  for 
the  case  of  small  sag,  a  small  error  in  setting  the  mid^an  deflection  can  cause  a  large  change  in 
the  experimentally  measured  wave  speed.  Therefore,  we  would  expect  a  better  correlation 
between  theory  and  experiment  for  the  case  of  higher  sag. 


4.2  Resonant  Frequencies 

Performing  this  experiment  was  the  most  difricult  in  terms  of  the  actual  implementation.  A 
position  was  selected  for  the  magnet  near  the  right  end  of  the  cable.  For  each  of  the  three 
midspan  deflection  levels,  a  total  of  ten  trials  were  used  and  an  aver-^ige  was  taken.  For  each  trial, 
the  frequency  spectrum  analyzer  outimtted  a  white  noise  signal.  This  was  fed  through  the  .shaker 
gnqilirier  to  the  shaker.  The  measured  cable  response  at  the  magnet  location  due  to  this  white 
noise  was  ampliried  and  fed  back  to  the  frequency  spectrum  analyzer.  The  frequency  spectrum 
analyzer  then  Fourier  analyzed  the  incoming  data  to  obtain  a  transfer  function  of  vdtage  in  the 
coil  vs.  the  driving  frequency.  Since  the  voltage  in  the  coil  is  proportional  to  the  tangential 


velocity  at  this  point,  die  frequency  spectrum  analyzer  actually  had  data  for  the  cable  velocity  vs. 
firequency  transfer  fiinction.  This  transfer  ftmction  data  was  plotted  by  the  spectrum  analyzer  and 
saved  on  floppy  diskette.  Later,  hardcopies  of  these  transfer  function  plots  were  printed  out. 
iSince,  at  a  point,  the  tangential  cable  velocity  is  maximized  at  the  resonant  frequencies  of  the 
vibrating  cable,  the  graphs  of  the  (plotted)  transfer  function  should  have  maximums  at  the 
resonant  fiequencies.  Therefore,  the  resonant  frequencies  can  be  read  directly  from  the  transfer 
function  plots. 

The  sources  of  experimental  error  in  this  phase  of  our  experiment  are  numerous  due  to  the 
complexity  of  the  data  taking  process.  Circuit  noise  appears  to  be  the  primary  source  of  error, 
especially  in  the  low  frequency  range. 


4.3  Mode  Shapes 

In  this  phase  of  our  expreriment,  the  lab  was  darkened  as  much  as  possible  and  the  data  was 
taken  at  night.  A  spotlight  was  shined  down  the  length  of  the  cable  in  order  to  create  a  white 
washed-out  picture  of  the  desired  mode  shapes  against  the  black  background.  We  varied  the 
frequency  on  the  wavetech  generator  until  we  had  visual  confirmation  that  we  had  indeed  excited 
a  pure  mode  of  the  system.  Once  this  frequency  was  set,  three  one-second  time  exposures  were 
made:  one  at  the  optimal  f-stop  (read  from  a  lightmeter  installed  in  the  camera) ,  and  one  at  the 
next  higher  and  next  lower  f-stops.  We  obtained  these  three  pictures  for  the  first  four  measurable 
mode  shapes  for  each  of  the  three  sag  settings. 

Sources  of  error  were  numerous  here  too.  The  most  pronounced  effect  was  the  existence  of 
three-dimensional  whirling  modes,  which  were  neglected  in  the  analytical  model  provided  by 
Prof,  von  Flotow.  Therefore,  a  washed-out  photographic  mode  shape  might  appear  two- 
dimensional  even  if  in  actuality  it  was  a  whirling  three-dimensional  mode. 
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5.  Results  and  Discussion 

I 

5.1  Wave  Propagation  Speed 

The  results  of  die  experimental  wave  propagation  speed  are  conqiared  directly  to  the 
theoretical  results  for  each  of  the  three  different  sag  levels  of  .033  meters,  .14  meters,  and  .20 
meters  in  Table  1..  As  mentioned  before,  we  expect  a  better  correlation  between  theory  and 
experiment  in  the  higher  sag  cases.  Clearly,  this  is  exhibited  in  the  data,  with  experimental 
results  from  the  two  higher  sag  cases  actually  quite  consistent  with  the  theoretical  results. 

There  are  many  possible  sources  of  error  in  this  experiment,  and  below  I  mention  ones  I 

feel  to  be  the  most  signiHcant. 

1 .  Error  in  setting  midspan  deflection 

2.  Error  in  generating  a  consistent  impulse  by  hand  for  different  data  trials. 

3.  Error  in  the  value  for  the  Young’s  modulus  of  the  cable.  (This  changes  the 
dieoretical  value  of  the  wave  propagation  speed) 

Even  with  these  errors,  I  feel  the  results  are  signiHcant  and  offer  reasonable  proof  that  the 

theoretical  model  actually  predicts  the  experimental  behavior  in  the  two  higher  sag  cases.  The 

lowest  sag  case  will  probably  need  to  be  confiimed  with  a  more  elaborate  experimental  setup  to 

minimize  the  errors  mentioned  above.  Overall,  I  would  say  that  experiment  and  theory  match 

reasonably  and  our  results  show  some  degree  of  validity. 


5.2  Resonant  Frequencies 

As  mentioned  above,  we  will  compare  data  graphically  in  this  phase  of  the  experiment.  The 
results  and  discussion  are  presented  below  for  each  of  the  three  sag  levels.  It  should  be  noted 
that  the  actual  value  read  from  the  theoretical  vs.  experimental  graphs  cannot  be  compared 
because  the  experimental  griq}hs  represent  cable  tangential  velocity  vs.  driving  frequency  while 
the  theoretical  graphs  represent  cable  tangential  deflection  vs.  driving  frequency.  However, 
since  die  velocity  and  deflection  scale  with  each  other  (with  a  phase  delay),  the  general  shiq>es  ( 
tttid  therefore  die  resonant  frequencies,  which  are  where  the  peaks  of  each  graph  occur)  can  be 
corapaned. 
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5.2.1  Low  Sag  (5  a  0.035  m) 

PleMe  compare  the  theoreticiJ  tranafer  ftinction  plot  Fiawe  6  to  the  experimental  transfer 
function  plot  Figure  7.  It  can  be  seen  fVom  Figure  6  Out  values  fur  Oie  first  four  resonant 
frequencies  are  3.1  Hz,  5.9  Hz.  8.9  Hz,  and  1 1.8  Hz.  Looking  at  Figure  7,  we  find  a  dear  second, 
third  and  fourth  mode  at  6.1  Hz.  9.4  Hz,  and  12.4  Hz,  respectively.  However,  the  resonant  peak 
at  the  first  mode  is  obscured  by  low  frequeiKy  iwise  in  the  circuit.  The  results  for  nnodes  two 
through  four  are  encouraging.  It  qipears  that  the  experimentally  determined  resonant  frequeiKies 
are  only  slightly  higher  than  their  predicted  counterparts.  This  good  correlation  helps  to  validate 
Prof,  von  Flotow’s  dynamic  model  in  the  low  sag  case. 

Again,  in  this  situation,  the  sources  of  error  were  numerous.  Clearly  the  low  frequency 
noise  in  our  circuit  is  a  major  source  of  error,  as  an  entire  resonant  peak  was  obliterated  by  its 
presence.  Attempts  were  made  to  reduce  the  noise;  indeed  a  good  deal  of  noise  was  rejected  by 
reducing  the  antenna  effect  of  the  wires  in  our  circuit.  Unfortunate!/,  time  did  not  permit  any 
further  modification  to  eliminate  undesired  signal  noise.  The  inaccuracy  in  setting  cable  sag 
could  easily  account  for  the  fact  diat  our  experimental  data  was  (consistently)  slightly  higher 
than  the  predicted  results. 

5.2.2  High  Sag  (5  =  0.200  m) 

The  theoretical  transfer  function  plot  Figure  8  can  similarly  be  compared  to  the 
experimental  transfer  function  plot  Figure  9.  From  Figure  8,  the  first  four  resonances  are  found 
to  be  at  2.S  Hz,  3.0  Hz,  4.1  Hz,  and  4.9  Hz,  respectively.  Again,  low  frequency  noise  appears  to 
have  affected  our  results  in  the  experimental  case,  but  I  believe  I  can  discern  the  first  four 
resonant  frequencies  at  2.6  Hz,  3.6  Hz,  4.6  Hz,  and  S.3  Hz.  These  results  are  fairly  consistent, 
but  not  quite  as  close  as  the  low  sag  case.  Again,  the  experimental  values  are  seen  to  be  slightly 
higher  than  their  theoretical  counterparts. 

Possible  sources  of  error  in  the  high  sag  case  include  circuit  noise  at  low  frequencies  (as 
before),  incorrect  values  for  the  Young’s  modulus  of  the  cable  and  paitroilarly  three  dimensional 
Vibratiitg  effects  not  itKorporated  into  our  model.  In  this  case,  the  noise  was  more  pronounced 
bian  in  the  low  sag  case,  thus  rendering  the  experimental  transfer  ftinction  |dot  more  difficult  to 
read. 
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5.2.3  Intermediate  Sag  (5  s  0.140  m) 

Plane  compere  die  theoietkal  trenifiv  Oinction  plot  rieure  1({  to  the  expeiimentel  transfer 
ftmetion  plot  Piaure  11.  I¥om  Plguie  10,  the  first  fbur  theoretical  lesonint  frequencies  can  be 
seen  to  be  3.0  Ht,  4,3  Hi,  5.9  Hi,  and  7.4  Hi .  Reading  the  values  of  die  fbst  four  expnimental 
resonant  frequencies  flrom  Figure  11, 1  find  the  peaks  to  occur  at  3.1  Hi,  4.2  Hi,  6.3  Hi,  and  8.1 
Hi.  These  results  are  promising,  n  well,  and  the  correlnion  is  imny  good.  This  is  encouraging, 
for  the  case  of  die  intermediate  sag  levels  represents  the  linle-known  hybrid  case  between  the 
well  known  string  and  hanging  chain  behaviors  and  is  the  important  case  that  we  originally  set 
out  to  analyse. 

In  this  intermediate  case,  possible  sources  of  error  include  any  of  the  sources  present  in 
either  the  ht^  sag  or  low  sag  case,  aldiou^  (»obably  to  an  intermediate  extent.  For  example, 
inaccuracies  in  measuring  the  caMe  sag  would  be  more  significant  than  in  die  high  sag  case  and 
less  significant  than  in  the  low  sag  case.  In  general,  die  most  pronounced  effect  was  again  the 
presence  of  diree-dimensional  vilmtion  modes,  with  a  mixture  of  vertical  oscillations  and 
horizontal  oscillations  of  the  cable.  Remember  that  we  neglected  the  horizontal  oscillations  of 
the  caUe  in  using  Prof,  von  Flotow's  two^imensional  model. 


5.3  Resonant  Mode  Shapes 

Slides  were  obtained  fetm  the  photographs  that  were  taken  of  the  experimental  resonant 
mode  shapes.  These  slides  were  then  projected  on  a  wall  and  adjusted  until  dK  subsequent 
washed-out  mode  shipe  could  be  traced  on  graph  piqier  taped  to  the  wall.  We  needed  to  do  this 
in  ordo-  that  the  experimentally  obtained  mode  shapes  would  be  the  same  size  as  the  theoretical 
mode  shape  plots.  Only  then  can  a  reastmable  comparison  be  mwle. 

As  it  turned  out,  our  pictures  were  too  underexposed  to  allow  for  sharp  mode  shiqie 
photognfdis  (that  is,  the  washed-out  pictures  of  the  cable  were  not  bright  enough) .  However, 
jusing  die  method  described  above,  feasiUe  results  were  obtained  with  minimal  effort. 
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5.3.1  Low  Sag  (5  =  0.035  m) 

In  this  classic  string  case,  the  first  four  ttiode  shi^  corresponded  perfectly .  See  Figure  12 
and  13  for  the  first  four  foeoretical  and  experimental  mode  shapes,  respectively.  Little  more  can 
be  said  about  these  results  -  they  were  expected  to  be  quite  consistent  and  they  are. 

5.3.2  High  Sag  ($  =  0.200  m) 

For  this  sag  setting,  the  experimental  and  theoretical  results  were  similar,  but  not  exact.  See 
Figure  14  for  die  first  four  theoretical  mode  shapes  and  Figure  IS  for  the  corresponding 
experimental  mode  shapes.  The  first  and  second  mode  shapes  seemed  to  correi^nd  very  well. 
The  third  theoretical  mode  shape  showed  two  nodes  (points  where  the  cable  is  stationary)  near 
the  middle  of  the  cable,  while  diird  experimental  mode  shiqies  had  only  one  node  at  the  center. 
I'his  is  due  to  the  fact  that  it  is  difficult  to  experinientally  excite  certain  mode  shapes  for  some 
reason  (proximity  to  other  resonances  ,  presence  of  whirling  modes,  etc.).  Therefore,  in  this  third 
mode  case,  the  true  third  mode  was  not  experimentally  excited  at  all.  A  similar  phenomenon 
occurred  at  the  fourth  resonance  -  the  experimental  case  had  one  node  at  the  center  and  two 
nodes  closer  than  halfway  to  the  center  while  the  dieoretical  case  had  one  node  at  the  center  and 
two  nodes  halfway  to  the  center,  However,  the  general  shape  in  each  is  approximately  the  same. 

5.3.3  Intermediate  Sag  ($=:  0.140  m) 

In  this  case,  results  were  a  little  more  bizarre.  Please  compare  the  theoretical  mode  shapes 
plot  (Figure  16)  with  the  experimental  mode  shapes  plot  (Figure  17).  For  the  first  mode,  the 
coupling  between  the  traditional  first  and  second  string  vibration  modes  as  predicted  by  theory 
was  seen  in  the  experimental  case.  Modes  three  and  four  also  matched  well  when  we  compared 
theory  and  experiment,  giving  a  symmetric  three  node  and  four  node  result,  respectively. 
However,  the  results  for  the  second  mode  were  not  consistent.  Theory  predicted  a  symmetric 
two-node  scenario,  whereas  our  experimental  results  showed  another  coupled  mode  with  no 
nodes.  Again,  this  was  probably  due  to  the  problem  of  trying  to  experimentally  excite  the  correct 
mode.  Notice,  also,  that  the  resonant  frequencies  in  this  case  (  4.5  Hr  theoretically  vs.  5.2  Hz 

I 

experinimtally)  are  sizeably  different.  This  clearly  points  to  the  possibility  that  an  experimental 

1 

mode  shi^  was  bypassed. 
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6.  Conclusion 

It  appears  that  no  absolute  statement  concerning  the  validity  of  Prof,  von  Flotow’s  model 
can  be  made  with  our  crude  experimental  results  and  sizable  experimental  errors.  However,  in  all 
three  phases  of  the  experiment,  it  ^>pears  that  our  results  suggest  that  Prof,  von  Flotow's  model 
is  a  valid  one  and  experimental  results  can  be  predicted  by  his  theories. 

The  mode  shape  coupling  seen  in  the  intermediate  sag  case  was  predicted  to  occur  as  it  did. 
Since  spacecraft  tethers  operate  in  the  intermediate  sag  case,  this  mode  coupling  probably  would 
manifest  itself  in  the  pinned-free  boundary  conditions  of  space.  Of  course,  the  pomial  modes  arc 
different  for  this  case  of  pinned-free  boundary  conditions  —  it  is  the  coupling  of  these  new 
normal  modes  that  we  predict.  Perhaps  this  may  someday  be  tested  in  a  zero-gravity  environment 
to  further  validate  Prof,  von  Flotow’s  model. 

Finally,  we  would  like  to  leconunend  that  the  horizontal  dimension  be  taken  into  account  in 
a  more  advanced  theoretical  model.  The  horizontal  motions  of  our  cable  were  simply  too  large 
too  ignore.  In  fact,  whirling  modes  were  occasionally  set  up  where  the  horizontal  motion  was  the 
same  magnitude  as  the  vertical  motion.  Clearly,  in  this  situation,  the  assumption  of  a  two- 
dimensional  model  is  no  longer  valid.  However,  adding  a  third  dimension  would  significantly 
complicate  the  theoretical  model,  so  tradeoffs  would  be  involved, 
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I.  Transfer  Function  Plot  Programs 
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mbar-0ass/(fflu*l ) ; 
for  l-0:n, . . . 

wbar«f  rerat*  (wmin-*-(  (wmax-wnin)/n)  *1 } ; . . . 
bO- (1,0, 0,0; 0,0, 1,0];... 

bl-( 1 , 0 , 0 , 0 ; 0 , 0 , l/abar-0bar*(wbar ) **2 , 1 ] ; . . . 
afflat-|0,epsbar,0,0;l/( rbar**2 )-( wbar ) **2 , 0 , 0 , . . . 
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*2*epsbar)-(wbar)**2,0] ; . . . 
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yO-evec ; . . . 

compexl«exp( aval (1,1));... 
coRiipex2-exp(  aval  (2,2));... 
compax3-axp( aval ( 3,3));... 

^ompax4-axp( aval ( 4,4));... 

-avac*dlagonal ( ( compaxl , compax2 , compex3 , co0pax4 ]);... 
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cofflnagl-exp( aval ( l,l)*sfix);... 
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cominag4-exp(  aval  (4,4)*sflx);... 

yinat-evec*diagonal  ( [  commagl ,  cominag2,  commag3 ,  coinmag4  ]);... 

hmat-ymat*inv(dmat ) ; . . . 

outvec( j )"20*log(abs(hmat( 3,4)));... 

outfreq(j)-.9+( j/10 ) ; . . . 

j-  j+1; . . . 
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*2*epsbar )-( wbar ) **2,0];... 
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compexl-exp( aval (1,1));... 
conpex2-exp( eval  (2,2))}... 
conpex3«exp( eval  (3,3));... 

''ompex4-exp(  eval  (  4,4));... 

.-evec*diagonal ( [ compexl , cofflpex2 , compex3 , compex4 ]);... 
dmatu-[ 1 , 0;0, 1 ;0 , 0;0, 0 ] * ( b0*y0 ) ; . . . 
draatl-[0,0;0,0;l,0;0,l]*(bl*yl);. . . 
dmat-dmatu-)-dmatl ; .  .  . 


comma9l-exp(eval( l,l)*sflx);... 
comnag2-exp( eval (2,2)*sfix);... 
commag3-exp( eval ( 3 , 3 ) *sf ix ) ; .  .  . 
cominag4-exp(  eval  (4,4)*6fix);... 

ymat-evec*diagonal  ( { commagl ,  comina92 ,  commag3 ,  comniag4  ]);... 

hmat-ymat*inv(  dmat ) ; . . . 

outvec( j ) -20*io9( abs ( hmat  (  3,4)));... 

outfreq(j)-.45+( j/20 ) ; . . . 

j-  j+1; . . . 


end 
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-l/( rbar*epsbar ) ; 0 , 0 , 0, 1 ; 0 , 1/rbar , 1  /( ( rbar ) * . . . 
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(evec,eval]-  eig( amat ) ; . . . 
yO-evec ;  .  . . 

compexl-exp( aval (1,1));... 
coapex2-exp( aval (2,2));... 
compax3-axp( aval (3,3));... 
ompax4-axp( aval (4,4));... 

_  x-avac*dia9on;^l  (  (  compaxl ,  compax2  ,  compax3 ,  compax4  ]);... 
dmatu-[ I,0;0,1^0,0;0,0)*(b0*y0);... 
dmatJ -( 0 , 0 ; 0 , 0  ;1 , 0 ;0 , 1 j  * (bl*yl ) ; . . . 
draat-daat"*uaacl ; . . . 


comfflagl-axp( aval (l,l)*sfix) ;. . . 
cominag2-axp(  aval  (2,2)*sfix);... 
commag3-exp( aval (3,3)*sfix);... 
commag4-exp( aval (4,4)*sfix);... 

ymat-avec*diagonal  ( [  conunagl ,  comfflag2 ,  commagS ,  coinmag4  ]);... 

hraat-ymat*inv( dmat ) ;  .  . . 

outvac( j)-20*log(abs( hmat(  3,4)));... 

outf raq( j )-.9+( j/10) ; . . . 

j-  j+1 ; . . . 


end 

raturn 


S'XPLAl^W 


v'  -  #  <^4*«.  ptr, 

jyvi<l>p«\  (f^) 

i  ^  L^  c^-Vk  (tnj'k  Cm) 

^=  T  .  cM<  CfJ) 

e~  H  j  otVlc 

4(  ^  A  j  CfcVk  K-S  ^rc<v  C»n^) 
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ep/W-  e  ^  ^^#A-^^r'\<A^'l#^<^  "firte 

rUr  ^  rftJ'iv/;  jf 
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^e'i.Vlr  ^  v\tf A-J^twtAXuJAA  1  "Birc? 
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tt/AVlA  “  J  \/xit^<  <{■  (r\)(s) 


tt/AVlA  = 
U/A  , 


U>J»N4A 


rA»+.i  ^^^^vA\ 


A.  Ar  A  j  r<A-  JiMtAjc^A^l  ^^j4-a»u<  af  jlvikcr  p»jf'*'i’»/K  4»  **'*(.[(. 
rvu4f  -i  r\  ^  jKA,ktr  mtiS/ 

■aVja/'  =  ^  rVrA  -  ^  ViCA/(/ft  a1  A^«//‘ 

jO'^^\  bei\^Afi^  C#»\J  I  -f^fV;  Wlfc.'Vr'lCt/ 

=  A-  ^  j  VaW  vtc'kr  AAM-A-n^ 

-  ff  I  AAA4riVi 

.r.\A,V  C^'i)  ~  3^^  -  ^:a.^  k  -KvvjtA^  'i  \ \  i  ccf )  tn  ■=■  0*f  4vcc 

>l4“frtf  ^  W  =  jnx^'iA.^  Tf<^v;€ACi^  C  H'O 


PU^b  A.rc  rff  L^J  L^^i‘^J 


vs,  u> 


II.  Mode  Shape  Data  Programs 


AFFEMOIK  b 

u;7"('l\  c  Urui,"f 

pr<yr<tt^»  /y»v\.bo(^ 


n»50 ; 

delta*. 03S; 

1-3.537; 
t-.666; 
e-61600000; 
a-  )000143; 
mu-. 00152? 
ep8bar-t/(e*a) ; 
rbar-l/(8*delta) ; 
f cecat-i*6qrt(mu/t ) ; 
fext-1 ; 

£extb-fext/t ; 
abac- . 0233 ; 
mass-. 09935 ; 
mbar-inass/{mu*l ) ; 

inquire  w  » Enter  frequency  (rad/s)* 
wbar-f rerat*w? 
b0-tl,0,0,0;0, 0,1,0]; 

bl-[l,0,0,0;0,0, 1/aba  r-mba  r  * ( wba  r ) *  *  2 , 1 ] ; 

amat-i 0,epsbar , 0 , 0; l/( rbar**2 )-( wbar ) **2 , 0 , 0 , -l/{ rbar*epsbar ) ; .  .  . 
0,0,0,l?0,l/rbar,l/( ( rbar ) **2*epsbar )-(wbar ) **2 , 0 ] ? 

( evec, eval ]-eig( amat ) ; 
yO-evec ; 

compexl-exp( eval (1,1)); 
compex2-exp( eval (2,2)); 
compex3-exp( eval (3,3)); 
compex4-exp( eval (4,4)); 

yl -eve c*di agonal ( [ compexl , compex2 , compex3 , compex4 ] ) ; 

dmatu-( 1,0;0,1;0,0;0,0]*( b0*y0 ) ; 

draatl-( 0, 0 ; 0 , 0;1 , 0 ; 0 , 1 i * ( bl*yl ) ; 

dmat-dmatu-i-dmatl ; 

dir  inv(dmat); 

for  i-0 :n, .  .  . 

commagi-exp( eval (!,!)*( i/n ));... 
commag2-exp( eval ( 2 , 2 ) * ( i/n ));... 
commag3-exp( eval ( 3 , 3 ) * ( i/n) ) ; . . . 
commag4-exp( eval ( 4,4)*( i/n) ) ; . . . 

ymat-evec*diagonal  ( [  commagl ,  commag2 ,  cominag3 , commag4  ]);... 

hmat-yma t*dinv; . .  . 

outraod( i  +  1 )-abs( hmat  (3,4));... 

length( i+1 )-i/n; . . . 


d-W  4-  ' 

I  0{jj  ShG 


?nd 

return 


n-50; 

delta" . 200 ; 

1-3.537; 
t-.117; 
e-30000000; 
a-  000143; 
mu- . o0152 ; 
ep8bar-t/(e*a) ; 
rbar-l/( 6*delta ) ; 
f re rat-1 *sqrt(mu/t ) ; 

£ext-l ; 
fextb-fext/t; 
abar-.0233; 
mass-. 09935; 
mbar-mass/(mu*l ) ; 

inquire  w  'Enter  frequency  (rad/s)' 
wbar-f rerat*w; 
b0-(l,0,0,0;0.0,l,0j; 

bl-{l,0,0,0;0,0> l/abar-mbar*{ wbar ) **2 , 1 ) ; 

amat-i0,epsbar,0,0;l/( rbar**2 ) -(wbar ) **2 , 0 , 0 , -l/( rbai*ep8bar) ; . . . 
0 , 0 , 0 , 1 ; 0 , 1/rbar , l/( ( rbar ) **2*ep8bar ) -( wbar ) **2 , 0  J ; 

[ evec , eval ]-eiq( amat ) ; 
yO-evec ; 

compexl-exp( eval (1,1)); 
compex2-exp( eval (2,2)); 
compex3-exp( eval (3,3)); 
compex4-exp( eval (4,4)); 

yl-evec*diagonal ( [ compexl , compex2 , compex3 , compex4  ]  ) ; 

dmatu-( 1,0;0,1;0,0;0,0] * (b0*y0 ) ; 

dmatl- ( 0 , 0 ; 0 , 0 ; 1 , 0 ; 0 , 1 ) * ( bl*yl ) ; 

dmat-dmatu-t-dmatl ; 

di’  »inv( dmat ) ; 

for  i-0 : n , . . . 

comraagl-exp( eval( 1 ,1 ) *( i/n) ) ; . .  . 
commag2-exp( eval( 2 ,2 ) *( i/n) ) ; . . . 
coiiunag3-exp(  eval (  3 , 3 )  *(  i/n)  ) ; . . . 
conunag4-exp(  eval(  4 , 4  )  *  (  i/n )  ) ; . . . 

ymat-evec*dia9onal  ( (  commagl ,  commag2 ,  conunag3  ,  coinmag4  ));... 
hmat-ymat*dinv; . . . 

outmod( i  +  1 )-abs( hmat  (  3,4)); _ 

length ( i+1 )-i/n; . . . 


end 

return 


n-50 ; 

delta*. 140; 

1-3.537; 
t-.167; 
e-36000000; 
a-  0000143; 
mu^  .00152; 
epgbar-t/(e*a) ; 
rbar-l/(8*delta) ; 
f rerat-l*sqrt(mu/t ) ; 
fext-1 ; 
fextb-fext/t; 
abar-. 0233 ; 
mass-. 09935; 
robar-mass/( mu*l ) ; 


XkfTffWEPlA-Te 


inquire  w  'Enter  frequency  (rad/s)' 
wbar-f rerat*w; 
b0-(l,0,0.0;0, 0,1,0]; 

bl-[ 1, 0, 0, 0 ; 0, 0, 1/aba r-mbar*(wbar) **2,1] ; 

araat-(0,epsbar,0,0;l/( rbar**2 )-(wbar ) **2 , 0 , 0 ,-!/( rbar *epsbar ) ; . . . 
0,0,0,l;0,l/rbar,l/( ( rbar ) * *2*ep8bar )-( wbar ) **2 , 0 ] ; 

[evec,eval ]-eig(amat) ; 
yO-evec ; 

compexl-exp( eval (1,1)); 
compex2-exp( eval (2,2)); 
compex3-exp( eval (3,3)); 
compex4-exp( eval (4,4)); 

yl-evec*diagonal ( ( compexl , compex2 , compex3 , compex4 ] ) ; 

dmatu- 1 1 , 0 ; 0 , 1 ; 0 , 0 ; 0 , 0 ] * ( bO *y0  ) ; 

dma tl-  [  0 , 0 ;  0 , 0 ;  1 , 0 ;  0 , 1  ]  *  ( bl  *yl ) ,' 

dmat-dmatu-fdmatl ; 

dir  'inv ( dmat )  ; 


for  i-0 ;n,  .  .  . 

commagl-exp( eval (!,!)*( i/n) ) ; . . . 
commag2-exp(eval ( 2, 2) *( i/n) ) ; . . . 
commag3-exp(eval ( 3 , 3) *( i/n) ) ; . . . 
commag4-exp(eval(4,4)*(i/n) ) ;. . . 

yraat-evec*diagonal ( ( commagl , conunag2 , commagS , commag4 ]);... 

hmat-ymat*dinv; . . . 

outmod( i+1 )-abs( hmat( 3,4));... 

length ( i+1 )-i/n; . . . 


end 

return 


()F  CtSEn>) 


W  - 

k^J4'W  •> 


^ea4^•4v1 


MIN  - 


Cr^l  Ij) 

Je-/^Uc4'i#»% 

^aIoU 


if  ^^  ■fkc.  "f^r /v\  ^(/4(L^  SfKct^ 
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III.  Mode  Shape  Data 
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I 

I 


APPfWPix  c 


/IvApe  fir  'nr/  f  -R^/r 

fkrcc  S^*\  l^vt(j 


<>  outaod 

OUTNOD 

0.0000 

0.0179 

0.0358 

0.0536 

0.0712 

0.0886 

0.1056 

0.1223 

0.1386 

0.1543 

0.1694 

0.1839 

0.1977 

0.2106 

0.2228 

0.2341 

0.2445 

0.2539 

0.2623 

0.2696 

0.2759 

0.2810 

0.2851 

0.2880 

0.2898 

0-.J<^Q4 

0.2898 

0.2881 

'.2852 

.2812 

0.2761 

0.2699 

0.2626 

0.2542 

0.2449 

0.2345 

0.2233 

0.2111 

0.1982 

0.1844 

0.1700 

0.1549 

0.1392 

0.1230 

0.1063 

0.0892 

0.0719 

0.0543 

0.0365 

0.0186 

0.0007 


>  diary  (O) 


v  '' 

c*lle  H 


*  ••A  ■  '  '  J  »  *  .  « 

r  |i;i  oJ  Is  ^  hoOEd. 


<>  outaod 


OUTMOD 

0.0000 
0.0368 
0.0729 
0.1080 
0.1413 
0.1724 
0.2007 
0.2259 
0.2476 
0.2653 
0.2788 
0.2879 
0.2925 
0.2925 
0.2878 
0.2786 
0.2650 
0.2472 
0.2255 
0.2003 
0.1718 
0.1407 
0.1074 
0.0723 
0.0361 
-  -Q.onofi 

-  0.0374 

-  0.0735 

.1085 

-  0.1418 

~  0.1728 

-  0.2012 

-  0.2263 

-  0.2479 

-  0.2655 

-  0.2790 

-  0.2880 

-  0.2925 

-  0.2924 

-  0.2877 

-  0.2784 

~  C.2647 

-  0.2469 

-  0.2251 

-  0.1998 

~  0.1714 

-  0.1402 

-  0.1068 

-  0.0718 

-  0.0355 

-  0.0012 

<>  diary(O) 


-  57,  >  ■=‘  <3. 

Lpuj  J'A-G 


<>  QUtBOd 
OUTMOD 


0.0000 

0.0216 

0.0425 

0.0619 

0.0791 

0.0935 

0.1046 

0.1119 

0.1154 

0.1147 

0.1100 

0.1014 

0.0892 

0.0739 

0.0559 

0.0360 

0.0148 

-  0.0070 

-  0.0284 

-  0.0489 
'  0.0676 

-  0.0839 

-  0.0972 

-  0.1070 
~  0.1131 

0.1131 
0.1070 
T.0971 
0.0838 
0.0675 
0.0488 
0.0284 
0.0069 
0.0148 
0.0360 
0.0559 
0.0739 
0.0892 
0.1014 
0.1100 
0.1147 
0.1154 
0.1119 
0.1045 
0.0934 
0.0790 
0.0618 
0.0425 
0.0216 
0.0001 
<>  dlary(O) 


\  \ 


(A 


lie. 


u~  r.Wf 

lOiJ  Sh<o 


<3j 


<>  outaod 

OUTMOD 

0.0000 

1.0498 

0.0965 

0.1371 

0.1690 

0.1904 

0.1998 

0.196S 

0.1810 

0.1540 

0.1174 

0.0734 

0.0247 

-'0.0255 

-  0.0741 

-  0.1180 

-  0.1545 

'0.1813 

'  0. 1967 

-  0.1998 

-  0.1902 

-  0.1687 

-  0.1366 

-  0.0959 

-  0.0492 


0.0970 
'.1375 
J.1694 
0.1906 
0.1998 
0.1965 
0.1808 
0.1537 
0.1170 
0.0729 
0.0242 
0.0260 
0.0745 
0.1184 
0.1548 
0.1815 
0.1968 
0.1997 
0.1900 
0.1684 
0.1362 
0.0954 
0.0486 
0.0012 
<>  diary(O) 


1>{A  f.Jlf  -  MtfPiF  H 

LOW  ShG 


<>  OUtBOd 


OUTMOD 

0.0000 

\0229 

0.0454 

0.0671 

0.0878 

0.1071 

0.1247 

0.1403 

0.1536 

0.1645 

0.1728 

0.1784 

0.1811 

0.1810 

0.1780 

0.1722 

0.1637 

0.1525 

0.1390 

0.1232 

0.1055 

0.0862 

0.0654 

0.0437 

0.0212 

-^1-^0016 


0.0467 
.0684 
^.0889 
0.1081 
0.1255 
0.1410 
0.1542 
0.1650 
0.1732 
0.1786 
0.1812 
0.1809 
0.1778 
0.1719 
0.1632 
0.1519 
0.1383 
0.1224 
0.1046 
0.0851 
0.0642 
0.0423 
0.0198 
0.0031 
<>  diary(O) 


-  -UmcaIuiI  alU 


\ /vertex*  M 

CA/Ilt  IcmH 


—  fAlOP^iKJT 


u,  =  If. -  hooe'd. 
Stureme  p  i 


<>  outaod 

OUTMOD 

0.0000 

0.0082 

0.0183 

0.0239 

0.0308 

0.0368 

0.0415 

0.0449 

0.0467 

0.0471 

0.0458 

0.0430 

0.0388 

0.0333 

0.0268 

0.0194 

0.0115 

0.0033 

-0.0048 

-0.0126 

-  0.0198 

-  0.0260 

-  0.0312 

-  0.0350 

-  0.0374 

0.0374 
0.0351 
0.0314 
0.0263 
0.0201 
0.0129 
0.0052 
0.0030 
0.0112 
0.0191 
0.0265 
0.0331 
0.0386 
0.0429 
0.0457 
0.0470 
0.0468 
0.0450 
0.0417 
0.0370 
0.0311 
0.0242 
0.0166 
0.0086 
0.0004 
diary  (0) 


1 


shrG 


<>  outmod 

OUTMOD 

0.0000 
0.0154 
0.02>9 
0.0425 
0.0524 
0.0590 
0.0618 
0.0608 
0.0560 
0.0476 
0.0363 
0.0226 
0.0075 
-  0.0080 

-  0.0231 

-  0.0367 

-  0.0480 

-  0.0563 

-  0.0611 
~  0.0621 

-  0.0592 

-  0.0525 

-  0.0426 

-  0.0300 
"  0.0155 

a,._Q0.QQ . . 

0.0154 

0.0299 

^.0425 

0.0525 

0.0591 

0.0621 

0.0611 

0.0564 

0.0481 

0.0368 

0.0232 

0.0081 

0.0075 

0.0225 

0.0362 

0.0476 

0.0560 

0.0608 

0.0618 

0.0590 

0.0524 

0.0425 

0.0300 

0.0155 

0.0001 

<>  diary  (0) 


fVi* 


0.  I‘(0 

st\G 


<>  outaod 


OUTMOD 

0 . 0000 
^.0042 
0.0081 
0.0112 
0.0132 
0.0139 
0.0133 
0.0114 
0.0084 
0.0046 
0.0003 

-  0.0039 

-  0.0077 

-  0.0708 

-  0.0127 
'  0.0134 

-  0.0127 

-  0.0108 

-  0.0077 

-  0.0039 
+  0.0003 

0.0045 
+  0.0083 
^  0.0113 
+  0.0133 

.  ^  a.oii9 _ 

0.0132 
0.0112 
.0081 
O.0043 
0.0000 
0.0042 
0.0080 
0.0109 
0.0128 
0.0134 
0.0126 
0.0106 
0.0075 
0.0036 
0.0006 
0.0048 
0.0086 
0.0115 
0.0133 
0.0139 
0.0131 
0.0110 
0.0079 
0.0040 
0.0003 
<>  diary{0) 


r\i  jv 


I-  ■ 

1  UnjH 


mi  J  4  aI" 


^  Mopf  H 

JFfJTFI^M^OIAcTB  5A6 


<>  outnod 


OUTMOD 


0.0000  ‘ 

0.0387 

0.0766 

0.H33 

0  1482  , 

0.1806  (/y 

0.2102  \| 

0.2364  , 

0.2589  \L^ 

0.2772 
0.2912 
0.3005 
0.3051 
0.3048 
0.2998 
0.2900 
0.2756 
0.2569 
0.2341 
0.2076 
0.1779 
0.1453 
0.1105 
0.0739 
0.0362 

0.0781 

n.ll45 

J.1491 

0.1813 

0.2107 

0.2368 

0.2592 

0.2774 

0.2913 

0.3006 

0.3051 

0.3048 

0.2997 

0.2898 

0.2754 

0.2566 

0.2337 

0.2071 

0.1771 

0.1444 

0.1093 

0.0724 

0.0344 

0.0043 

<>  diary  (0) 


C^Vlc  Ic'j 


J  (s 

HISH  SS6 


Mtfpr  4- 


<>  outmod 


OUTMOD 

0.0000 
0.0204 
0.0361 
0.0467 
0.0521 
0.0521 
0.0467 
0.0360 
0.0202 
-  0.0002 

-  0.0247 

-  0.0529 

-  0.0839 

-  0.1172 
>  0.1519 

-  0.1872 
'  0.2223 
--  0.2563 

-  0.2885 

-  0.3180 

-  0.3443 

-  0.3666 
'  0.3845 

-  0.3975 

-  0.4053 
~  0.4077 

0 . 413TB~^ — - 
0.3965 
*1,3830 
J.3648 
0.3421 
0.3155 
0.2857 
0.2533 
0.2192 
0.1841 
0.1488 
0.1142 
0.0811 
0.0502 
0.0224 
0.0018 
0.0218 
0.0371 
0.0473 
0.0523 
0.0518 
0.0460 
0.0348 
0.0187 
0.0021 

<>  diary  (0) 


(4l^H  ShG 


if 


tal 

F(ec'f''<  •A 


<>  outaod 

OUJMOD 

0.0000 

0.0035 

0.0072 

0.0110 

0.0146 

0.0179 

0.0208 

0.0232 

0.0249 

0.0259 

0.0261 

0.0256 

0.0243 

0.0223 

0.0197 

0.0167 

0.0132 

0.0095 

0.0058 

0.0022 

-0.0013 

-  0.0043 

-  0.0068 

-  0.0087 
~  0.0098 

-  0.0103 
0.0099 
0.0089 
■•.0071 
J.0046 
0.0017 
0.0017 
0.0053 
0.0091 
0.0128 
0.0162 
0.0194 
0.0220 
0.0241 
0.0254 
0.0261 
0.0259 
0.0250 
0.0234 
0.0211 
0.0183 
0.0150 
0.0115 
0.0077 
0.0040 
0.0004 

<>  diary  (0) 


V  ^ 

cMt  IcAjI'k 


w  ^  f't  h 

(4ie/f 


hdOB  3 


<>  OUtHOd 


OUTMOD 

0.0000 

0.0108 

0.0209 

0.0296 

0.0365 

0.0411 

0.0431 

0.0423 

0.0369 

0.0331 

0.0252 

0.0156 

0.0051 

-  0.0057 

-  0.0163 
'  0.0257 

-  0.0336 

-  0.0394 

-  0.0428 
~  0.0434 

-  0.0414 

-  0.0367 
'  0 ,0298 

-  0.0210 
'  0.0109 
-  0.0001 

STHOT 
0.0208 
0.0297 
0.0366 
0.0413 
0.0434 
0.0428 
0.0395 
0.0337 
0.0259 
0.0164 
0.0059 
0.0049 
0.0155 
0.0250 
0.0330 
0.0389 
0.0423 
0.0431 
0.0411 
0.0366 
0.0297 
0.0210 
0.0109 
0.0002 
<>  diary  (0) 
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Abstract 

Disorder  in  periodic  structures  is  known  to  <...  spa¬ 
tial  localization  of  normal  modes  and  attenuation  of  waves 
in  all  frequency  bands.  This  paper  uses  a  wave  perspec¬ 
tive  to  investigate  these  effects  on  one-dimensional  peri¬ 
odic  structures  of  interest  to  the  engineer.  Relevant  work 
in  the  fields  of  solid  state  physics  and  mathematics  is  re¬ 
viewed.  A  limit  theorem  for  products  of  random  matrices 
is  exploited  to  calculate  localisation  effects  as  a  function 
of  frequency.  Localization  is  studied  on  two  disordered 
periodic  systems  using  both  theoretical  calculations  and 
•Monte  Carlo  simulations.  The  problem  of  localization  in 
multiwave  systems  is  briefly  discussed. 

Nomenclature 

a  element  of  Cayley  matrix 

.A  cross-sectional  area  of  rod 

amplitude  of  left  traveling  wave  at  righl(left) 
end  of  bay 

6  element  of  Cayley  matrix 

amplitude  of  right  traveling  wave  at  right(left) 
end  of  bay 

C  Cayley  matrix 

E  Young’s  modulus 

H  (superscript)  hermitian  transpose 

R  nondimensional  transfer  function 

.  =  -1 
k  wave  number 

k,  spring  constant 

*|r»du4»«  ikudtnt,  Dtpaitmtnt  of  Atrosautict  and  Aatronaunca 
student  member  AIAA 


k,  nondimensional  spring  constant 

m,  random  mass  of  jth  bay 

m  average  mass,  mass  of  perfectly  periodic  struc¬ 

ture 

.V  number  of  bays 

S,  nondimensional  internal  force,  jth  point 

o(«)  terms  of  order  greater  than  the  argument 

p(*)  probability  density  function 

r,  reflection  coefficient  of  jth  bay 

r.y  reflection  coefficient  of  N  bays 

t,  transmission  coefficient  of  jth  bay 

f.v  transmission  coefficient  of  N  bays 

T  (superscript)  matrix  transpose 

T  transfer  matrix 

T,  random  transfer  matrix,  jth  bay 

T(a)  transfer  matrix,  function  of  random  variable  a 

u,  displacement  of  jth  mass 

U}  nondimensional  longitudinal  displacement,  jth 

point 

W,  wave  transmission  matrix,  jth  bay 

X  a  state  vector 

A  normalized  state  vector  or  direction  of  state 

vector 

X  eigenvector  matrix 

a  random  variable 

T  localization  factor 

nondimensional  jth  mass 
P  mass  density  per  unit  volume 


I 


wianct  of  ruidom  v^rikbls  a 

w  radiui  frtqutncy 

a  nondimoniional  frcqutncy 

•  (supencript)  complex  conjugate 

<  >  average  of  a  random  variable 

1a(*)  indicator  function,  its  VAlue  is  one  when  the 
argument  lies  on  A  and  0  otherwise 


1  Introduction 

This  paper  describes  some  of  the  consec^uences  of  dis¬ 
order  in  what  are  normally  perfectly  periodic  structures. 
The  periodic  structures  of  interest  are  those  having  repet¬ 
itive  bays  along  one  linear  dimension  and  include  the 
skin-strirger  panels  found  in  airplane  fuselages  and  truss 
beams  that  will  form  the  support  structure  of  the  space 
station.  See  Figure  1.  The  dynamics  of  periodic  cystems 
are  characterised  by  frequency  bands  that  alternately  pass 
and  stop  traveling  waves  (assuming  no  damping)  with  the 
frequencies  of  the  structure  lying  within  the  passba.ids. 


Figure  1.  Truss  beam  e.xtending  the  length  of  the  space 
station,  from  ;lV 

Because  of  manufacturing  or  assembly  defects,  no 
structure  will  be  perfectly  periodic.  Disorder  can  occur 
in  the  length  of  bays  and  in  the  material  and  mass  prop¬ 
erties  of  the  structure.  The  disorder  is  assumed  to  be 
distributed  among  all  the  bays  and  not  confined  to  just 
a  few.  Recently,  Hodges  and  Woodhouse  i2,3|  demon¬ 
strated  with  simple  examples  that  this  disorder  in  peri¬ 
odicity  can  have  some  amazing  consequences.  Disruption 
in  the  periodicity  will  lead  to  attenuation  of  waves  in  all 
frequency  bands  independent  of  any  dissipation  in  the  sys¬ 
tem!  Equivalently,  each  normal  mode,  whose  amplitude  is 
equally  predominant  along  the  length  of  a  perfectly  peri¬ 
odic  structure,  will  have  its  amplitude  spatially  localized 
in  the  disordered  counterpart.  See  Figure  2. 

This  localized  behavior  of  the  mode  shapes,  or  equiv¬ 
alently  the  attenuation  of  all  .he  traveling  waves,  means 
that  energy  injected  into  one  end  of  a  disordered  structure 
will  not  be  able  to  propagate,  but  will  be  confined  to  the 
region  near  the  input.  Because  such  behavior  can  impact 


(M 

Figure  2. 

(a)  Mode  of  a  perfectly  periodic  structure,  from 

(b)  Localiied  mode  of  a  disordered  structure,  from  Al. 

disturbance  propagation  in  and  control  of  structures,  as 
well  as  complicate  schemes  to  identify  the  actual  damping 
of  a  system,  engineers  should  be  aware  of  the  localization 
phenomenon. 

Localization  effects  have  been  studied  extensively  by 
solid  state  physicists  but  only  recently  by  engineers.  This 
is  the  first  paper  to  calculate  frequency  dependent  local¬ 
ization  factors  for  disordered  periodic  systems  of  interest 
to  the  structural  dynamicist. 

In  Section  2  the  literature  relevant  to  the  study  of 
localisation,  including  works  by  physicists,  mathemati¬ 
cians  and  engineers  is  surveyed.  The  modeling  of  peri¬ 
odic  and  disordered  periodic  systems  carrying  one  pair  of 
waves  is  discussed  in  Section  3.  Section  4  explains  how 
the  theory  of  products  of  random  matrices  is  used  to  cal¬ 
culate  frequency  dependent  localization  factors  when  one 
parameter  in  each  bay  is  disordered.  In  Section  5  local¬ 
ization  effects  are  investigated  for  a  chain  of  springs  and 
disordered  masses.  Section  6  includes  an  examination  of 
a  rod  in  longitudinal  compression  with  periodically  at¬ 
tached  disordered  resonators  Section  7  Includes  a  brief 
discussion  of  the  localization  phenomenon  in  multiwave 
systems.  Concluding  remarks  are  made  in  Section  8. 

2  Survey  of  Localization  Litera¬ 
ture 

The  study  of  localization  has  a  colorful  history  span¬ 
ning  three  decades  with  contributions  from  researchers 
around  the  world.  In  this  section  we  survey  some  of  the 
relevant  contributio’ns  to  localization  studies  by  solid  state 
physicists  and  mathematicians  and  discuss  the  handful  of 
engineering  papers  that  have  recently  appeared  on  the 
subject. 

The  localisation  phenomenon  was  first  explained  in 
1958  by  Philip  Anderson  [5j  in  the  context  > '  electron 
transport  in  dhiordeied  crystals.  As  a  result  of  his  original 
contribution,  the  phenomenon  is  occassionally  referred  to 
as  Anderson  localisation.  Anderson  was  cited  in  part  for 
his  work  cn  localization  when  he  was  awarded  the  Nobel 
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Pri*#  for  Phyiica  in  1977.  Dtspitt  a  Nob«l  Priie,  somt 
funduntntal  quMtions  aroa*  about  even  th«  axistcncc  of 
localiiation.  Ai  a  rtault,  localiiation  in  one-dimcniional 
systttoa  rcccivtd  a  frwh  look  in  tht  early  1980 'i  [0,7|. 

In  1983  Furetenberg  [8|  published  an  important  limit 
theorem  on  products  of  random  matricee.  Because  a  dis¬ 
ordered  periodic  structure  can  be  modeled  via  a  prod¬ 
uct  of  random  transfer  matrices,  with  each  matrix  mod¬ 
eling  one  bay,  Furstenberg’s  theorem  is  obviously  rele¬ 
vant  to  the  study  of  such  systems.  In  1988  the  Russian 
mathematician  Oseledeta[9{  proved  another  limit  theorem 
for  products  of  random  matrices  relevant  to  multiwave 
one-dimensional  systems.  Mathematicians  have  taken  re¬ 
newed  interest  in  the  theory  of  products  of  random  ma¬ 
trices  as  indicated  by  two  recent  publications  10,11’. 

The  Japanese  physicists  Matsuda  and  Ishii  I2j 
pointed  out  the  importance  of  Furstenberg’s  work  to  one¬ 
dimensional  disordered  systems.  However,  theorems  on 
products  of  random  matrices  have  generally  received  scant 
attention  from  physicists  working  on  localisation,  because 
they  have  relied  on  their  own  heuristic  techniques,  and  be¬ 
cause  they  have  been  more  interested  in  two-  and  three- 
dimensional  systems  which  cannot  be  as  easily  handled 
with  transfer  matrices. 

Hodges  (2]  was  the  first  to  exploit  the  analogy  between 
loch'.isation  work  on  periodic  systems  of  importance  to  the 
solid  state  physicist  and  some  simple  periodic  models  of 
interest  to  the  structural  dynamicist.  Hodges  and  Wood- 
house  i3]  also  demonstrated  the  phenomenon  experimen¬ 
tally.  More  recently  Bendiksen  !13|  has  examined  mode 
localisation  in  closed  disordered  periodic  structures,  like 
a  compressor  rotor  and  a  dish  antenna.  These  closed  sys¬ 
tems  are  not  mathematically  equivalent  to  the  linear  one¬ 
dimensional  structures  under  consideration  here,  Pierre, 
Tang  and  Dowell  (U|  also  examined  localization,  but  only 
with  the  aid  of  a  deterministically  disordeied  beam  on 
three  suppoiis-  None  of  these  engineering  papers  pro¬ 
vided  analytical  calculations  for  localisation  effects  over  a 
wide  frequency  range. 

The  moat  rigorous  examination  of  localisation  in  an 
acoustical  setting  has  been  that  by  Baluni  and  Willem- 
sen  ilS).  They  effectively  used  Furstenberg’s  work  to  find 
frequency  dependent  localisation  factors  (defined  below); 
however,  their  application  was  for  layers  of  sandstone  and 
shale  with  random  micknesses. 

In  this  paper  localisation  effects  as  a  function  of  fre¬ 
quency  will  be  calculated  for  simple  periodic  structures  of 
interest  to  the  structural  dynamicist.  These  calculations 
are  greatly  facilitated  by  making  use  of  a  traveling  wave 
description  of  the  structures. 


Before  discussing  the  calculation  of  localisation  effects 
we  will  show  in  this  section  how  periodic  and  disordered 
periodic  structum  can  be  modeled.  The  discussion  will 
be  confined  to  systems  described  by  3  x  3  transfer  matri¬ 
ces. 

A  periodic  structure  in  one  linear  dimension  consists  of 
identical  substructures  connected  in  identical  ways.  When 
each  substructure  can  be  modeled  with  a  2  x  3  transfer 
matrix  the  system  is  called  a  mono-coupled  periodic  struc¬ 
ture.  Each  transfer  matrix  relates  a  3  x  1  state  vector  x, 
to  the  succeeding  state  vector  X,>\  along  the  length  of 
the  structure.  The  formulation  of  the  transfer  matrix  as¬ 
sumes  a  sinusoidal  time  dependence,  and  no  damping  is 
included  in  the  models  so  that  the  effects  of  disorder  can 
later  be  highlighted. 

Because  each  substructure  or  bay  is  identical,  (as  in 
16;  it  is  assumed  that  the  boundary  conditions  are  such 
that  the  transfer  matrices  at  the  ends  of  the  structure  are 
the  same  as  those  modeling  the  rest  of  the  structure)  the 
state  vector  at  the  end  of  the  structure  is  simply  related 
to  that  at  the  beginning  by 

xs  =  T^Xo 

Because  we  are  raising  a  transfer  matrix  to  the  Nth 
power,  we  only  need  to  examine  the  transfer  matrix  T  to 
understand  the  dynamic  properties  of  the  periodic  struc¬ 
ture. 

Briefly,  a  periodic  system  is  characterized  by  alternat¬ 
ing  frequency  bands  known  as  passbands  and  stopbands. 
In  the  passbands  waves  travel  according  to  where  k 
is  the  real  wave  number  and  the  positive  sign  indicates 
negative-going  waves  and  the  negative  sign  positive-going 
waves.  The  wave  number  k  refers  to  the  phase  difference 
of  mot’  ns  in  adjacent  bays.  In  the  stopbands,  waves 
travel  according  the  e*“  or  e*'*"’’’*'  .  The  real  exponent  a 
implies  nontraveling  or  attenuating  waves.  The  a-t-  ix  ex¬ 
ponent  implies  adjacent  bays  vibrating  out  of  phase  with 
each  other  in  addition  to  wave  attenuation.  Only  in  the 
passbands  can  energy  be  transmitted  along  the  structure. 

This  underlying  wave  structure  becomes  apparent 
when  the  transfer  matrix  T  and  are  diagonalized.  Di¬ 
agonalizing  T'’'  we  get  in  the  passbands; 


and  in  the  stopbands  we  get; 


Note  that  a  and  k  are  functions  of  frequency. 


The  natural  frequencies  of  the  periodic  structure  lie 
within  the  passbands.  In  particular  N  natural  frequen¬ 
cies  lie  in  each  passband  of  an  N  bay  structure.  (This  is 
only  strictly  true  when  each  bay  has  symmetry  of  mass 


3  Models  of  Periodic  and  Disor 
dered  Periodic  Structures 
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tnd  itiffnm  4bout  iU  midpoint.  If  the  bay  ii  unsynunet- 
ric,  one  frequency  will  occur  in  a  stopband.  See  |17j  for 
details.)  For  a  periodic  structure  the  mode  shapes  have 

equal  amplitude  along  the  entire  length  of  the  structure. 
The  reader  is  referred  to  [16,17, 18|  for  a  more  extensive 
discussion  of  the  properties  of  perfectly  periodic  struc¬ 
tures. 


Now  we  consider  the  case  when  the  structure  is  not 
perfectly  periodic.  Even  relatively  minor  variations  from 
bay  to  bay  can  drastically  change  the  dynamic  picture  pre¬ 
sented  above.  The  mode  shape  amplitudes  of  the  disor¬ 
dered  structure  are  spatially  localised  and  not  extended  as 
in  thd  perfectly  periodic  case.  Equivalently,  waves  are  at¬ 
tenuated  in  all  frequency  bands  including  what  had  been 
the  passbands  of  the  perfectly  periodic  structure.  It  is 
this  latter  wave  attenuation  effect  that  is  studied  closely 
in  the  paper. 

When  a  periodic  structure  is  disordered,  the  transfer 
matrix  for  the  entire  system  is  not  T^,  but  rather  a  prod¬ 
uct  of  random  transfer  matrices; 

HT,  =  T,..,T,  (3) 

The  transfer  matrices  are  assumed  to  be  functions  of  a 
single  random  variable,  like  a  mass  or  a  spring  constant. 
In  addition,  the  random  variables  and  in  turn  the  ran¬ 
dom  transfer  matrices  axe  independent  and  identically  dis¬ 
tributed.  Thus  the  disorder  is  distributed  equally  among 
all  the  bays  and  not  confined  to  just  a  few. 


Unlike  the  case  of  Equations  1  and  2  for  the  peri¬ 
odic  system,  one  cannot  simultaneously  diagonalize  each 
transfer  matrix  of  Equation  3  with  the  same  similarity 
transformation.  However,  it  is  possible  to  put  each  of  the 
random  matrices  forming  the  product  into  the  following 
wave  transmission  form: 


■  1  _ii  1 

’  .-li 

.  , 

-U  1 

1  •;  •; 

This  is  a  wave  transmission  matrix  for  one  random  bay 
inserted  in  the  middle  of  an  otherwise  perfectly  periodic 
structure  carrying  a  pair  of  traveling  waves.  Physically, 
(;l’  represents  the  ratio  of  transmitted  energy  to  incident 
energy,  and  {rj|‘  the  ratio  of  reflected  energy  to  incident 
energy.  Energy  conservation  implies  that  r,}  =  1. 


So  the  transfer  matrix  in  wave  transmission  form  for 
the  entire  structure  is: 


r% 


15) 


The  wave  transmission  matrices  in  Equations  4  and 
5  are  matrices  of  the  Cayley  type  written  as: 


C  = 


a  b 
b'  a' 


■K  random  transfer  matrix  T,  can  be  put  in  Cayley 
form  via  a  certain  similarity  transformation: 

c,  =  X'‘TyX 

We  alto  require  that  the  similarity  transformation  diago- 
naliie  the  traittfor  matrix  of  the  perfectly  periodic  struc¬ 
ture.  Hori  [19]  hu  given  conditions  that  the  transfor¬ 
mation  should  satisfy  to  ensure  that  T,  can  be  trans¬ 
formed  to  a  matrix  cf  Cayley  type.  The  Cayley  form  of 
the  transfer  matrix  may  not  be  precisely  the  wave  trans¬ 
mission  form  of  Equation  4;  however,  in  Equation  6  a 
will  be  precisely  ^  while  6  may  differ  from  by  at  most  a 
phase  factor.  The  wave  transmission  or  Cayley  forms  are 
convenient  for  understanding  and  calculating  localisation 
effects. 


4  Calculation  of  Localization  Fac¬ 
tors 


In  the  introduction  the  dynamic  effect  of  localization 
was  described  as  being  an  attenuation  of  waves  and  a  spa¬ 
tial  localisation  of  modal  \mplitudas.  We  will  see  that  the 
waves  in  the  disordered  periodic  structure  are  attenuated 
as  e"’'’  where  -j  is  the  real  localization  factor.  It  has 
been  argued  that  this  same  exponential,  describes 
the  envelope  of  the  localised  modal  amplitude  [12,201. 

.\s  mentioned  earlier,  a  long  disordered  periodic  struc¬ 
ture  can  be  modeled  as  a  product  of  random  matrices. 
The  question  arises  as  how  to  measure  the  effect  of  this 
randomness.  Does  one  examine  the  reflection  coefficient 
for  this  disordered  periodic  structure  and  then  show  that 
it  is  very  large  for  the  disordered  system  indicating  de¬ 
caying  wave  propagation?  This  point  is  critical  and  even 
confused  some  solid  state  physicists  in  the  late  1970’5. 
Choosing  the  wrong  variable  to  examine  can  lead  to  very 
misleading  results,  .\nderson  et.  al.  6]  argued  some¬ 
what  heuristically  that  the  appropriate  variable  to  aver¬ 
age  when  studying  localization  effects  is  the  natural  loga¬ 
rithm  of  the  absolute  value  of  the  transmission  coefficient 
of  the  system.  Ironically,  Matsuda  and  bhii  :12|,  relying 
on  FurstenbergiSj,  much  earlier  had  shown  Ind.v!  to  be 
the  key  variable  to  average.  Here  a  much  more  straight¬ 
forward  argument  than  :12|  is  made  to  show  the  relevance 
of  ln:t/vi  to  localisation  studies  of  systems  described  by 
2x2  transfer  matrices. 

Furstenberg  [8l  showed  that  products  of  random  ma¬ 
trices  follow  a  law  of  large  numbers.  (This  is  most  easily 
seen  if  this  product  acting  on  some  input  vector  is  viewed 
as  a  Markov  chain  (lOj).  One  result  of  i8|  was  the  follow¬ 
ing  equation; 


:  limltellT.., 

..Till 

(7) 

lim  i  In  ii  W„ . , 

I>— 0« 

..Will 

(8) 

(6) 
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where  t  >  0.  The  norm  here  is  simply  the  2-norm  or  the 
maximum  singular  value  of  the  matrix  product.  Recall 
that  the  singular  values  of  a  matrix  A  are  simply  the 
positive  square  roots  o^A*A  or  AA^.,  This  norm  is  also 
dednedas  t'  -  '  ' 

||A1|  =  max 


The  most  insight  into  the  meaning  of  7  comes  by  ex¬ 
amining  the  maximum  singular  value  of  the  matrix  prod¬ 
uct  of  5  in  wave  transmission  form.  Recalling  Equation 
5  a  little  algebra  shows  that 


nw,ii  = 


1  -t-  Irwl 
i<wl 


so  from  Equation  8 

T  +  kvl)  -  in  ifvll 


For  this  2x3  case  X  represents  a  point  on  the  amt  circle. 
Equation  9  is  valid  subject  to  the  probability  density  for  it 
being  invariant  with  respect  to  the  probability  density  for 
the  random  variable  inside  the  transfer  matrix.  In  other 
words,  for  Equation  9  to  be  valid  we  must  find  a  proba¬ 
bility  density  for  the  direction  of  a  vector,  such  that  when 
it  IS  multiplied  by  the  random  transfer  matrix,  T(aj,  the 
resulting  vector  will  have  probability  density  for  its  direc¬ 
tion  identical  to  that  of  the  premultiplying  vector. 

This  required  condition  of  inwiance  is  described 
mathematically  in  many  ways  including: 

J  U(X)p(X)d3t  =  y  J  (1°) 

where  A  is  ssoad  art  along  the  unit  circle.  This  equation  is 
known  in  the  sol’d  state  yslcs  I’ierature  a.-'  the  r-’son- 
Schmidt  self-consistency  condition  [21] . 


Because  0  <  |r/^|  <  1,  taking  the  limit  means  the  first 
term  will  vanish  and  we  are  left  with 

7=  liui  Inltvl 

y-oo  N  ' 

Note  that  an  average  over  am  ensemble  of  In  is  not 
taken.  Furstenberg’s  theorem  tells  us  that  by  letting  ,V  — * 
00  we  need  not  average  over  an  ensemble.  Variables  like 
In  |fw|  behaving  in  this  way  are  called  self-averaging.  This 
result  indicates  why  In  |ty|  is  relevant  to  the  study  of  lo¬ 
calization. 

We  are  able  to  consider  as  well  disordered  periodic 
structures  with  finitely  many  bays.  These  can  be  simu¬ 
lated  by  a  product  of  a  finite  number  of  random  matrices. 
The  final  matrix  product  can  be  put  in  wave  transmis¬ 
sion  form,  after  which  the  transmission  coefficient  can  be 
extracted  and  the  localization  factor  calculated  as 

l^t,v| 

-J 

Because  we  have  not  allowed  N  to  tend  to  infinity  we  must 
really  average  In  |t;vl  over  some  ensemble.  This  is  accom¬ 
plished  computationally  via  a  Monte  Carlo  simulation.  So 
for  the  case  of  finitely  many  bays: 

<  In  Ityvl  > 

^  = - N - 


Unfortunately  it  is  difficult,  if  not  impossible,  to  find 
the  invariant  probability  density  for  X.  Therefore  Equa¬ 
tion  9  can  rarely  be  solved. 

One  must  then  consider  approximations  to  the  local¬ 
ization  factor.  Because  it  is  never  quite  certain  over  what 
frequency  ranges  these  approximations  are  valid,  Monte 
Carlo  simulations  are  used  to  check  those  ranges. 


Baluni  and  Willemaen  [15|  suggested  a  Taylor  series 
expansion  of  terms  inside  the  integral  9  as  w'ell  as  10 
except  for  the  probability  density  of  a.  This  leads  to  an 
approximation  for  the  localization  factor  which  is  good  to 
order  in  the  variance  of  the  disordered  parameter  in  the 
transfer  matrix.  The  motivated  reader  is  encouraged  to 
consult  [151.  The  answer  is  arrived  at  conveniently  when 
the  random  tran.sfer  matrix  is  put  in  wave  transmission 
form.  The  localization  factor  is  then  calculated  as 


1 


2  da’ 


(11) 


It  is  this  equation  that  we  will  use  to  compute  the  wave 
attenuation  effects  present  in  disordered  periodic  struc¬ 
tures.  .Note  that  only  the  (1,1)  term  of  the  wave  trans¬ 
mission  matrix  (or  Cayley  matrix)  is  needed  in  Equation 
11. 


The  next  goal  is  to  show  how  the  localization  factor 
can  be  computed  analytically  foi  models  described  by  2x2 
transfer  matrices.  In  addition  to  Equation  7,  the  local¬ 
ization  factor,  7,  is  the  following  limit: 

7  =  lim  -  In  1|T„  . . .  Tiilj 
n 

where  again  the  matrices  are  independent  and  identically 
distributed. 

Furstenberg  found  that  this  limii  .an  be  calculated 
from  the  following  double  integral: 

1=1 1  In  ||T(c»)X||p(a)dap(X)dX  (9) 


5  Localization  Effects  for  a  Mass- 
Spring  System 

In  this  section  we  will  use  a  simple  example  to  deiron- 
strate  the  localization  calculations.  The  structure  is  the 
infinite  mass  spring  system  shown  in  Figure  3.  First  con¬ 
sider  the  transfer  equation  for  one  bay  of  the  system: 


wy+i  ]  ^ 

■  2  -  -1  ■ 

J 

1  0 

.  “y->  . 

For  the  disordered  system,  m  is  replaced  by  m,-  where 
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I 


m  If 

Figure  3.  A  chain  of  springs  and  masses. 

m  =<  m,  >.  The  terms  are  nondimensionalized  as  fol¬ 
lows: 

f  **/+»  1  _  f  2  -  w’u,-  -1  1  f  tt,  1 


■  w’u,  -1  Uj 

1  0  J  [  u,_, 


X-*  =  (~')/(2sin*)  (•«  '*)/(2sin*) 

(ie'**)/(sin  fc)  (-«)/(2sln*) 

The  transfer  matrix  in  Cayley  form  is  now: 

■  e‘*(l  +  ,■«,)  iSj 

-iSj  «''*(!  -  •«,) 

where  tf,  =  -  l))/(2sinfc) 


For  the  perfectly  periodic  system  fij  —  1.  From  the 
condition  that  |trace{T)|  <  2  in  a  passband  we  can  see 
that  a  single  passband  exists  for  the  perfectly  periodic 
system  when: 

0  <  O  <  2 

All  higher  frequencies  are  in  the  stopband.  A  more  exten¬ 
sive  discussion  of  the  perfectly  periodic  structure  can  be 
found  in  [16],  The  wave  number  for  the  passband  of  the 
periodic  mass-spring  system  is  governed  by  this  equation; 

ir’ 

cos  it  =  1 - 


Note  that  the  (1,1)  term  of  this  Cayley  matrix  is 
(t(/i,))“^  Using  Equation  11  ,  the  localization  factor  to 
order  of  the  variance  in  the  nondimensional  mass  is: 


8sin’^ 


with  sin*  i  =  iS’  -  ~  then: 


8(1-^) 

If  we  iillow  w  -►  0,  the  localization  factor  is: 


and  switching  back  to  dimensional  form,  at  low  frequency: 


Using  an  appropriate  eigenvector  similarity  transfor¬ 
mation,  the  random  transfer  matrix  is  put  it  in  Cayley 
form,  Heie 

e‘*  1 

1  e- 


which  is  the  result  usually  found  in  the  physics  litera¬ 
ture  and  is  derived  through  much  more  torturous  methods 
than  are  used  here.  The  theoretical  result  of  Equation  12 
is  plotted  in  Figure  4  for  the  passband  of  the  underlying 
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Figure  4.  Localization  factor  for  mus-spring  system. 
Masses  disordered,  with  <  Mj  >=  1  and  oj  =  .333  x  10"'*. 
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perfectly  periodic  stmcture.  Localization  would  provide 
only  a  small  amount  of  added  attenuation  to  that  already 
occurring  in  the  stopband. 

A  Monte  Carlo  simulation  was  made  of  the  disordered 
mass-spring  system  using  200  random  transfer  matrices. 
The  random  nondimensional  mass,  /ly,  had  a  uniform 
probability  density  function  with  width  of  .02  centered 
around  <  fi,  >=  1.  As  a  result,  <r*  =  .333  x  10“^.  Monte 
Carlo  results  are  also  shown  in  Figure  4.  Notice  how  well 
the  Monte  Carlo  simulation  tracks  the  theoretical  result. 
The  plo*  will  be  raised  or  lowered  depending  on  whether 
the  disorder  is  greater  or  smaller  as  reflected  in  the  nondi¬ 
mensional  mass  variance. 

Clearly  the  maximum  attenuation  occurs  as  we  ap¬ 
proach  the  nominal  stopband.  At  u  =:  1.90,  for  example, 
where  7  =  .1654  x  10“*  a  wave  will  have  decayed  by  a 
factor  of  .44  after  500  bays  even  though  no  damping  is 
present.  A  modal  amplitude  for  a  normal  mode  at  that 
frequency  would  be  confined  to  an  exponential  envelope 
governed  bj  7  =  .1654  x  10”’.  The  localization  effect 
is  obviously  less  pronounced  at  lower  frequencies,  but  is 
nonetheless  present. 

The  attenuation  caused  by  the  disorder  is  unlike  that 
of  dissipation.  Here  localization  prevents  the  wave  from 
traveling  along  the  structure,  unlike  the  case  for  a  per¬ 
fectly  periodic  system,  where  the  wave  would  travel  with¬ 
out  attenuation.  Localization  tends  to  confine  the  wave 
near  its  point  of  origin,  where  it  is  eventually  dissipated  by 
the  damping  that  inevitably  exists  in  all  real  structures. 


6  Localization  Effects  for  a  Rod 
with  Disordered  Resonators 


In  this  section  we  investigate  localization  factors  for  a 
model  proposed  by  von  Flotow  (18|  which  mimics  some  of 
the  important  behavior  of  a  truss  structure.  The  model  is 
a  longitudinal  wave  carrying  rod  with  attached  resonators 
that  represent  the  vibrating  cross-members  present  in  a 
real  truss  structure.  The  model  and  relevant  properties 
are  shown  in  Figure  5. 


■iUX0 


k,  m 
•xxju* 


uU$ 


E,A,p 


where 

c  =  cosnQ 
s  =  t3in?rw 


S  s  iirQ 


where  the  nondimenaion&l  transfer  function  of  the  at¬ 
tached  resonator  is: 


-1 


and  where  the  nondimensional  frequency,  stiffness  and 
mass  are: 

TT 


k.= 


EA 


m 

The  transfer  matrix  models  a  bay  extending  across  a 
length  of  rod,  across  a  resonator,  and  then  across  smother 
length  of  rod. 


Here  the  attached  mass  is  randomized  so  that  M; 
comes  a  nondimensional  random  variable  and  n  =  <  m  > 
A  discussion  of  the  dynamic  characteristics  of  the  per¬ 
fectly  periodic  structure  can  be  found  in  [18].  The  wave 
number  k  for  the  passbands  of  the  perfectly  periodic  struc¬ 
ture  is  determined  by 

.  Sa 

cos  *  =  e  -h  — 

23 


By  applying  the  transformation: 


X  = 


is'ink  -is'ink 

Ss  +  (H(l  +  c))/{2)  Ss^{H(l  +  c))/{2) 


and 


X'* 


(-«)/(2sinfc)  (23s  + /f(l  +  c))”’ 
(i)/(2sink)  (23s  +  .ff(l -t- c))”* 


the  transfer  matrix  in  Cayley  form  is  obtained: 


e'*(l  -  id,)  iSj 

-iSj  e”'*(l  +  id,) 


where 


(sin  rru))^Hj 
2  (sin  k)nO 


and 


A^,  =  (r  - 

k.  W’7r’/iy 


)-_(i-_L_ 

'it, 


Figure  5.  Rod  carrying  longitudinal  waves  with  attached 
resonators. 


The  transfer  equation  for  the  perfectly  periodic  model 
is; 


c  — 


i  _ 

I  ii* 

21 


u, 

N, 


(13) 


Again  our  attention  focuses  on  the  (1,1)  term,  which  is 
the  reciprocal  of  the  trtmsmission  coefficient  for  one  bay. 
Applying  Equation  11  ,  the  localization  factor  for  a  rod 
with  attached  resonators  having  disordered  masses  is: 

(sin’  7rw)ffJ 

8(sin’  fc)(xw)V*((V*'.)  -  (l/w’^r’^))" 
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This  locslisstion  fsctor  is  plotted  for  the  first  four 
psssbsnds  of  the  system  in  Figure  6.  For  this  plot  k,  =  -S 
and  My  ia  random  with  a  uniform  probability  density  func* 
tion  of  width  .02  centered  around  <  My  >=  .2.  This  im> 
plies  tliat  cr’  =  .333  x  10~^.  A  little  thought  reveals  that 
at  low  frequency  the  localisation  factor  will  go  as  Q*. 

These  results  were  confirmed  with  a  Monte  Cailo  sim¬ 
ulation  of  200  bays  with  probability  density  mentioned 
above.  The  Monte  Carlo  results  are  also  shown  in  Figure 

6  and  these  results  track  the  theoretical  calculations  quite 
well. 

Clearly  the  maximum  attenuation  exists  around  the 
fint  stopband.  This  stopband  occurs  around  w  = 
( ^ /x,  the  frequency  at  which  the  average  attached  res¬ 
onator  vibrater.  Note  that  a  wave  near  the  first  stopband 
at  (IS  =  .45  will  have  decayed  by  a  factor  of  .25  after  200 
bays  even  no  though  damping  is  present.  The  localization 
effects  diminish  substantially  in  the  higher  passbands. 

7  Localization  in  Multiwave  Sys¬ 
tems 

When  a  periodic  structure  is  modeled  with  a  transfer 
matrix  of  size  2n  x  2n  with  n  >  1,  the  structure  will 
carry  n  pairs  of  waves.  Fewer  results  are  available  on 
localization  effects  in  such  multiwave  disordered  periodic 
structures. 


Recent  work  by  Richard  [22|  on  multiwave  solid  state 
systems  has  used  the  theorem  of  Oseledets[d,ll|.  To  use 
Oseledets’  theorem,  we  assume  that  the  transfer  matrices 
are  independent  and  identically  distributed  and  that  they 
are  symplectic.  A  matrix  T  is  symplectic  if  T^JT  =  J 
where: 


The  symplectic  property  also  implies  that  the  eigenvalues 
of  T  will  occur  in  reciprocal  pairs. 

The  theorem  of  Oseledets  tells  us  that 

_liml(T„...T,)^(T„. 

where  B  is  a  random  matrix,  whose  eigenvalues  are  non- 
random.  The  spectrum  of  B  is: 

■ 

where  -yj  >  . . .  > 

The  eigenvalues  physically  represent  u  pairs  of  waves 
traveling  in  both  directions.  The  theorem  of  Fursten- 
berg  allowu  us  to  calculate  71.  However,  in  this  multi¬ 
wave  ease  with  ~f„  <  7i,  7„  represents  the  wave  with  the 
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Figure  6.  Localization  factor  for  rod  with  attached  res¬ 
onators.  Masses  disordered,  with  <  My  >=  .2,  oj  = 
.333  X  lO-"  and  k.  =  .5. 
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least  amount  of  decay  and  thus  it  carries  energy  along  the 
structure  farther  than  the  wave  represented  by  7i.  Thus 
7n  is  the  quantity  of  interest  when  calculating  multiwave 
localisation  effects.  What  analog  tc  is  represented 
by  7„  is  not  clear,  though  Anderson  [23|has  speculated 
about  this  point. 

Clearly  the  study  of  localization  effects  in  multiwave 
systems  is  a  fruitful  area  of  research.  The  best  guidance 
for  such  work  will  probably  come  from  [23,22,10|. 


8  Conclusions 

Disruption  in  the  regularity  of  periodic  structures  can 
have  some  dramatic  structural  dynamic  consequences. 
Normal  mode  shapes  will  be  spatially  localized  and  travel¬ 
ing  waves  will  be  attenuated  in  all  frequency  bands,  even 
in  the  pasabands  of  the  perfectly  periodic  counterpart. 
In  this  paper  we  have  seen  how  these  localization  effects 
for  disordered  periodic  structures  carrying  a  single  pair  of 
waves  ctin  be  calculated. 

We  have  reviewed  some  of  the  work  of  physicists  and 
engineers  on  the  localization  phenomenon.  Only  a  few 
researchers  have  taken  advantage  of  limit  theorems  for 
products  of  random  matrices  to  calculate  localization  ef¬ 
fects  as  has  been  done  here. 

We  used  the  underlying  wave  mechanics  of  these  sys¬ 
tems  to  facilitate  localization  calculations.  In  particular, 
a  random  matrix  product  modeling  a  disordered  periodic 
system  can  be  transformed  to  a  wave  transmission  matrix 
after  which  it  is  easy  to  show  that  the  locaiization  factor 
7  =  limAf_oo  Furstenberg’s  limit  theorem  for  ran¬ 

dom  matrix  products  was  exploited  to  Uate  a  formula  for 
the  localization  factor  ;ood  to  order  of  ti'.e  variance  of  the 
disordered  parameter. 

Locaiization  calculations  were  then  demonstrated  on  a 
mass-spring  system  with  disordered  masses  and  on  a  rod 
in  longitudinal  compression  with  disordered  resonators. 
In  both  cases  the  theoretical  results  were  confirmed  with 
Monte  Carlo  simulations. 

The  multiwave  localization  problem  was  briefly  men¬ 
tioned  with  some  lines  of  research  pointed  out. 

Future  papers  will  examine  beams  with  rtmdomized 
lengths  between  supports  for  which  localization  effects 
tend  to  be  quite  pronounced  at  high  fiequency.  Periodic 
structures  with  several  parameters  simultaneously  disor¬ 
dered  will  also  be  discussed. 
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ABSTRACT 

Disorder  in  periodic  structures  is  known  to  cause  spatial  localization  of  normal 
modes  and  attenuation  of  waves  in  all  frequency  bands.  This  thesis  uses  a  traveling 
wave  perspective  to  investigate  these  effects  on  one-dimensional  periodic  structures  of 
interest  to  the  engineer.  Relevant  work  in  the  fields  of  solid  slate  physics,  mathemat¬ 
ics  and  engineering  is  reviewed.  A  transfer  matrix  formalism  including  wave  transfer 
matrices  is  used  to  model  disordered  periodic  structures.  A  limit  theorem  of  Fursten- 
berg  for  products  of  random  matrices  is  exploited  to  calculate  localization  effects  as 
a  function  of  frequency.  The  approach  presented  is  applicable  to  virtually  any  disor¬ 
dered  periodic  system  carrying  a  single  pair  of  waves.  Localization  is  studied  on  three 
disordered  periodic  systems  using  both  theoretical  calculations  and  Monte  Carlo  simu¬ 
lations.  Localization  is  found  to  be  quite  pronounced  at  frequencies  near  the  stopbands 
of  the  perfectly  periodic  counterparts.  The  problem  of  localization  in  one-dimensional 
systems  carrying  a  multiplicity  of  wave  types  is  examined  using  the  theorem  of  Os- 
eledets  on  products  of  random  matrices.  A  new  result  is  presented  -  the  multiwave 
localization  factor  as  a  function  of  the  transmission  properties  of  the  system. 
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Chapter  1 


Introduction 


1.1  Introduction  to  Localization 

This  thesis  describes  some  of  the  dynamic  consequences  of  disorder  in  what  are 
normally  spatially  periodic  structures.  Periodic  structures  are  frequently  encountered 
in  many  fields  of  engineering  emd  physics.  Periodic  electromagnetic  waveguides,  crys¬ 
talline  structures  and  periodic  truss  structures  are  some  examples  that  come  to  mind. 

The  periodic  structures  examined  here  are  systems  having  repetitive  bays  along 
one  linear  dimension.  Those  of  interest  to  the  structural  dynsunicist  include  beams  on 
evenly  spaced  supports,  the  skin-stringer  panels  found  in  airplane  fuselages  and  truss 
beams  that  will  form  the  support  structure  of  the  space  station.  See  Figure  1.1. 

The  dynamics  of  perfectly  periodic  systems  have  special  characteristics.  Most  no¬ 
tably  they  are  characterized  by  frequency  bands  that  alternately  pass  and  stop  traveling 
waves  (assuming  no  damping)  with  the  natural  frequencies  of  the  structure  lying  within 
the  passbands.  See  Figure  1.2  In  addition,  the  normal  mode  shapes  of  periodic  struc¬ 
tures  are  themselves  periodic.  See  Figure  1.3. 
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Figure  1.2:  Alternating  pass  and  stopbands  of  a  perfectly  periodic  structure.  The 
attenuation  coefficient,  oc,  represents  the  decay  per  bay 
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Figure  1.3:  Mode  of  a  perfectly  periodic  structure  from  [Hodges  and  Woodhouse  83] 

Because  of  manufacturing  or  assembly  defects,  no  structure  will  be  perfectly  peri¬ 
odic.  Disorder  can  occur  in  the  length  of  bays  and  in  the  material  and  mass  properties 
of  the  structure.  The  disorder  is  assumed  to  be  distributed  among  all  the  bays  and  not 
confined  to  just  a  few.  Recently,  [Hodges  82,Hodges  and  Woodhouse  83]  demonstrated 
with  simple  examples  that  this  disorder  in  periodicity  can  have  some  amazing  conse¬ 
quences.  Disruption  in  the  periodicity  will  lead  to  attenuation  of  waves  in  all  frequency 
bands  independent  of  any  dissipation  in  the  system!  See  Figure  1.4  This  is  a  result  of 
the  multiple  scattering  effects  from  the  randomized  bays.  Equivalently,  each  normal 
mode,  whose  amplitude  is  periodic  along  the  length  of  a  perfectly  periodic  structure, 
will  have  its  amplitude  spatially  localized  in  the  disordered  counterpart.  See  Figure 
1.5. 

This  localized  behavior  of  the  mode  shapes,  or  equivalently  the  attenuation  of  all 
the  traveling  waves,  means  that  energy  injected  into  one  end  of  a  disordered  structure 
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will  not  b«  able  to  propagate  arbitrarily  far,  but  will  be  confined  to  the  region  near 
the  input.  Because  such  behavior  can  impact  disturbance  propagation  in  and  control 
of  structures,  as  well  as  complicate  schemes  to  identify  the  dynamic  characteristics  of 
a  system,  engineers  should  be  aware  of  the  localisation  phenomenon. 

A  simple  example  from  [Hodges  82]  will  intuitively  illustrate  the  localisation  phe¬ 
nomenon.  Consider  an  infinite  chain  of  equivalent  pendula  with  nearest  neighbors 
connected  by  identical  springs.  This  is  an  example  of  a  perfectly  periodic  structure 
and  so  its  mode  shapes  will  be  periodic.  Now  consider  disordering  this  system  by  re¬ 
placing  each  pendulum  by  one  with  a  random  length.  In  this  way  the  natural  frequency 
of  each  pendulum  is  random,  and  so  we  no  longer  have  a  perfectly  periodic  s}rstem. 
First  assume  that  the  spring  constant  between  each  pendulum  is  sero,  so  that  each 
pendulum  vibrates  independently.  This  is  a  trivial  example  of  mode  localisation.  Now 
consider  adding  a  tiny  amount  of  the  same  spring  constant  between  each  pendulum. 
In  this  case  each  pendulum  will  vibrate  at  a  frequency  different  from  its  neighbor,  and, 
with  the  spring  stiffness  being  so  small,  its  amplitude  will  not  couple  significantly  with 
its  neighbor,  Indeed,  if  there  is  only  a  small  probability  of  encountering  within  a  short 
distance  a  pendulum  with  the  same  natural  frequency  as  the  one  under  consideration, 
we  can  understand  how  the  vibrational  amplitude  of  this  pendulum  will  be  localized. 

Though  the  appellation  "localization’*  comes  from  the  fact  that  normal  modes  are 
spatially  localized,  we  will  be  studying  the  phenomenon  from  a  traveling  wave  per¬ 
spective.  Very  few  analytical  results  are  available  dealing  directly  with  normal  modes 
in  disordered  systems.  Our  approach  is  consistent  with  that  in  the  field  of  solid  state 
physics,  where  the  phenomenon  was  originally  discovered. 

The  localization  phenomenon  makes  for  a  particularly  attractive  field  of  study.  From 
the  perspective  of  structural  dynamics  this  is  true  because  it  seems  to  mimifest  itself 
as  a  damping  mechanism  even  though  vanishingly  small  damping  may  be  present.  The 
study  of  localization  is  frequently  referred  to  as  one  of  great  mathematical  richness 
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and  subtlety  and  this  has  made  for  a  challenging  course  of  research,  especially  as  we 
have  made  use  of  the  mathematics  for  products  of  random  matrices.  The  fact  that 
the  localisation  phenomenon  has  been  studied  for  many  years  by  solid  state  physicists 
allows  us  to  borrow  the  insights  and  avoid  the  mistakes  from  their  analogous  work. 
In  addition,  any  new  results  generated  by  this  research  have  immediate  applicabil¬ 
ity  to  virtually  any  disordered  periodic  system,  even  outside  the  structural  dynam¬ 
ics  Finally,  connections  between  localisation  theory  and  the  rapidly  developing 
fields  of  fractals  [Rubin  84],  chaos  [Ikeda  and  Matsumoto  86]  and  superconductivity 
[Lee  and  Ramakrishnan  85]  have  been  noted. 


1.2  History  of  Localization  Studies 


The  study  of  the  localisation  phenomenon  has  a  colorful  history  spanning  three 
decades,  with  major  contributions  from  researchers  in  the  United  States,  United  King¬ 
dom,  Japan,  France  and  the  Soviet  Union  in  the  fields  of  solid  state  physics,  mathe¬ 
matics  and  only  lately  in  engineering.  In  this  section  we  review  some  of  that  history  in 
order  that  we  can  place  the  contribution  of  this  thesis  in  proper  context. 


1.2.1  Solid  State  Physics,  Mathematics  and  the  Localization 
Phenomenon 

Two  notable  papers  in  tl.e  1950 ’s  [Dyson  53,Schmidt  57]  explored  the  effects  of 
disorder  on  the  eigenvalues  of  an  infinite  mass-spring  chain  in  one  linear  dimension. 
Though  they  did  not  examine  the  effects  of  disorder  on  the  eigenvectors  or  on  wave 
propagation,  some  of  their  results  help  explain  the  mathematics  of  wave  transmission 
in  such  randomised  systems. 
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The  scientist  to  first  describe  eigensUte  tocelisetion  wss  solid  sUte  physicist  Philip 
W.  Anderson,  whose  1958  paper  (Anderson  58]  showed  that  an  electron  in  a  three- 
dimensional  disordered  lattice  of  infinite  extent  had  a  finite  probability  of  not  being 
transported  from  its  original  site  as  time  tended  to  infinity.  In  honor  of  his  original 
contribution,  the  phenomenon  is  sometimes  called  Anderson  localization.  Localisation 
was  at  first  not  well  understood  or  even  believed  by  many  people.  But  through  the 
efforts  of  researchers  like  (Mott  and  Twose  61]  it  gained  acceptance  in  the  solid  state 
physics  community.  Meanwhile  (Borland  63]  examined  the  one-dimensional  localisa¬ 
tion  problem  from  a  nonrigorous  probabilistic  perspective  and  (Dean  and  Bacon  63] 
did  numerical  simulations  of  disordered  mass-spring  chains  of  finite  length  showing 
that  eigenmode  localisation  was  much  more  pronounced  at  high  frequency  than  at 
low  frequency.  The  solid  state  physics  literature  on  localisation  has  become  quite  ex¬ 
tensive  over  the  years  and  much  of  it  is  not  relevant  to  this  thesis.  The  reader  is 
referred  to  (Ziman  79, Erdos  and  Herndon  82, Lee  and  Ramakrishnan  85]  for  extensive 
bibliographies  relevant  to  that  field.  The  remainder  of  this  review  will  encompass  those 
physics,  mathematics  and  engineering  papers  that  have  had  some  impact  on  the  thesis. 

The  pioneering  work  of  (Furstenberg  63]  on  products  of  random  matrices  has  pro¬ 
vided  rigorous  results  that  have  immediate  applicability  to  the  one-dimensional  local¬ 
isation  problem.  This  is  so  because  each  bay  of  a  disordered  periodic  structure  can 
be  modeled  with  a  random  transfer  matrix,  and,  as  a  result,  the  entire  structure  can 
be  modeled  with  a  product  of  random  matrices.  The  researchers  (McCoy  and  Wu  68] 
were  apparently  the  first  to  recognise  the  importance  of  Furstenberg's  therorem  to 
disordered  physical  systems  when  they  studied  random  Ising  models  of  ferromagnetic 
systems.  However,  (Matsuda  and  Ishii  70]  and  (bhii  73]  were  the  first  to  bring  Fursten- 
berg’s  work  to  bear  on  the  localisation  problem.  They  carefully  related  Furstenberg’s 
results  to  eigenmode  localisation  and  wave  propagation  in  disordered  chains  and  some 
simple  quantum  mechanical  models. 

In  (Oseledets  68]  a  Russian  mathematician  proved  a  multiplicative  ergodic  theorem 
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that  has  enhanced  our  understanding  of  the  asymptotic  behavior  of  products  of  random 
matrices.  This  theorem  has  important  applications  to  the  study  of  the  localization  phe- 
nonmenon  in  systems  carrying  a  multiplicity  of  wave  types  at  a  given  frequency.  Lately, 
[Pichard  and  Sarma  81-1],  (Pichard  and  Sarma  81-2]  and  [Pichard  and  Andr4  86]  have 
examined  localization  in  solid  state  multiwave  systems.  In  analyzing  these  systems  they 
have  exploited  the  work  of  Oseledets  on  products  of  random  matrices.  Mathematicians 
have  taken  renewed  interest  in  the  theory  of  products  of  random  matrices  as  indicated 
by  twr  •p'-'int  publications,  [Bougerol  and  Lacroix  85,AMS  86]. 

The  work  of  [Herbert  and  Jones  7l,Thouless  72]  provides  another  perspective  as  far 
as  the  calculation  of  localization  effects  are  concerned.  They  derived  a  formula  for  the 
localization  factor  (defined  below)  which  is  a  function  of  the  spectrum  of  the  disordered 
system.  Their  approach  is  nearly  as  rigorous  zus  that  using  products  of  random  matrices. 

In  1977  when  Anderson  and  Mott  (and  Van  Vleck)  were  awarded  the  Nobel  Prize 
in  physics,  they  were  cited  in  part  for  their  work  on  localization.  In  his  speech  in 
Stockholm,  Anderson  [Anderson  78]  made  the  following  comment: 

Localization  ...has  yet  to  receive  adequate  mathematical  treatment,  and 
one  has  to  resort  to  the  indignity  of  numerical  simulations  to  settle  even 
the  simplest  questions  about  it. 

While  it  is  still  true  that  we  must  use  numerical  simulations  to  confirm  our  i  nalyticai 
insights  about  localization,  we  will  argue  in  this  thesis  that  mathematical  tools  are 
available  which  allow  us  to  answer  some  very  important  questions  about  localization 
in  one-dimensional  systems. 

Despite  r.  Nobel  Prize,  [Czycholl  and  Kramer  79]  raised  serious  questions  with  their 
numerical  work  about  even  the  existence  of  localization  in  one-dimensional  systems. 
This  prompted  [Anderson  et  al  80]  to  do  some  fundamental  work  on  the  localization 
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problem  in  one  dimension.  They  derived  what  they  called  a  scaling  variable  for  one¬ 
dimensional  disordered  systems  carrying  a  single  pair  of  waves.  This  variable,  involving 
In  where  t  is  the  transmission  coefficient  for  a  bay,  was  argued  to  be  the  statisti¬ 
cally  meaningful  quantity  to  average  when  examining  one-dimensional  random  sys¬ 
tems.  They  also  argued  that  the  variable  satisfied  a  central  limit  theorem.  Earlier 
[0’Con»''>r  75]  had  made  an  important  contribution  toward  establishing  a  central  limit 
theorem  for  disordered  periodic  systems.  Subsequently  [Abrahams  and  Stephen  80], 
[Andereck  and  Abrahams  80]  and  [Stone  83]  provided  numerical  evidence  to  support 
the  central  limit  theorem  ideas  of  [Anderson  et  al  80].  Apparently  [Le  Page  82]  has 
provided  the  definitive  mathematical  work  supporting  a  central  limit  theorem  con¬ 
tention. 


1.2.2  Structural  Dynamic  and  Acoustical  Applications  of  Lo¬ 
calization  Theory 

Solid  state  physicist  C.  H.  Hodges  [Hodges  82]  was  the  first  to  recognize  the  rele¬ 
vance  of  localization  theory  to  disordered  periodic  systems  of  interest  to  the  structural 
dynamicist.  He  used  wave  arguments  to  calculate  localization  effects  at  high  frequency 
for  a  beam  on  randomly  spaced  supports.  His  work  raised  the  possibility  that  disorder 
could  have  a  dramatic  impact  on  the  dynamics  of  what  are  normally  spatially  periodic 
structures.  Unfortunately,  his  analysis  provided  little  indication  of  how  localization  ef¬ 
fects  varied  with  frequency,  and  his  techniques  were  not  applicable  to  a  broad  range  of 
periodic  structures.  Both  the  insights  and  shortcomings  of  his  work  motivated  research 
leading  to  this  thesis. 

^The  precise  scaling  variable  they  used  was  In  which  is  simply  —2  In  jtj.  They  ubc  the  term  scaling 
variable  in  the  sense  that  the  mean  value  of  the  variable  for  two  bays  is  the  sum  of  the  mean  values  of 
the  variable  for  each  bay  individually.  Also  the  variance  of  this  variable  scales  at  least  according  to  a 
weak  law  of  large  numbers. 
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In  a  later  paper  [Hodges  and  Woodhouse  83]  attempted  tc  apply  the  work  of 
[Herbert  and  Jones  71,Thouless  72]  to  estimate  localization  effects  in  two  passbands 
for  a  taut  wire  with  unevenly  spaced  masses.  They  also  conducted  an  ex]>eriment  on 
the  wire-mass  system  which  qualitatively  confirmed  the  localization  effects. 

More  recently  [Bendiksen  86,Bendiksen  and  Valero  87, Cornwell  and  Bendiksen  87] 
have  examined  mode  localization  in  closed  disordered  periodic  structures,  like  compres¬ 
sor  rotors  and  dish  antennas.  These  closed  systems  are  not  mathematically  equivalent 
to  the  linear  one-dimensional  structures  under  consideration  here.  [Pierre  et  al  86]  and 
[Pierre  87, Pierre  and  Dowell  87]  have  also  examined  localization,  but  only  with  the  aid 
of  deterministically  disordered  systems  with  as  few  2is  three  bays.  None  of  the  engi¬ 
neering  papers  so  far  provided  analytical  calculations  for  localization  effects  over  any 
significant  frequency  range.  This  thesis  and  [Kissel  87]  are  the  first  publications  to 
calculate  frequency  dependent  localization  factors  for  disordered  periodic  systems  of 
interest  to  the  structural  dynamicist. 

The  most  rigorous  examination  of  localization  in  an  acoustical  setting  has  been  that 
by  [Baluni  and  Willemsen  85].  They  effectively  used  Furstenberg’s  work  to  calculate 
frequency  dependent  localization  effects;  however,  their  application  was  for  layers  of 
sandstone  and  shale  with  random  thicknesses.  The  paper  [Sheng  et  al  86]  also  examined 
localization  with  geophysical  applications  in  mind. 

Recently,  more  solid  state  physicists  [Anderson  85,Flesia  et  al  87]  have  recognized 
that  localization  manifests  itself  in  acoustical  and  optical  systems.  They  append  the 
term  “classical  localization”  to  the  phenomenon  when  it  occurs  outside  the  context  of 
quantum  mechanics. 


1.3  Goals,  Approach  and  Contribution  of  Thesis 


The  ultimate  goal  of  this  research  is  to  provide  the  analyst  and  experimentalist  with 
the  tools  to  decide  (given  some  engineering  judgement  of  the  disorder)  how  significant 
the  dynamiv,  tffects  of  disorder  will  be  on  a  periodic  structure  as  a  function  of  frequency 
and  the  properties  of  the  structure.  This  thesis  is  a  major  step  toward  the  goal  of  pro¬ 
viding  tools  to  rigorously  examine  the  localization  phenomenon  in  one-dimensional  dis¬ 
ordered  periodic  structures.  We  present  the  tools  for  mono-coupled  disordered  periodic 
structures  (structures  in  which  one  bay  is  connected  to  its  neighboring  bays  through 
one  coupling  coordinate]  to  calculate,  analytically  r.nd  numerically;  localization  effects 
over  a  wide  frequency  range  at  moderate  levels  of  disorder.  In  addition,  an  important 
new  tool  is  presented  here  to  guide  localization  work  on  multiwave  systems. 

The  approach  of  the  thesis  is  probabilistic,  as  opposed  to  thi^  deterministic  analysis 
of  [Bansal  80,Pierre  and  Dowell  87].  The  methods  of  probability  theory  allow  us  to 
model  our  uncertainty  in  a  way  that  yields  meaningful  answers.  This  is  particularly 
true  when  we  make  use  of  theory  on  products  of  random  matrices,  which  puts  us  on  a 
firm  mathematical  footing. 

What  had  the  most  profound  impact  on  the  direction  of  the  research  was  the  obser¬ 
vation  of  confusion  about  localization  in  the  late  1970’s  in  one-dimensional  disordered 
systems.  In  this  instance  the  confusion  could  have  been  avoided  had  more  researchers 
availed  themselves  of  the  appropriate  mathematical  tools.  The  very  important  obser¬ 
vation  about  the  In  |t|  being  the  key  statistical  variable  in  the  study  of  localization  can 
be  easily  deduced  in  a  few  algebraic  steps  by  making  use  of  wave  transfer  matrices  and 
Furstenberg’s  theorem.  This  is  explained  in  Chapter '3. 

It  is  the  philosophy  of  this  thesis  that  the  transfer  matrix  formalism  accompanied 
by  the  appropriate  theories  on  products  of  random  matrices  can  lead  to  a  better  under¬ 
standing  of  the  localization  phenomenon.  This  philosophy  has  been  needlessly  neglected 
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in  most  of  the  theoretical  localization  literature  to  date.  The  reason  that  theorems  on 
products  of  random  matrices  have  generally  received  scant  attention  from  physicists 
working  on  localization  is  that  they  have  relied  on  their  own  heuristic  techniques,  and 
that  they  have  been  more  interested  in  two-  and  three-dimensional  systems,  which 
cannot  be  as  easily  handled  with  transfer  matrices. 

The  first  principal  contribution  of  the  thesis  is  the  explanation  of  how  random  trans¬ 
fer  matrix  techniques  can  be  used  to  model  disordered  systems,  deduce  transmission 
properties  and  calculate  localization  effects.  This  includes  a  discussion  of  the  impor¬ 
tant  transformation  to  wave  transfer  matrix  form  and  the  relevance  of  the  theorems  of 
Furstenberg  and  Oseledets  to  the  one-dimensional  localization  problem. 

The  second  principal  contribution  is  the  calculation  of  localization  effects  as  a  func¬ 
tion  of  frequency  for  three  disordered  periodic  models  of  interest  to  the  structural 
dynamicist.  In  most  instances  the  localization  effects  are  found  to  be  strongest  at  fre¬ 
quencies  near  the  stopbands  of  the  normally  perfectly  periodic  structures.  Localization 
effects  are  also  pronounced  when  the  length  of  a  bay  is  disordered. 

The  third  principal  contribution  is  the  derivation  of  the  localization  factor  for  mul- 
tiwave  one-dimensional  systems  as  a  function  of  the  transmission  matrix.  This  at  leist 
allows  a  rigorous  treatment  of  localization  in  multiwave  systems.  Because  transfer 
matrix  methods  can  be  used  to  model  almost  any  disordered  periodic  system  in  one 
dimension,  including  systems  of  interest  to  the  solid  state  physicist,  the  results  here 
will  be  of  interest  outside  the  engineering  field  as  well. 

In  addition  to  these  principal  contributions,  we  will  note  in  the  body  of  the  thesis  in¬ 
stances  where  previously  published  results  are  extend&d  and  where  mistaken  approaches 
and  conclusions  exist  in  the  literature. 
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1.4  Preview  of  Thesis 


Before  studying  the  effects  of  disorder  on  periodic  structures,  Chapter  2  presents 
a  brief  discussion  of  the  modeling  and  dynamics  of  perfectly  periodic  structures.  Here 
the  transfer  matrix  formalism  is  introduced  and  the  important  passband  and  stopband 
property  is  discussed.  The  modeling  of  disordered  periodic  structures  is  next  presented 
and  the  very  important  wave  transfer  form  of  the  transfer  matrix  is  introduced. 

This  serves  as  a  prelude  to  Chapter  3  in  which  we  discuss  Furstenberg’s  theorem 
on  products  of  random  matrices.  This  is  the  tool  used  to  study  localization  for  mono- 
coupled  periodic  structures.  With  Furstenberg’s  theorem  in  hand,  we  are  able  to  deduce 
the  asymptotic  behavior  of  the  transmission  coefficient,  r„,  of  the  n  bay  disordered 
periodic  structure.  We  will  show  that  the  wave  intensity,  decays  as  c"'’",  where 
')  is  the  localization  factor.  We  are  also  able,  using  the  same  theorem,  to  estimate 
the  localization  factor  as  a  function  of  the  level  of  disorder,  frequency  and  physical 
properties  of  the  system. 

This  theory  is  demonstrated  on  three  examples  in  Chapter  4.  The  first  and  sim¬ 
plest  exsunple  is  a  lineu  chain  of  springs  and  masses.  Initially  only  the  masses  are 
disordered  and  then  only  the  springs,  followed  by  masses  and  springs  disordered  si¬ 
multaneously.  All  calculations  are  confirmed  by  Monte  Carlo  simulations.  Similarly, 
a  rod  with  attached  resonators  is  studied.  First  the  masses,  springs  and  lengths  are 
disordered  individually,  after  which  all  three  variables  are  disordered.  The  last  mono- 
coupled  example  is  a  Bernoulli-Euler  beam  on  simple  supports  with  random  lengths 
between  the  supports. 

t 

Most  real  structures  carry  more  than  a  single  pair  of  wave  types  at  a  given  fre¬ 
quency,  so  localization  in  these  multiwave  systems  should  be  investigated.  Unfortu¬ 
nately,  Furstenberg’s  theorem  will  be  of  little  use  for  investigating  localization  effects 
in  multiwave  structures;  however,  the  theorem  of  Oseledets  is  precisely  suited  to  mul- 
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tiwave  analysis.  In  Chapter  5,  after  discussing  Oseledets’  theorem,  we  present  a  new 
result  -  the  localization  factor  for  multiwave  systems  in  terms  of  the  transmission  ma¬ 
trix,  T.  The  significance  of  the  result  is  discussed,  and  an  analytical  technique  for 
calculating  the  localization  factor  for  multiwave  systems  is  suggested. 

Concluding  remarks  and  suggestions  for  future  research  are  made  in  Chapter  6. 

Several  appendices  are  included  and  are  referred  to  frequently  in  the  body  of  the  the¬ 
sis.  Appendix  A  discusses  some  definitions  and  properties  from  matrix  theory  and  group 
theory  used  in  the  thesis.  The  derivation  of  the  wave  transfer  matru.  for  mono-coupled 
systems  is  discussed  in  Appendix  B.  In  Appendix  C  the  modeling  of  a  mass-spring 
chain,  a  rod  with  attached  resonators  and  a  beam  on  simple  supports  is  discussed, 
both  when  they  are  periodic  and  when  they  are  disordered.  A  simple  method  to  calcu¬ 
late  localization  factors,  not  depending  on  theories  for  products  of  random  matrices,  is 
discussed  in  Appendix  D.  In  the  final  appendix.  Appendix  E,  we  examine  some  prop¬ 
erties  of  scattering  and  wave  transfer  matrices  that  will  be  useful  in  Chapter  5.  The 
reader  should  at  least  scan  these  appendices  before  proceeding  with  the  rest  of  the 
thesis. 
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Chapter  2 


Transfer  Matrix  Models  of  Periodic 
and  Disordered  Periodic  Structures 

2.1  Introduction 

In  this  chapter  we  will  describe  the  nature  of  periodic  structures  of  interest  in  the 
thesis  and  iw  how  transfer  matrices  are  used  to  model  these  structures.  Some  of 
the  properties  of  periodic  structures  are  mentioned,  including  the  important  passband 
and  stopband  characteristic.  The  modeling  of  disordered  periodic  structures  via  a 
product  of  random  transfer  matrices  is  then  discussed,  along  with  the  very  important 
transformation  of  these  matrices  to  wave  transfer  form. 
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2.2  Perfectly  Periodic  Structures 


2.2.1  One-Dimensional  Periodic  Structures 

In  Chapter  1  we  described  the  kinds  of  periodic  structures  of  interest  in  the  thesis  as 
those  with  repetitive  bays  in  one  lineu  dimension.  These  identical  bays  are  connected  in 
identical  ways  to  form  what  is  intended  to  be  a  perfectly  periodic  structure.  Because  we 
are  looking  at  structures  in  a  linear  dimension,  our  discussion  excludes  closed  periodic 
structures  like  a  compressor  rotor  or  a  dish  antenna  which  can  be  modeled  as  one> 
dimensional  periodic  structures  [Bendiksen  86].  We  will  not  be  examining  periodic 
structures  in  two  or  three  dimensions  as  they  are  much  more  difficult  to  model  with 
transfer  matrices,  and,  in  addition,  the  localization  effects  are  understood  to  be  much 
less  pronounced  in  these  higher  dimensions  than  in  the  one-dimensional  case. 

2.2.2  Modeling  of  Perfectly  Periodic  Structures 

The  key  modeling  tool  used  throughout  the  thesis  is  the  transfer  matrix.  Each 
bay  of  the  periodic  structure  is  modeled  with  a  linear  transformation,  T,  which  relates 
a  state  vector  of  one  cross-section  to  the  state  vector  of  the  succeeding  cross-section, 
namely: 

Xy  =  TXy-i 

This  is  a  difference  equation,  where  the  matrix  T  can  be  thought  of  as  a  spatial  state 
transition  matrix  evaluated  between  the  points  j  and  j  —  1.  One  transfer  matrix  is 
associated  with  each  bay  in  the  structure.  The  state  vector  may  consist  of  generalized 
displacements  and  forces,  for  example,  or  it  might  consist  of  the  generalized  displace¬ 
ments  of  neighboring  bays.  The  transfer  matrix  can  be  found  by  manipulating  the 
dynamic  equations  of  motion  of  a  bay,  possibly  derived  with  the  finite  element  method. 
The  derivation  of  transfer  matrices  is  discussed  at  length  in  [Pestel  and  Leckie  63).  The 
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formul&tion  of  the  transfer  matrix  assumes  a  sinusoidal  time  dependence  in  the 
equations  of  motion.  No  damping^  is  included  in  the  models  so  that  the  effects  of 
disorder  can  later  be  highlighted. 

The  transfer  matrix  will  always  be  of  even  dimension,  as  will  the  state  vector.  For 
most  of  the  thesis  we  will  confine  our  discussion  to  bays  modeled  with  2x2  transfer 
matrices,  which  in  turn  means  each  state  vector  is  2  x  1.  These  structures  are  called 
mono-coupled  periodic  structures  because  each  bay  is  connected  to  its  neighboring  bays 
through  one  coupling  coordinate.  Mono-coupled  periodic  structures  carry  only  a  single 
pair  of  waves. 

Because  each  bay  is  identical,  the  state  vector  after  n  bays  is  simply  related 
[Faulkner  and  Hong  85]  to  the  state  vector  at  the  beginning  by 

x„  -  T^xo 

Because  we  are  raising  a  transfer  matrix  to  the  nth  power,  we  need  only  examine  the 
transfer  matrix  T  to  understand  the  dynamic  properties  of  the  periodic  structure. 

The  three  transfer  matrices  describing  the  three  example  periodic  structures  in  this 
thesis  can  be  found  in  Appendix  C.  These  structures  comprise  a  chain  of  springs  and 
masses,  a  rod  in  longitudinal  compression  with  attached  resonators  and  a  Bernoulli- 
Euler  beam  on  simple  supports. 


2.2.3  Properties  of  Perfectly  Periodic  Structures 

To  appreciate  the  consequences  of  disorder  in  periodic  structures  we  must  first  ex¬ 
amine  the  modal  and  wave  properties  of  periodic  structures  without  disorder.  There 
is  extensive  literature  on  perfectly  periodic  systems  and  the  reader  is  referred  to 

^The  analogous  assumption  in  the  solid  state  localisation  problem  is  to  neglect  inelastic  scattering 
mechanisms. 
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[Brillouin  46, Miles  56, Mead  70,Cremer  et  al  73,Mead  75-l,Elachi  76,EngeIs  80]  and 
[Faulkner  and  Hong  85,Mead  86).  The  literature  specifically  examining  periodic  sys¬ 
tems  carrying  a  multiplicity  of  wave  types  is  much  less  abundant,  [Mead  73],  [Mead  75-2], 
[Signorelli  87],  [Bernelli  et  al  87].  The  properties  we  are  examining  below  are  for  struc¬ 
tures  with  transfer  matrices  of  dimension  2x2. 

In  a  periodic  structure  the  vibrational  mode  shapes  are  themselves  periodic,  i.e., 
have  amplitude  equally  strong  along  any  section  of  the  structure.  As  we  will  see  shortly, 
the  natural  frequencies  at  which  these  modes  vibrate  tend  to  occur  in  clumps  along  the 
frequency  axis. 

Dual  to  the  modal  properties  of  the  structure  are  the  wave  properties.  Two  types 
of  waves,  traveling  waves  and  attenuating  waves,  occur  in  alternating  frequency  bands 
known  as  passbands  and  stopbands,  respectively.  In  the  passbands  waves  travel  accord¬ 
ing  to  e^'*,  where  k  is  the  real  wave  number  and  the  positive  sign  indicates  negative¬ 
going  waves  and  the  negative  sign  positive-going  waves.  The  wave  number  k  =  y  is  a 
spatial  frequency  which  refers  to  the  phase  difference  of  motions  in  adjacent  bays.  Here 
A  is  the  wavelength  and  k  varies  in  magnitude  from  0  to  tt  or  some  multiple  thereof.  In 
the  stopbands,  waves  propagate  according  to  e*“  or  The  real  exponent  a  im¬ 

plies  nontraveling  or  attenuating  waves.  The  a  -i-  tV  exponent  implies  adjacent  bays  vi¬ 
brating  out  of  phase  with  each  other,  in  addition  to  wave  attenuation.  Both  k  and  a  are 
functions  of  frequency.  Only  in  the  passbands  of  the  perfectly  periodic  mono-coupled 
structure  can  energy  be  transmitted  along  the  structure  [Mead  75-1].  Another  type  of 
wave  -  a  complex  traveling  wave  -  can  occur,  but  only  for  systems  modeled  by  transfer 
matrices  of  dimension  4  x  4  or  greater  [Mead  75-2,Signorelli  87,Bernelli  et  al  87]. 

The  frequency  ranges  of  passbands  for  mono-coupled  periodic  structures  can  be 
found  by  determining  those  frequencies  at  which  the  eigenvalues  of  its  transfer  matrix 
are  complex,  e^**.  By  examining  the  characteristic  equation  of  the  2x2  transfer  matrix 
T,  where  det(T)  =  1  because  we  have  assumed  no  damping,  we  readily  deduce  that 


33 


V 


ptssbands  occur  at  frequencies  where  |(r(T)|  <  2.  Otherwise,  the  eigenvalues  are  real, 
e**  or  and  we  are  in  a  stopband. 

This  paasband  and  stopband  property  is  characteristic  of  any  periodic  system, 
whether  it  be  an  electrical  network,  a  periodic  truss  structure,  a  layered  acoustic 
medium  or  a  periodic  potential  along  which  electrons  might  propagate.  It  is  important 
to  remember  that  in  the  frequency  ranges  of  the  passbanda  of  the  perfectly  periodic 
system  there  is  perfect  transmission  of  waves  and  energy. 

The  connection  between  the  wave  description  and  modal  description  for  a  finite 
structure  is  formally  made  with  the  phase  closure  principle  [Cremer  et  al  73,Mead  75-l] 
and  [Signorelli  87].  This  principle  says  that  at  a  natural  frequency,  the  total  phase 
change  of  a  wave  as  it  travels  backwards  and  forwards  once  through  the  entire  structure, 
including  the  phase  changes  at  the  boundaries,  is  an  integral  multiple  of  2ir.  The 
connection  between  this  wave  description  of  a  periodic  system  and  a  modal  description 
becomes  more  apparent  by  noting  that  the  natural  frequencies  of  the  periodic  structure 
lie  within  the  passbands.  For  a  periodic  structure  of  infinite  extent  an  infinite  number 
of  natural  frequencies  lie  densely  in  each  passband.  For  an  n  bay  periodic  structure, 
n  natural  frequencies  lie  within  each  passband.  (This  result  is  strictly  true  only  when 
each  bay  can  be  modeled  as  having  synunetry  of  mass  and  stiffness  about  its  midpoint. 
If  the  bay  is  unsymmetric,  one  frequency  will  occur  in  the  stopband  [Mead  75-1]). 

Another  property  of  mono-coupled  periodic  systems  to  note  is  the  order  in  which 
the  passbands  and  stopbands  occur.  For  periodic  systems  connected  to  the  ground,  a 
stopband  will  occur  first  as  a  function  of  frequency  followed  by  a  passband  after  which 
the  pattern  is  repeated.  This  makes  sense  because  clearly  the  low  frequency  motion 
is  constrained  by  the  connection  to  the  ground.  For  periodic  systems  not  connected 
to  the  ground,  this  pattern  is  reversed,  with  a  passband  occurring  first  followed  by  a 
stopband  and  so  on. 
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No  real  structure  will  have  an  infinite  number  of  bays,  but  frequently  a  structure 
with  a  finite  number  of  bays  can  mimic  quite  well  the  properties  of  an  infinite  structure, 
especially  if  it  is  long.  But  surprisingly,  (Roy  and  Plunkett  86]  note  good  agreement 
between  passband/stopband  properties  of  a  theoretically  infinite  dissipationless  beam 
with  attached  cantilevers  and  their  experimental  results  for  such  a  system  with  only  15 
cantilevers. 


2.3  Disordered  Periodic  Structures 

Now  that  we  have  described  the  kinds  of  periodic  structures  of  interest,  and  some 
properties  they  possess,  we  turn  our  attention  to  disordered  periodic  structures. 

2.3.1  Nature  of  the  Disorder 

The  term  diso:  er  refers  to  each  bay  of  the  structure  having  one  or  more  of  its 
properties  departing  in  a  random  fashion  from  the  average.  We  assume  here  that  the 
disorder  is  distributed  equally  among  all  the  bays  and  not  scattered  in  a  few.  (In  some 
literature  [Toda  66]  the  term  localization  refers  to  the  effect  of  disordering  two  well 
separated  bays  out  of  an  otherwise  perfectly  periodic  system.  We  are  taking  a  more 
general  definition  of  localization  which  encompasses  a  finite  to  an  infinite  number  of 
disordered  bays  without  any  intervening  perfectly  periodic  section  of  bays.)  With  this 
kind  of  disorder,  the  properties  of  the  bay  being  disordered,  whether  masses,  springs  or 
lengths,  can  be  modeled  as  independent  identically  distributed  random  variables.  Note 
here  that  we  do  not  model  continuously  disordered  systems  like  a  turbulent  atmosphere 
[Wensel  83]  or  a  beam  with  mass  that  is  a  random  function  of  length  [Howe  72] .  Rather, 
our  disorder  b  discrete  in  that  it  occurs  from  bay  to  ba-'. 

When  several  variables  of  a  bay  are  disordered  we  assume  that  the  random  variables 
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4r«  mutually  independent.  Because  the  randomness  for  any  variable  will  not  be  con* 
sidered  too  large,  we  will  make  use  of  ^narrow*  uniform  probability  density  functions 
from  which  to  draw  the  random  variables.  This  is  also  in  conformity  with  the  practice 
in  the  solid  state  localisation  literature. 

2.3.2  Modeling  of  Disordered  Periodic  Structures 

For  the  disordered  periodic  stiucture  we  will  contir.ue  to  use  the  transfer  matrix 
formalism  established  in  Section  2.2.2.  For  each  bay  now  the  transfer  matrix,  Ty,  is 
simply  a  function  of  one  or  more  random  variables,  T,(ai, . . .  ,0,).  See  Appendix  C 
for  the  random  transfer  matrices  of  our  three  periodic  structures.  Because  the  random 
variables  are  independent  and  identically  distributed,  so  also  are  the  random  transfer 
matrices. 

The  disordered  periodic  structure  with  n  bays  cannot  be  modeled  as  T",  but  is 
modeled  as  a  product  of  random  transfer  matrices: 

nT(  =  T.  -T. 

This  is  the  key  modeling  assumption  of  the  entire  thesis.  We  will  examine  one  important 
asymptotic  property  of  products  of  random  matrices  and  deduce  from  that  the  nature 
of  the  localization  phenomenon. 


3.3.2.1  Wave  Transfer  Matrix 

i 

Because  strong  wave  attenuation  already  occurs  in  the  stopbands,  our  focus  is  on  the 
cTects  of  disorder  in  the  passbands  of  the  normally  perfectly  periodic  structure.  Unlike 
the  case  for  the  perfectly  periodic  structure,  we  cannot  simultaneously  dragons  Use  each 
Tj  with  the  same  eigenvector  similarity  transformation.  However,  we  can  transform 
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each  random  transfer  matrix,  T,-,  forming  the  product  into  a  wave  transfer  matrix,  Wj 
seen  in  the  following  equation  (see  Appendix  B): 


Aj 

1 

-a 

_Ll  1 

Ai-i 

.  , 

1 

1 

»;  J 

(2.1) 


where  A  ia  the  amplitude  of  the  left  traveling  wave  and  B  is  the  amplitude  of  the  right 
traveling  wave. 


This  is  a  wave  transfer  matrix  for  one  random  bay  inserted  in  the  middle  of  an 
otherwise  perfectly  periodic  structure  cau'rying  a  pair  of  traveling  waves.  The  wave 
amplitudes  in  Equation  2.1  are  those  supported  by  the  periodic  system  surrounding 
the  disordered  bay.  The  transmission  coefficient,  tj,  is  the  complex  amplitude  of  a  wave 
emerging  from  the  right  of  this  random  bay  when  a  wave  of  amplitude  1  is  incident  at 
the  left.  The  reflection  coefficient,  r,,  is  the  complex  amplitude  of  the  reflected  wave 
when  a  wave  of  amplitude  1  is  incident  from  the  left.  Physically,  |t,|*  represents  the 
ratio  of  transmitted  energy  to  incident  energy,  and  |r;  |*  the  ratio  of  reflected  energy  to 
incident  energy.  Energy  conservation  implies  that  +  |r,|*  =  1. 

Some  readers  may  be  more  familiar  with  r,  and  tj  appearing  in  a  scattering  matrix. 
The  scattering  matrix  corresponding  to  Equation  2.1  appears  in  the  following  equation: 


Aj-i 

»■; 

■  -♦ 

Bj-i 

.  . 

»•;  . 

The  scattering  matrix  relates  w'ave  amplitudes  leaving  a  bay  (which  are  on  the  left  of 
the  equation)  to  those  entering  the  bay  (which  premultiply  the  scattering  matrix).  The 
disadvantage  in  using  the  scattering  matrix  to  analyze  a  disordered  periodic  system  is 
that  it  is  not  a  transfer  matrix.  This  means  that  the  scattering  matrix  for  two  or  more 
bays  cannot  be  realized  by  simple  multiplication  of  the  respective  scattering  matrices. 
The  scattering  matrix  for  two  or  more  bays  is  realized  through  a  complicated  “star 
product"  described  in  [Redhcffer  61]. 
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We  will  use  the  wave  transfer  matrix  precisely  because  it  is  a  transfer  matrix  and 
because  it  allows  us  to  model  disordered  periodic  structures  by  pure  matrix  multipli¬ 
cation.  So  the  wave  transfer  matrix  for  the  n  disordered  bays  is: 


nw, 

i=i 


A. 

Tn 

1 

L 

. 

where  is  the  transmission  coefficient  of  the  n  bay  disordered  system,  and  Pn  is 
the  reflection  coefficient  of  the  n  bay  disordered  system.  Here  lr„|®  is  the  ratio  of 
transmitted  energy  to  incident  energy  for  the  disordered  structure. 


2.3.2. 2  Properties  of  the  Wave  Transfer  Matrix 

The  wave  transfer  matrix  has  some  special  properties  that  will  be  exploited  to 
simplify  our  analysis  of  the  localization  phenomenon.  First,  because  we  will  always  use 
transfer  matrices  of  determinant  one  to  model  our  disordered  bays  (this  is  true  because 
no  dissipation  is  included  in  the  models),  the  corresponding  wave  transfer  matrix  will 
have  unit  determinant.  Thus  the  wave  transfer  matrix  is  an  element  of  (see  Appendix 
A)  517(1,1)  and  5p(l,C7). 

Recall  that  the  original  transfer  matrix,  T,  weis  real  and  of  unit  determinant,  and 
so  was  an  element  of  the  group  5L(2,i2).  What  has  happened  in  going  from  T  to  W 
is  that  we  have  taken  advantage  of  an  isomorphism  between  SL[2^R)  and  5f7(l,l). 
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Chapter  3 


Furstenberg’s  Theorem  and 
Calculation  of  Localization  Factors 
for  Mono- Coupled  Disordered 
Periodic  Structures 


3.1  Introduction 


As  has  been  discussed  earlier,  disordered  periodic  structures  can  be  modeled  via  a 
product  of  random  transfer  matrices.  In  this  section  we  will  exploit  the  mathematical 
theory  of  products  of  random  matrices  to  reveal  an  important  transmission  property  of 
disordered  periodic  systems.  It  is  precisely  this  transmission  property  that  we  associate 
with  the  localization  phenomenon.  In  the  chapter  we  will  formally  state  Furstenberg’s 
theorem,  then  restate  it  in  more  familiar  terms.  We  then  relate  the  localization  factor 
to  the  transmission  coefficient  of  the  long  disordered  system,  after  which  we  will  find 
an  approximate  analytical  expression  to  calculate  the  localization  factor. 
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3.2  Fiirstenberg’s  Theorem 


A  rigorous  statement  about  the  properties  of  a  product  of  a  finite  number  of  random 
matrices  is  difficult  to  make;  however,  we  can  come  to  some  rigorous  conclusions  on 
properties  when  the  number  of  matrices  in  the  product  becomes  very  large.  We  will 
focus  on  one  property  that  was  originally  proved  in  [Furstenberg  63]  and  which  we 
specialise  to  2  X  2  matrices.  One  formal  statement  of  this  limiting  behavior  of  products 
of  random  matrices  is  as  follows: 

Theorem  1  (Furstenberg’s  Theorem,  original  form)  let  Ti,Tj,. . .  ,T„  be  inde¬ 
pendent  identically  distributed  2x2  random  matrices  with  distribution  fx.  Let  G  be  the 
smallest  closed  subgroup  of  SL{2^R)  containing  the  support  of  p.  If  G  is  a  noncompact 
subgroup  of  SL{2,R)  such  that  no  subgroup  of  G  of  finite  index  is  irreducible  and  if 

J5[maa:{ln  |jTy||,0)]  <  +oo 

then  there  exists  7  >  0  such  that  for  each  Xo  7^  0 

lim  -  In  ||T„  •  •  •  TiXoll  =  7  ly.p.  1 

n-*oo  '  ' 

and 

lim  -ln||T„-*-Ti||  =  7  tn.p.  1. 

n— *00  fi  ” 

and  if  u  is  a  n-invariant  distribution  on  P{R^)(P[R})  is  the  projective  space  of  R? , 
namely  half  of  the  unit  circle),  then 

1  =  Jf  ln||TX||d;i(T)dj/(x)  (3.1) 

where  X  is  in  P{R}). 

The  condition  of  invariance  for  u  is  stated  mathematically  in  many  ways  including: 
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where  1a(*)  is  the  indicator  function;  its  value  is  one  when  the  argument  lies  on  A  and 
0  otherwise. 

There  is  one  special  direction  for  the  initial  vector  Xo  for  which  the  Furstenberg 
result  will  not  hold  for  a  given  realization  of  Tn***Ti.  Namely  if  3^  is  along  this 
special  direction,  then 

This  is  a  consequence  of  the  theorem  of  Oseledets  which  will  be  discussed  in  Chapter  5. 

The  above  theorem  can  be  modified  and  restated  in  more  familiar  terms  with  just 
a  few  assumptions  and  some  explanation. 

As  stated  in  Chapter  2  we  are  considering  our  random  matrices  to  be  functions 
of  one  or  more  random  variables,  where  the  random  variables  are  drawn  from  some 
probability  density  function  (Dirac  delta  functions  are  permissible  in  our  definition  of 
probability  density  functions,  so  probability  mass  functions  are  possible  in  the  above). 
We  exclude  Bernoulli  random  variables  (random  variables  having  probability  density 
functions  with  ma.*^  at  only  two  points)  in  our  transfer  matrices  because  they  can  result 
in  the  distribution  v  having  neither  mass  nor  density.  The  distribution  for  u  would 
be  a  so-called  continuous  singular  probability  measure.  So  now  probability  measures  n 
and  u  become  p(a)  and  p(x),  respectively. 

The  subgroup  G  can  now  be  interpreted  as  the  set  of  all  matrices  generated  by 
the  probability  density  functions  of  the  random  variables  plus  the  inverses  of  those 
matrices,  plus  the  identity  matrix,  plus  any  products  of  the  above  matricesi.  The 
conditions  concerning  noncompactness  and  irreducibility  of  G  have  been  shown  by 
[Matsuda  and  Ishii  70]  to  be  equivalent  to  requiring  that  G  contain  two  elements  in 
SL{2^R)  with  no  common  eigenvectors.  In  addition,  [Goda  82]  has  shown  that  the 
Furstenberg  result  will  hold  for  matrices  in  GL(2,  R)  as  long  as 

Z  I  det  T,  ])  =  0  (3.2) 
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Finally,  the  theorem  will  also  hold  for  matrices  with  complex  entries 
[Bougerol  and  Lacroix  85]. 

Now  that  we  have  clarified  some  of  the  conditions  under  which  Furstenberg’s  the¬ 
orem  holds,  let  us  examine  why  the  Furstenberg  result,  Equation  3.1,  is  reasonable. 
As  the  deterministic  vector  xq  is  propagated  by  the  random  matrices,  its  direction,  5f, 
begins  to  take  on  a  probability  density  of  its  own.  In  fact  as  n  oo,  the  probability 
density  of  this  direction  becomes  invariant  witii  respect  to  the  probability  density  for 
the  random  transfer  matrices.  Specifically,  the  invariance  condition  means  if 

“  TnXn— 1 

then  as  n  — »  oo 

p(Xn)  =p(x„-i) 

This  condition  of  invariance  is  frequently  called  the  Dyson-Schmidt  self-consistency 
condition  in  the  solid  state  physics  literature  [Ziman  79).  This  condition  of  invariance 
does  not  hold  for  systems  in  two  or  three  dimensions  or  for  closed  periodic  structures  in 
one  dimension  [Zimzm  79,  page  309).  Therefore,  as  n  oo  the  two  relevant  probability 
distributions  are  those  for  T  and  X,  and  the  double  integral  of  In  HTx]]  over  these  two 
distributions  seems  reasonable. 

With  these  points  in  mind,  we  can  restate  Furstenberg’s  theorem  as  follows: 

Theorem  2  (Furstenberg’s  Theorem,  modified  form)  Ltt  Wi,W2,...,Wn  bt 
complex  valued,  invertible,  independent  identically  distributed  2x2  matrices  where 
W,  =  W  y(a)  IS  a  function  of  the  random  vector  a  with  probability  density  p(o').  If  at 
least  two  of  the  random  transfer  matrices  do  not  have  common  eigenvectors,  and  if 

lim  iln(n  IdetW.I)  =0 

n-»oo  n  ^ 

”  j=l 

and  if 

E|max(ln||W,-||,0)]  <  -foo 
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then  there  exists  7  >  0  such  that  for  each  *q  #  0 

lim -ln|lW„*--Wi8ol|  =7  1 

n-*oo  n 

and 

lim  -In  ||Wn  •••  Will  =  7  ty.p.  1 

n-«oo  fi 

where 

'1  =  jf  ln||W(a)l|lp(a)dap(E)dE  (3.3) 

where  p(E)  is  invariant  with  respect  to  the  probability  density  function  p(a)  for  the 
random  transfer  matrices,  i.e. 

/  l>i(*)p(*)d8  =  fl  1a{  j|^|^)p(a)dap(*)rf* 

where  A  is  any  are  along  the  half  unit  circle. 

A  number  of  other  properties  for  products  of  random  matrices  can  be  shown 
(Bougerol  and  Lacroix  85|;  however,  Furstenberg’s  theorem  gives  the  one  property  which, 
as  we  will  see,  is  relevant  to  localization  in  a  disordered  periodic  system. 

Furstenberg’s  theorem  is  a  law  of  large  of  numbers  for  products  of  random  matrices. 
More  recently  a  central  limit  theorem  [Le  Page  82, Bougerol  and  Lacroix  85]  has  been 
proved  for  products  of  random  matrices.  The  central  limit  theorem  tells  us  that 

4=(ln  II W,  ■  • .  Wi  li  -  m)  •'•■••aa'""  £,>) 

yjn 

The  conditions  on  the  random  matrices  are  a  little  more  restrictive  than  the  ones  for 
Furstenberg’s  theorem,  but  determining  whether  they  apply  to  the  transfer  matrices 
considered  here  is  left  for  future  research. 
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3.3  Localization  Factor  as  a  Function  of  the  Trans- 
mission  Coefficient 


Now  we  will  relate  the  Furstenberg  limit  theorem  for  products  of  random  matrices 
tu  a  transmission  property  of  disordered  periodic  systems.  From  Furstenberg’s  theorem 
we  know 


T  =  lim  -lnl|W„---W,ll  u;.p.  1 

»»-»oo  fl 

Recall  that  a  product  of  n  wave  transfer  matrices  is  of  the  form: 


(3.4) 


nw/= 


i  —is. 

Tn  Th 

-tk  J- 

t:  t: 


(3.5) 


To  apply  Equation  3.4  we  first  take  a  matrix  norm  of  Equation  3.5.  Here  we  choose 
the  maximum  singular  value  (see  Appendix  A);  so  a  little  algebra  gives: 


=  rM-T-r-) 


n-^oo  fi 


or 

n-*oo  fi  fi 

Knowing  that  0  <  |p„|  <  1,  the  first  term  vanishes,  and  we  are  left  with 

nf  =  -  lim  -ln|r„l 
!»-•<»  n 


(3.6) 


Now  we  can  understand  the  relevance  of  qf  to  the  dynamic  properties  of  a  disordered 
periodic  structure.  Asymptotically,  Equation  3.6  says  that  the  absolute  value  of  the 
transmission  coefficient  decays  expo.nentially  with  n,  the  number  of  bays.  The  rate 
of  decay  per  bay  is  governed  by  qf  which  will  be  called  the  localization  factor.  Thus 
traveling  waves  will  no  longer  be  propagated  perfectly,  but  will  tend  to  be  confined 
near  their  point  of  origin  according  to  the  localization  factor  This  result  says  that 
|rn|*  ~  «“*'*'*,  the  transmitted  energy  decays  exponentially  with  n.  It  has  been  argued 
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[Matsuda  and  Ishii  70,Pastawski  et  al  85]  that  the  now  spatially  localized  modes  are 
governed  by  an  exponential  envelope  of  the  form  e"'*'*. 

We  observe  that  ln|rn|  is  a  statistically  well  behaved  variable,  namely  we  have 
derived  an  asymptotic  relation  for  it  based  on  a  law  of  large  numbers  for  products 
of  random  matrices.  Notice  also  that  we  are  not  taking  an  expectation  of  ln|rn|  to 
find  <7;  the  result  holds  as  n  — «  oo.  Random  variables  with  this  property  are  called 
self- averaging  [Pastur  80, van  Hemmen  82). 

The  notion  that  the  ln|r„|  is  statistically  well-behaved  is  further  strengthened  if 
one  applies  these  same  manipulations  to  the  central  limit  theorem  for  products  of 
random  matrices.  Thus  using  the  available  mathematical  tools,  we  confirm  in  just  a  few 
steps  the  conjecture  about  the  statistical  behavior  of  In  |rn|  by  [Anderson  et  al  80]  and 
[Stone  et  al  81]. 


3.4  Calculation  of  Localization  Factors  via  an  Ap 
proximation  to  Furstenberg’s  Theorem 


In  this  section  we  will  simplify  Equation  3.3  of  Furstenberg’s  Theorem;  this  will 
lead  to  an  approximation  for  the  localization  factor,  7.  First  recall  Equation  3.3 

1  =  jf  In  ||W(a)l||p(a)dap(g)dE 

then  without  loss  of  generality  we  have: 


Z  = 


y/2 


W(a)  = 


1 

F 

■f 
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where  for  the  moment  we  suppress  the  dependence  of  t  and  r  on  a.  So, 


.  sii  _ 

W(a)I  =  -p  ‘  ‘ 

I  f  f  . 


After  some  complex  algebra  we  find: 


liwwill  =  |i  -  j.-”! 


Now  the  equation  for  ')  is 

where  p{0)dd  must  satisfy  the  invariance  condition: 


(3.7) 

(3.8) 


Because  p(5)  can  only  be  found  in  rare  instances  [Pincus  80],  we  will  find  an  ap¬ 
proximation  to  *7  by  taking  a  Taylor  series  expansion  about  <  ot  >,  recalling  that  a  is 
a  vector,  of  the  terms  in  Equations  3.7  and  3.8  and  retaining  terms  to  first  order  in  a* . 
This  approach  has  been  discussed  in  [Baluni  and  Willemsen  85).  Let  us  first  recall  the 
form  of  the  Taylor  series  expansion  for  a  multivariable  function.  The  first  three  terms 
are: 

/(a)  =  /(a)|<a>  +  >)-^~\<«>  + 

j=i 

A/  x^V(a), 

2  +  •** 

We  now  examine  the  expansion  of  In  The  first  term  in  the  expansion 

is  simply  that  for  the  undisordered  or  perfectly  periodic  system.  Recall  that 

*1  F 

-  — -  e’*  d 

A  0 

for  the  perfectly  periodic  system  in  the  passband.  Therefore  the  first  term  is: 

lnle**l  =  0 
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The  second  term  in  the  exp&nsion  will  not  be  needed  because  the  terms 
(oi-  <  oj  >)  vanish  when  integrated  over  p(a). 


Finally,  the  third  term  is  examined.  Because  the  terms  in  the  random  vector  are 
mutually  independent,  we  know  that  (oi—  <  at  >)(o«-  <  ot,-  >)  i  will  vanish  after 
integrating  over  p(a).  We  are  left  with 


S'-* 


So  'I  to  first  order  in  the  variance  of  the  ois  is: 


-iE</ 


lt(o) 

daj 


<„>pO{«)d® 


where  we  now  must  find  p^(tf)  which  is  p{6)  to  the  xeroth  order  in  the  variance  of  a. 

To  find  p°(tf)  we  examine  Equation  3.8  where  we  only  look  at  terms  to  xeroth  order 
in  o*,  namely: 


but 

€'*  0  1  1  r  e'*  1  1  r 

W(a)l|<,>  =  4=  =4= 

0  e“’* 

We  therefore  require  p°(5)  to  satisfy 


j  uWp'‘W'‘i  =  /  u(*  + 


Because  k  can  take  on  any  value  between  0  and  tt,  or  some  multiple  thereof,  we  must 
have  that  which  is  a  uniform  probability  density  function. 

To  further  simplify  Equation  3.9  we  note  that 

''“'I  = 

The  term  ln|l  —  r(a)e~'**|  can  be  expanded  in  a  series,  and  recalling 
e“***  =  cos  29  —  %  sin  29,  the  term  vanishes  after  integrating. 
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Therefore  we  ere  left  with 


Notice  that  the  localization  factor  to  first  order  in  the  variance  is  simply  a  sum 
of  the  localization  factors  for  each  variable  randomized  individually.  We  suspect  that 
as  the  variance  of  the  disordered  variables  increases  the  estimate  of  7  will  be  poorer 
because  we  have  retained  terms  only  to  first  order  in  the  variances. 

We  also  note  that  Furstenberg’s  theorem  has  been  shown  to  be  robust  to  uncertainty 
in  the  probability  law  of  the  random  transfer  matrices  The  paper  [Slud  86]  shows  that 
if  the  postulated  probability  measure  for  the  transfer  matrices  is  "close”  to  the  actual 
one  then  the  asymptotic  behaviors  will  be  arbitrarily  close. 
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A  technique  to  npproximetely  calculnte  loc&Hsiition  fnctors  without  resorting  to 
^)\eories  on  products  of  ruidoni  mstrices  ts  presented  in  Appendix  D. 
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Chapter  4 


Calculation  of  Localization  Factors 
for  Three  Mono- Coupled 
Disordered  Periodic  Structures 


4.1  Introduction 

This  chapter  will  illustrate  localization  calculations  for  three  periodic  structures 
that  can  be  modeled  with  2x2  transfer  matrices.  The  results  will  show  dramatically 
how  localization  etfects  can  vary  with  frequency.  The  analytical  results  are  compared 
to  Monte  Carlo  simulations  of  these  systems.  We  provide,  where  possible,  a  physical 
explanation  for  the  observed  localisation  effects. 

The  first  system  examined  is  a  chain  of  spring  and  masses.  This  simplest  possible 
system  provides  a  convenient  vehicle  to  illustrate  the  calculation  of  localisation  effects. 
Indeed,  this  thesis  provides  the  first  comprehensive  examination  of  the  localization 
effects  of  a  dbordered  mass-spring  ch^. 


50 


The  second  example  is  a  rod  in  longitudinal  compression  with  attached  resonators 
which  mimics  some  of  the  important  dynamic  behavior  of  a  real  truss  structure.  Unlike 
the  mass-spring  system  which  has  only  a  single  passband,  the  rod  with  resonators  has 
an  infinite  number  of  passbands.  We  examine  localization  effects  over  several  of  these 
passbands. 

The  final  example  is  r  Bernoulli-Euler  beam  on  simple  supports.  When  we  disor¬ 
der  the  distances  between  the  supports  we  will  see  a  very  pronounced  effect  near  the 
stopbands  of  the  underlying  periodic  structure. 

Ill  our  analysis  we  will  consider  the  random  variables,  aj  disordered  ±p%  from  the 
average  value  <  aj  >.  A  disorder  of  ±p%  from  the  average  value  <  o-i  >  translates  into 
a  uniform  probability  q«j;  sity  function  with  width  of  and  height  of  .  The 

uniform  probability  density  function  will  be  centered  around  <  aj  >.  Note  that  the 
variance  of  any  random  variable  with  a  uniform  probability  density  function  is  always 

width^ 

»  • 


4.2  Localizat'.on  in  a  Mass-Spring  Chain 


We  will  examine  at  length  the  localization  effects  in  a  chain  of  springs  and  masses. 
The  mass-spring  chain  is  an  excellent  example  to  begin  our  discussion  of  localization, 
not  only  because  of  its  simplicity,  but  also  because  this  system  and  its  analogs  have  been 
studied  over  the  years,  giving  us  the  opportunity  to  directly  compare  our  results  with 
those  already  published.  Even  though  the  mass-spring  chain  and  its  equivalents  have 
received  a  lot  of  attention  in  the  literature,  amazingly  it  has  not  received  exhaustive 
treatment.  Eor  example,  in  the  literature  the  chain  is  examined  with  only  the  mass 
disordered  and  the  localization  factor  calculated  is  generally  valid  over  only  the  first 
half  of  the  passband.  In  this  thesis  we  will  study  localization  in  this  chain  where  masses 
and  springs  are  disordered  and  the  equation  we  present  for  the  localization  factor  will 
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be  valid  over  virtually  the  entire  passband. 

In  the  next  sections  we  will  first  examine  the  chain  with  only  masses  disordered  and 
present  our  analytical  approximation  of  the  localization  factor  based  on  Equation  3.10. 
These  results  will  be  confirmed  by  a  Monte  Carlo  simulation.  We  will  also  compare  this 
analytical  result  with  the  on  usually  found  in  the  literature.  The  localization  factor 
will  be  studied  for  three  levels  of  disorder:  masses  with  a  .!%,!%  and  10%  vauriation 
above  or  below  the  nominal  value.  We  will  see  that  the  localization  factor  depends  only 
on  frequency  and  the  level  of  disorder.  Throughout  the  thesis  any  such  dependencies 
are  suppressed  when  writing  the  localization  factor,  'y. 

Next  we  examine  the  chain  with  only  springs  disordered  and  show  that  this  disorder 
is  dual  to  the  mass  disorder.  Finally  both  masses  and  springs  au'e  disordered  and  we 
again  confirm  the  analytical  results  with  a  Monte  Carlo  simulation. 

4.2.1  Only  Masses  Disordered 

We  first  examine  a  chain  with  disordered  masses,  which  in  the  physics  literature  is 
identified  as  isotopic  disorder,  referring  to  atomic  systems  with  various  isotopes.  This 
chain  with  masses  disordered  has  been  examined  in  [Matsuda  and  bhii  70,Rubin  84]; 
its  electrical  circuit  analog  was  studied  in  [Akkermans  and  Maynard  84],  and  the  solid 
state  analog  in  [Stone  et  al  81]  and  elsewhere. 

The  mass-spring  model  and  its  transfer  matrix  are  presented  in  Appendix  C.l.  We 
make  use  of  a  nondimensional  frequency,  O,  in  the  transfer  matrix  and  our  analysis  : 

u; 


The  condition  for  the  existence  of  a  passband  (see  Chapter  2)  tells  us  that  only  one 
passband  exists  and  occurs  for 

0  <  w  <  1 
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In  the  passband  waves  and  energy  travel  with  perfect  transmission.  However  when  the 
system  is  disordered,  the  transmission  is  disrupted;  and  the  resulting  disruption  in  the 
passband  is  what  we  are  examining. 


In  our  analysis  we  will  first  consider  masses  disordered  from  their  average  value 
on  the  chain.  We  make  use  of  nondimensional  quantities  wherever  possible.  Here  the 
nondimensional  mass  is  where 


Hj  =  — -  and  m  =<  m,  > 
m 


and  m  is  the  mass  for  the  perfectly  periodic  system.  The  transfer  matrix  for  one  bay  of 
this  chain  with  a  disordered  mass  is  shown  in  Appendix  C.l  and  the  (1, 1)  term  of  that 
transfer  matrix  is  Equation  C.l,  which  can  be  used  in  Equation  3.10  to  calculate 
the  localization  factor,  For  this  mass-spring  system  with  masses  disordered  we  will 
go  through  the  calculation  of  the  localization  factor;  this  will  serve  as  an  example  of 
the  steps  necessary  to  do  the  calculation  for  any  disordered  system.  Equation  3.10  now 
becomes 

2  ** 

where  =  indicates  we  are  neglecting  terms  of  order  greater  than  the  variance.  From 
Appendix  C.1.1  we  have 


=  e‘*(l-t5,) 


where 


and  where 


A.  - 

^  sin  k 


cos  fc  =  1  —  2u)* 


Suppressing  the  subscript  j,  we  now  have 

~  4  “  dll’ 


Letting 


^ 

dfi  sin  k 
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we  have  the  first  partial  derivative 

ain(l  +  f^)  ^  266' 
dfM  1  +  5* 

Taking  a  partial  derivative  again  we  have 

d*ln(l  +  5*)  255'  25'  255" 

a/i*  ~  (1  +  5*)*  1  +  5*  1  +  5* 

We  have  to  evaluate  the  above  terms  at  <  /u  >.  Note  that  5  evaluated  at  <  /x  >  is 
zero,  so  now  we  have 


%  =  J«^j25'*|<^> 


2a>^a* 

~  .  2  1 
sm  k 

Knowing  cos  k  from  above,  we  can  calculate  sin®  k  and  so  finally  for  the  meiss-spring 
system  in  the  passband,  0  <  O  <  1: 


= 


2[l-w® 


We  observe  that  the  localization  factor  is  a  function  of  the  nondimensional  frequency 
u)  and  the  variance  of  the  nondimensional  mass.  Clearly  the  localization  effects  increase 
with  frequency  and  also  with  the  amount  of  disorder.  At  low  frequency 

7m  =  (w  0)  (4.2) 

indicating  that  7^  is  proportional  to  O*  at  low  frequency.  The  low  frequency  estimate  of 
the  localization  factor  for  a  chain  with  disordered  masses  is  the  one  usually  seen  in  the 
literature  [Matsuda  and  Ishii  70],  but  in  the  following  dimensional  form(and  derived 
through  much  more  torturous  methods  than  are  used  here): 

(4)*  O'* 

The  nondimensional  analytical  results  of  Equation  4.1  and  Equation  4.2  for  masses  dis¬ 
ordered  ±.1%  from  the  average  value  are  plotted  in  Figure  4.1  with  the  nondimensional 
frequency  as  the  abscissa  and  logio(7|4)  as  the  ordinate. 
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Figure  4.1;  Localization  factor  for  mass-spring  chain  with  masses 
their  average  value. 


The  frequency  dependence  of  7  can  now  be  seen  explicitly.  Note  the  rising  value  of 
7  as  it  approaches  the  stopband  near  uf  =  1.  This  makes  physical  sense,  because  the 
massif  are  vibrating  at  higher  frequencies  as  we  approach  the  end  of  the  passband,  so 
we  expect  that  disorder  will  have  a  greater  impact  than  it  would  for  masses  vibrating 
at  lower  frequencies.  The  dashed  line  represents  the  nondimensional  low  frequency  esti¬ 
mate  of  Clearly  it  provides  an  adequate  estimate  of  for  about  half  the  passband, 
while  it  grossly  underestimates  the  localization  effects  at  the  highest  frequencies  of  the 
passband. 

As  an  example,  let  us  consider  the  effects  of  localization  at  u>  =  .9995,  where 

=  .1665  X  10“*.  This  result  tells  us  that  on  average  the  transmitted  energy,  )rn|*» 
after  1000  bays  will  be  *1000  _  -^2  of  the  incident  energy  even  though  no 

damping  is  present.  A  modal  amplitude  for  a  normal  mode  at  that  frequency  would 
be  confined  to  an  exponential  envelope  governed  by  e"'’"  with  7  =  .1665  x  10**.  The 
localization  will  be  less  pronounced  at  lower  frequencies,  but  is  nonetheless  present. 
The  attenuation  caused  by  the  disorder  is  unlike  that  of  dissipation.  Here  localization 
prevents  the  wave  from  traveling  along  the  structure,  unlike  the  case  for  a  perfectly 
periodic  system,  where  the  wave  would  travel  without  attenuation.  Localization  tends 
to  confine  the  wave  near  its  point  of  origin,  where  it  is  eventually  dissipated  by  the 
damping  that  inevitably  exists  in  all  real  structures. 

Our  localization  result  in  Equation  4.2  is  one-half  the  result^  presented  by 
[Chow  and  Keller  72].  In  their  work  they  calculated  the  effects  of  randomness  on  the 
coherent  portion  of  waves  traveling  through  a  random  chain.  We  can  reproduce  their 
results  with  the  aid  of  Appendix  D.  If  in  Appendix  D  we  proceed  to  find  the  mean  value 
of  Tn  and  then  take  the  natural  log,  instead  of  averaging  In  |tv»|  directly,  we  will  get  twice 
the  result  of  Equation  4.2.  Clearly,  they  are  averaging  the  wrong  variable,  r^.  In  ad¬ 
dition  to  making  the  statistical  arguments  about  averaging  of  proper  variables,  we  can 

^Note  that  the  relevant  result  in  [Chow  and  Keller  72]  has  a  typographical  error  on  the  bottom  of 
page  1412.  It  should  read  Imk{u,€^)  = 
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make  the  following  physical  argument  to  explain  their  results.  By  examining  only  the 
coherent  or  mean  wave,  as  was  also  done  by  (Eatwell  83],  they  really  neglect  the  inco¬ 
herent  portion  of  the  wave  which  can  also  carry  energy.  When  we  average  over  In  we 
are  taking  into  account  all  the  energy  transmitted,  because  by  definition  |rn|  is  the  ratio 
of  transmitted  energy  to  incident  energy.  Other  authors  have  pointed  out  the  invalidity 
of  averaging  other  quanitities  like  |rn|  [Hodges  82],  p„  [Baluni  and  Willemsen  85]  smd 
[Stone  et  al  81]. 

The  validity  of  the  analytical  result  should  be  verified  by  some  numerical  simulation. 
Specifically,  we  want  to  see  whether  the  analytical  result  is  valid  for  the  entire  frequency 
range  of  interest  and  for  increasing  levels  of  disorder.  The  obvious  simulation  is  to 
multiply  a  huge  number  of  random  transfer  matrices  at  a  given  frequency  to  see  if 
indeed 

<7  =  -  lim  -Inlr^l 

Because  we  cannot  really  take  an  infinite  number  of  products,  we  must  resort  to  averag¬ 
ing  In  [fnl  over  an  ensemble  of  realizations  of  the  chain.  The  question  arises  whether  to 
use  a  large  number  of  matrices  per  ensemble  or  a  large  number  of  ensembles  said  a  few 
matrices.  Upon  examining  this  issue  numerically,  we  found  that  we  did  not  even  have  to 
take  a  product  of  random  matrices  to  get  Monte  Carlo  results  that  matched  our  analyt¬ 
ical  results.  Rather,  averaging  In  |f,  |  from  an  individual  matrix  o\  '‘r  a  sufficient  number 
of  realizations  (in  our  case  1001)  gave  excellent  agreement  with  the  analytical  results 
over  large  frequency  ranges.  A  similar  observation  was  made  by  [Pastawski  et  al  85]. 
The  agreement  was  good  in  the  sense  that  the  mesm  value  of  the  Monte  Carlo  sim¬ 
ulation  tracked  our  smalytical  results  well  (as  can  be  seen  in  the  numerous  figures), 
but  also  in  the  sense  that  the  standard  error  was  cop,sistently  one  to  two  orders  of 
magnitude  smaller  than  the  mean  value. 

Recall  that  in  a  Monte  Carlo  simulation  [Hanunersley  and  Handscomb  64]  the  un- 
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biased  estimator  of  the  mean  value  is 

<  >= 

where  r  is  the  number  of  realizations  in  the  simulation.  We  estimate  the  standard  error 
as: 

standard  error  = 

yA 

where  s’  is  the  unbiased  estimator  of  the  variance: 

s*  =  j2i^n  It, I-  <  In  It,  I  >)* 

Again  the  standard  error  was  one  to  two  orders  of  magnitude  smaller  than  the  mean 
value  for  the  simulations  of  all  three  structures.  The  results  of  the  Monte  Carlo  simu¬ 
lation  axe  indicated  with  the  small  triangles  in  Figure  4.1.  They  confirm  the  validity 
of  the  analytical  result  over  the  entire  passband. 

Now  we  choos  e  to  increase  the  disorder  in  the  masses  so  that  they  vary  ±1%  from 
some  nominal  value,  which  means  that  the  uniform  probability  density  function  has 
width  of  .02.  Examining  Equation  4.1,  we  would  simply  expect  our  localization  factor 
to  be  scaled  by  the  new  a’  compared  to  the  previous  result.  Indeed  this  is  what  we 
confirm  with  our  simulation  illustrated  in  Figure  4.2. 

Finally  we  examine  the  chain  with  a  10%  variation  in  the  masses.  Such  a  highly 
disordered  state  would  probably  not  occur  through  unintentional  assembly  or  manufac¬ 
turing  error,  but  rather  we  look  at  this  highly  disordered  situation  to  see  if  the  theory 
accurately  predicts  the  localization  effect.  Because  of  the  increased  disorder  we  will 
clearly  have  greater  localization,  as  is  pictured  in  Figure  4.3. 

Notice,  however,  at  high  frequency  that  our  theoretical  result  overpredicts  the  lo¬ 
calization  factor.  For  example,  at  (i;  =  .9999,  at  the  very  edge  of  the  passband, 
'iKienttCarie  =  .1178  and  =  8.332.  This  discrepancy  can  probably  be  attributed 

to  the  neglecting  of  higher  order  terms  in  our  Taylor  series  expansion  performed  in 
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theoretical 
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Figure  4.2:  Localization  factor  for  mass-spring  chain  with  masses  disordered  ±1%  from 


Chapter  3.  These  higher  order  terms  could  become  significant  as  we  approach  the  edge 
of  the  passband  (u;  =  1),  just  as  the  term  to  first  order  in  o*  in  Equation  4.1  becomes 
significant  as  w  — » 1. 


4.2.2  Only  Springs  Disordered 


Consider  a  chain  in  which  every  mass  is  exactly  the  same,  but  each  spring,  A:«,  varies 
in  a  random  fashion  from  some  average  value.  This  localization  problem  for  the  mass¬ 
spring  system  has  been  rarely  discussed  in  the  literature.  One  researcher,  [Goda  82] 
(citing  [Toda  66])  argues  that  the  localization  problem  with  only  springs  disordered  is 
exactly  dual  to  the  localization  problem  with  only  masses  disordered.  Our  calculations 
support  this  contention.  Duality  [Toda  66]  here  means  that  each  miiss  of  a  mass-spring 
system  can  be  replaced  by  a  certain  spring  and  each  spring  can  be  replaced  by  a  certain 
mass  such  that  the  new  system  behaves  in  the  same  way  as  the  old  and  in  particular 
has  the  same  natural  frequency. 

To  examine  the  problem,  we  begin  with  the  transfer  matrix  for  the  chain  with  only 
springs  disordered,  which  is  in  Appendix  C.l.  Here  k^j  is  the  nondimensional  spring 
constant.  Identifying  in  Appendix  C.l,  we  again  use  Equation  3.10  to  calculate 
and  find: 

“  2(1  -  Q*] 

So  indeed  this  is  the  same  as  Equation  4.1  with  o*  replaced  by  o\  ,  and  confirms  Goda’s 
contention  that  the  localization  problem  with  masses  disordered  is  dual  to  that  with 
springs  disordered.  This  means  that  all  the  localization  results  displayed  in  Figures 

t 

4. 1-4.3  will  apply  to  the  problem  of  springs  disordered  by  simply  replacing  the  word 
mass  by  the  word  spring. 
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4.2.3  Masses  and  Springs  Disordered 


Finally  we  consider  the  situation  where  both  masses  and  springs  are  disordered.  As 
was  stated  in  Chapter  3  the  localisation  factor  for  this  situation  is  simply  the  sum  of 
the  individual  localization  factors  when  a  single  variable  is  randomised.  So 


2[1  -  ii)*] 


We  check  this  result  with  a  Monte  Carlo  simulation  in  which  both  masses  and  springs 
are  randomly  varied  form  their  average  values  by  ±1%.  The  Monte  Carlo  results  again 
track  the  analytical  results.  See  Figure  4.4. 


Before  closing  this  section,  one  final  note  is  in  order.  When  [Coda  82]  originally 
considered  the  localization  problem  of  masses  and  springs  disordered  (without  solving 
for  his  transfer  matrix  did  not  have  unit  determinant,  so  he  knew  he  could  not 
use  Furstenberg’s  original  theorem  which  requires  unit  determinant  for  the  random 
matrix.  As  a  consequence  he  spent  most  of  the  paper  proving  that  the  Furstenberg 
result  will  hold  even  if  the  determinant  is  not  unity,  so  long  as  Equation  3.2  is  satisfied. 
Apparently  Coda  was  not  aware  that  the  transfer  matrix  could  be  reformulated  so  that 
even  when  both  masses  and  springs  were  disordered  the  transfer  matrix  would  still  have 
unit  determinant.  The  transfer  matrix  Coda  used  had  the  state  vector  containing  two 
adjacent  generalized  displacements: 


dn 

while  the  state  vector  we  use  contains  a  generalized  displacement  and  a  generalized 

i 

nondimensional  force  at  the  same  point. 

dn-l 

/n-l 

L  J 

resulting  in  a  unit  determinant  transfer  matrix. 
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4.3  Localization  in  a  Rod  with  Attached  Resonators 


In  this  section  we  investignte  localisation  factors  for  a  model  proposed  by 
[von  Flotow  82]  which  mimics  some  of  the  important  behavior  of  a  periodic  truss  struc¬ 
ture.  The  model  is  a  longitudinal  wave  carrying  rod  with  attached  resonators,  where 
the  attached  resonators  represent  the  vibrating  cross-members  present  in  a  real  truss 
structure  and  the  continuous  rod  models  compression,  bending,  shear  or  any  continuous 
deformation  of  the  truss  member.  This  simple  model  allows  us  to  gain  some  insight  into 
the  dynamic  behavior  of  truss  structures  without  having  to  deal  with  models  of  real 
truss  members  involving  transfer  matrices  of  dimensions  possibly  12  X  12  or  greater. 
The  model  and  relevant  properties  are  discussed  in  Appendix  C.2. 

We  will  explore  the  localization  phenomenon  when  the  attached  masses,  the  at¬ 
tached  springs  and  the  distances  between  the  attached  resonators  are  individually 
disordered.  Finally  we  examine  the  system  when  all  three  variables  are  disordered. 
Our  results  will  indicate  that  the  most  pronounced  localization  effects  will  occur  at 
frequencies  near  the  stopbands. 


4.3.1  Only  Masses  Disordered 

We  first  consider  disordering  only  the  masses  on  the  attached  resonators  and  eval¬ 
uate  the  effects  on  the  transmission  properties  of  the  system.  The  transfer  matrix  and 
wave  transfer  matrix  when  the  attached  masses  are  disordered  are  presented  in  Ap¬ 
pendix  C.2.  Note  our  use  of  the  nondimensional  mass,  where  <  py  >=  p.  In  all  of 
our  examples  for  the  rod  with  attached  resonators  p  =  0.2  and  h,  =  0.5.  Th^e  values 
allow  for  the  ease  of  presentation  of  results  and  are  consistent  with  [von  Flotow  82). 

New  we  use  the  equation  for  appearing  in  Appendix  C.2,  in  Equation  3.10  and 
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find  that 


_ (sin^  7i^)ag _ 

8(sin*  k){noYii*{{l/k,)  -  ^ 

Clearly  the  dependence  of  on  frequency  is  much  more  complicated  than  we  found 
for  the  simple  mass-spring  system.  An  analysis  of  the  localization  factor  shows  that  it 
is  proportional  to  £0®  at  very  low  frequency,  as  was  the  case  for  the  mass-spring  chain. 

We  now  examine  the  localization  factor  over  the  frequencies  of  the  passbands  of  the 
periodic  system.  Our  first  analytical  and  numerical  results  are  for  the  masses  disordered 
±.1%  from  ♦’*  :  ’'erage  value  of  fl  —  .2.  As  can  be  seen  in  Figure  4.5  we  have  excellent 
agreement  betwec'  the  analytical  and  Monte  Carlo  results  even  when  the  localization 
factor  varies  by  seven  orders  of  magnitude  over  one  passband. 

Pome  distinguishing  features  are  noticeable  for  this  type  of  disorder.  First,  the 
localization  factor  is  largest  in  the  vicinity  of  the  first  stopband.  This  first  stopband 
occurs  around  d)  =  I'n  =  .5033,  the  natural  frequency  at  which  the  average  at¬ 
tached  resonator  vibrates.  Adding  even  more  resonators  would  compound  this  effect. 
Second,  we  notice  that  the  localization  effects  generally  decrease  with  increasing  fre¬ 
quency.  This  rcsuk  oeems  reasonable  because  we  suspect  that  at  higher  frequency,  the 
attached  mass  vibrules  less  and  less  because  of  its  inertia. 

Notice  that  near  the  second  and  higher  stopbands  (each  of  which  begins  at  integer 
values  of  w)  the  localization  factor  decreases  with  frequency  approaching  the  beginning 
of  the  sto^jband,  while  on  the  other  side  of  the  passband  the  localization  factor  is  clearly 
amplified  near  the  stopband.  One  explanation  for  this  behavior  is  that  the  frequency 
at  the  beginning  of  the  second  and  higher  stopbands  (u;  =  1,2,-  ■  ■)  coincides  with  the 
frequencies  in  the  perfectly  periodic  system  at  which  the  rod  of  length  /  between  the 
resonators  vibrates  as  if  it  had  fixed-fixed  boundary  conditions  [Mead  75-1].  Some 
calculations  confirm  this  effect.  Therefore,  at  these  integral  frequencies,  the  rod  does 
not  vibrate  at  the  oomts  of  attachment  of  the  resonator,  thus  the  fact  that  the  mass 
on  the  resonator  is  disordered  would  have  httle  impact  on  the  dynamic  behavior.  On 
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the  upper  end  of  each  stopband  each  segment  of  rod  no  longer  vibrates  in  a  fixed-fixed 
condition  and  so  the  disordered  mass  can  now  influence  the  transmission  properties. 

To  give  us  some  idea  what  the  nondimensional  frequencies  might  correspond  to  in 
reality,  we  have  substituted  some  values  for  the  physical  parameters.  From  Appendix 
C.2  we  have 

JT 

We  choose  a  length  i  of  9  feet  (2.74  m),  .E  of  45  X  10®  /6/m*  (3.103  x  10®  kN/m^)  and 
p  of  .063  /6/m®  (1.7  x  10®  kg/m^).  This  corresponds  to  a  graphite  epoxy  rod,  and  the 
bay  length  was  suggested  at  one  time  for  the  space  station.  With  these  values  we  find 
that  u>  =  1,  the  beginning  of  the  second  stopband,  corresponds  to  u;  =  15,491  rad/s  or 
a  frequency  of  2465.5  Hz. 

We  next  consider  the  attached  masses  disordered  with  a  1%  variation  from  the 
average  value.  In  this  case  the  localization  effects  are  increased  proportionately  through 

in  Equation  4.3.  We  show  the  localization  factor  as  a  function  of  frequency  in  four 
passbands  for  this  level  of  disorder  in  Figure  4.6.  We  essentially  see  the  same  pattern 
we  saw  for  the  lower  level  of  disorder. 

Finally  we  increase  the  disorder  of  the  mass  to  ±10%  of  the  average  value  of  the 
nondimensional  inass.  The  results  are  presented  in  Figure  4.7.  Again  we  see  the  familiar 
behavior  of  the  localization  factor  as  a  function  of  frequency.  As  we  did  in  the  previous 
section  on  the  m2iss-spring  chain,  we  notice  that  the  theoretical  prediction  diverges  from 
oui  Monte  Carlo  simulation  when  the  localization  factor  has  a  value  of  .1  or  greater. 
Again  this  must  be  a  result  of  only  calculating  7^  to  first  order  in  a^. 

In  summary,  we  conclude  that  the  localization  effects  are  strongest  in  the  vicinity  of 
the  stopband  sissociated  with  the  natural  frequency  of  the  average  attached  resonator, 
while  the  effects  become  less  and  less  significant  at  higher  frequencies. 
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4.3.2  Only  Springs  Disordered 

We  next  disorder  only  the  springs  of  the  attached  resonators,  where  the  average 
nondimensional  spring  constant,  <  >=  =  .5.  We  will  examine  springs  disordered 

and  ±10%  from  the  average  value.  In  all  instances  the  localization  effects 
follow,  as  a  function  of  frequency,  a  pattern  very  similar  to  that  seen  for  only  masses 
disordered.  One  difference  we  will  note  though  is  that  at  the  same  levels  of  disorder, 
the  localization  effects  that  are  due  to  the  mass  disorder  are  greater  than  those  due  to 
the  spring  disorder  in  the  first  passband.  In  the  second  and  higher  psussbands  the  trend 
is  reversed  and  we  find  that  disorder  in  the  springs  has  greater  localizing  effects  than 
does  the  comparable  disorder  in  the  masses. 

The  transfer  matrix  and  wave  transfer  matrix  with  the  springs  disordered  is  dis¬ 
cussed  in  Appendix  C.2.  By  using  Equation  3.10  we  find  the  localization  factor  for 
only  springs  disordered: 

(sin* 

8(sin*  A;)(7ru))*^^((l/fcJ)  —  (l/u;*7r*/l))< 

Note  that  is  very  similar  to  though  they  are  not  dual  to  each  other. 

This  localization  factor  is  plotted  in  Figure  4.8  for  ±.1%  variation  in  the  springs. 
The  results  of  the  Monte  Carlo  simulation  are  also  plotted  at  several  frequencies  and 
follow  very  closely  the  analytical  results.  One  discrepancy  between  analytical  and 
Monte  Csu'lo  results  occurs  at  the  lowest  frequency  shown.  This  is  a  consequence  of 
working  with  numbers  that  are  too  low  even  for  double  precision  simulations.  Note  the 
frequency  dependent  pattern  is  very  similar  to  that  for  the  case  when  the  masses  were 
disordered.  Again  we  see  the  most  pronounced  localization  effects  occurring  su'ound 
the  first  stopband.  In  addition  the  localization  effects  become  less  pronounced  with 
increasing  frequency.  We  again'  see  that  on  the  immediate  left  hand  side  of  the  second 
and  higher  passbands  the  localization  factor  is  diminished  while  on  the  immediate  right 
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hand  sides  it  is  amplified. 


Comparing  this  localization  factor  with  the  one  for  masses  only  disordered  we  find 
that  <7^  is  consistently  larger  than  in  the  first  passband.  This  difference  can  be 
as  much  as  one  or  two  orders  of  magnitude  at  the  very  lowest  frequencies  plotted. 
The  lower  the  frequency  the  greater  the  difference.  On  the  other  hand,  for  the  second 
and  higher  passbands  the  localization  effects  due  to  spring  disorder  are  consistently 
greater  than  those  due  to  meiss  disorder.  These  differences  can  be  as  great  as  four 
orders  of  magnitude  at  the  highest  frequencies  seen  in  Figure  4.8.  The  effect  is  more 
pronounced  with  increasing  frequency.  Similar  effects  are  noted  for  the  higher  levels  of 
disorder.  These  effects  seem  reasonable  if  one  considers  the  effect  of  wiggling  the  end 
of  a  spring  with  a  mass  on  the  other  end  of  it  (this  is  essentially  what  the  rod  is  doing 
to  the  attached  resonator).  At  low  frequency,  most  of  the  motion  is  associated  with  the 
movement  of  the  mass,  while  the  spring  stretches  and  compresses  very  little.  Therefore 
we  expect  that  disorder  in  the  mass  will  have  a  greater  impact  at  low  frequency  than 
will  disorder  in  the  spring.  This  is  indeed  what  we  observe.  At  higher  frequencies,  as 
we  move  past  resonance,  J  =  .5033,  the  inertia  of  the  mass  will  cause  it  to  move  little 
while  the  spring  will  see  a  lot  of  motion.  So  disorder  in  the  springs  should  give  a  much 
larger  contribution  to  localization  effects  at  high  frequency  than  should  disorder  in  the 
masses.  This  too  was  observed. 

Finally,  the  localization  factor  is  pkcted  for  variations  of  ±\%  and  ±10%  in  the 
nondimensional  spring  constant  in  Figures  4.9  euid  4.10,  respectively.  With  increasing 
disorder  the  localization  effects  are  amplified,  and  we  again  see  that  our  theoretical 
results  mispredict  the  localization  factor  near  the  first  stopband  for  the  highest  level 
of  disorder. 
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±.1%  from  their  average  value  with  n  =  0.2  and  k,  =  0.5, 


0.2  and  k,  =  0.5 


theoretical 
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±10%  from  their  average  value  with  n  =  0.2  and  fc,  =  0.5. 


%  '  v 


4.3.3  Only  Lengths  Between  Resonators  Disordered 

Now  we  allow  all  the  resonators  to  be  the  same  with  /2  =  .2  and  =  .5,  while  we  will 
disorder  the  lengths  between  the  attached  resonators  by  and  ±10%  from 

the  nominal  value.  The  transfer  matrix  and  wave  transfer  matrix  for  lengths  disordered 
are  discussed  in  Appendix  C.2.  Note  that  we  use  the  nondimensional  variable  Ij  =  > 

so  that  <  Ij  >=  1.  With  the  lengths  only  disordered  we  will  find  a  startling  change 
in  behavior  of  the  localization  factor  as  a  function  of  frequency  compared  to  the  cases 
where  only  the  masses  or  springs  were  disordered. 

The  calculation  of  the  localization  factor  for  lengths  only  disordered,  'Yf,  is  much 
more  complicated  than  that  for  the  previous  two  cases.  Applying  Equation  3.10  we 
find; 


0* 

Iff  =  7rwsin(7rw)^cos(7ri;>) 

4 

/  -AJ  1/  H*sin*(xu)) 

—  (ttw)  cos  (xu;) - ^ — - 

4 

cos^  k  — 

+  -5-7{2(’ru>)’sin*(xw)  -  2(xQ)5^cos(xw) 

2  sm  Ac 

cos^  (irQ)  . 

+  T  + - 2^)1 

At  low  frequency  behaves  as  u>* ,  as  was  the  case  for  and  • 


(4.5) 


This  localization  factor  is  plotted  in  the  first  eight  passbands  of  the  underlying 
perfectly  periodic  system  in  Figure  4.11.  Here  we  immediately  notice  some  striking 
differences  from  our  previous  localization  plots  for  the  rod  with  attached  resonators. 
We  notice  that  the  localization  effects  are  amplified  on  either  side  of  all  stopbands.  We 
also  notice  that  for  a  narrow  band  of  frequencies  in  each  passband,  the  localization 
factor  is  greatly  diminished.  Note  that  it  was  difficult  for  the  Monte  Carlo  simulation 
to  reproduce  the  extremely  small  localization  factors  seen  in  the  plot  in  the  middle 
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of  the  passbands.  We  do  not  believe  that  this  is  a  result  of  numerical  problems  at 
these  low  values,  but  rather  is  a  result  of  our  neglecting  higher  order  terms  in  our 
Taylor  series  expansion  that  apparently  make  a  significant  enough  contribution  at  those 
frequencies.  At  higher  disorders  the  effect  is  even  more  pronounced.  The  fact  that  these 
discrepancies  do  not  show  up  in  the  fifth  and  eighth  passbands  is  because  we  have  not 
found  that  frequency  where  the  localization  factor  takes  it  smallest  values  in  those 
passbands. 

These  effects  seem  reasonable  because  the  wavelength  of  the  traveling  wave  at  the 
end  and  beginning  of  each  stopband  is  some  multiple  of  the  length  between  the  res¬ 
onators.  Thus  we  would  expect  that  disorder  in  the  length  between  resonators  would 
have  its  greatest  effect  at  those  frequencies  as  opposed  to  other  frequencies  where  the 
wavelengths  are  not  so  correlated  with  the  bay  length.  Why  ')[  becomes  so  extremely 
small  in  the  middle  of  the  passbands  is  not  clear. 

Similar  effects  are  noted  when  the  disorder  in  length  is  increased  to  ±1%  and 
±10%  from  the  nominal  value.  The  corresponding  localization  factors  as  a  function 
of  frequency  are  shown  in  Figures  4.12  and  4.13. 


4.3.4  All  Three  Parameters  Disordered 

Finally  we  examine  what  might  be  the  most  realistic  situation  in  which  the  masses, 
springs  and  lengths  between  the  resonators  are  disordered.  The  transfer  matrix  as 
a  function  of  fij,  and  Tj  is  presented  in  Appendix  C.2.  Again  we  assume  that 
<  fit  >=  .2,  <  >=  .5  and  <  fy  >~  1.  Here  w*;  will  disorder  both  the  masses 

and  springs  ±1%  from  their  average  values,  while  we  will  only  disorder  the  lengths  by 
±.1%  from  its  average  value.  As  was  explained  in  Chapter  3,  the  localization  factor 
with  several  variables  disordered  is  simply  the  sum  of  the  localization  factors  when  each 
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Monte  Carlo 


resonators  dbordered  ±1%  from  their  average  value  with 


Figure  4.13;  Localization  factor  for  rod  and  attached  resonators  with  lengths  between 
resonators  disordered  ±10%  from  their  average  value  with  fi  =  0.2  and  fc,  =  0.5. 


variable  is  disordered  individually, 


+  'll 

In  Figure  4.14  we  see  that  our  analytical  results  and  Monte  Carlo  simulation  agree 
very  well  over  eight  passbands  for  these  levels  of  disorder.  In  this  case  the  localization 
factor  is  greatly  amplified  around  all  the  stopbands,  particularly  the  first  one  which 
is  associated  with  the  natural  frequency  of  the  average  attached  resonator.  The  local¬ 
ization  effects  tend  to  diminish  with  increasing  frequency.  For  these  levels  of  disorder, 
we  find  that  the  localization  effects  are  predominately  caused  by  the  mass  disorder  in 
most  of  the  first  passband,  while  in  most  of  the  second  passband  and  in  the  middle  of 
the  subsequent  passbands  the  disorder  in  the  springs  has  the  greatest  contribution  to 
'7/jt.r-  Oifily  near  the  second  and  subsequent  stopbands  does  the  disorder  in  the  length 
predominate  in  the  localization  factor.  The  physical  reasoning  given  earlier  when  each 
parameter  was  disordered  individually  helps  to  explain  these  effects. 


4.4  Localization  in  a  Beam  on  Simple  Supports 


The  final  example  concerns  a  Bernoulli-Euler  beam  on  evenly  spaced  simple  sup¬ 
ports  in  the  perlectly  periodic  case,  and  on  randomly  spaced  simple  supports  in  the 
disordered  case.  The  perfectly  periodic  system  is  presented  in  Appendix  C.3  and  its 
dynamics  have  been  discussed  extensively  by  [Miles  56, Mead  70]. 

The  beam  on  randomly  spaced  supports  has  been  discussed  in  [Yang  and  Lin  75] 
and  [Lin  76].  There  they  considered  a  beam  on  up  to  six  supports  and  numerically 
averaged  frequency  response  functions  when  the  beam  was  under  point  loading  or  con  - 
vected  loading.  Their  results  were  consistent  with  what  one  would  expect  from  local¬ 
ized  dynamics.  Unfortunately  this  approach  gives  very  little  insight  into  the  underlying 
mechanisms  associated  with  disruption  of  periodicity.  Our  approach  is  analytically  rig- 
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orous  and  centers  on  a  variable  which  is  known  to  be  statistically  well-behaved  and  has 
physical  meaning.  In  [Bansal  80]  a  situation  similar  to  ours  was  considered  in  which  a 
disordered  segment  of  beam  was  inserted  between  perfectly  periodic  beams  on  supports. 
However,  the  analysis  was  for  deterministically  disordered  segments. 


The  transfer  matrices  for  the  perfectly  periodic  system,  as  well  as  for  the  disordered 
system  are  presented  in  Appendix  C.3.  The  random  length  is  nondimensionalized  so 
that  Ij  =  and  <  >=  1.  From  the  equation  lor  and  Equation  3.10  we 

can  calculate  the  localization  factor.  The  calculation  is  quite  involved  and  many  of 
the  terms  needed  in  the  calculation  are  presented  in  [Yang  and  Lin  75, Liu  76]^  After 
extensive  calculation  we  find 

'll  =  +  ‘29r9r +2g'^ 

+  2gig”  -  {2grgl  + 

where 

Pr  =  cos  k 

gl  =  — v/^[s4  -t-  coskc2]/ss 

9r  =  -WCOSfc[2c4  +  SiSsj/sl 

gi  =  sin  k 


f  Sin  K  C4C3 

g,  =  _Vu'[cosfc--^ 


— -T^[sinh*  Vw  COS  \/u;  —  cosh  y/^ sin*  V^j/s! 
4smA:  * 


^We  believe  one  term  in  Appendix  A  of  (Lin  76]  and  Appendix  I  of  [Yang  and  Lin  75]  should  read 


l>X2  =  -(e/-E^/){(34(/)  +  2cOS?C2(0]/s3(0 
-C4(i)(2c»(0-Sl(033(0]/»?} 


82 


II  w  sin  ^ I  \  / 

gr  == - ^ 

-  C4(2c5  -  .'ias)/«sl 

+  (Z^s  cos*  k  ~  ai54]/«5 
2smA; 

Clearly,  we  will  have  to  look  at  a  plot  of  in  the  passbands  to  make  some  sense  of 
the  above  equation.  This  has  been  done  in  Figure  4.15  where  we  have  disordered  the 
nondimensional  length  by  ±.1%  from  the  average  value. 

In  the  eight  passbands  we  clearly  see  that  the  maiximum  localization  effects  occur  in 
the  immediate  vicinity  of  the  stopbands,  while  in  the  m'ddle  of  the  nominal  passbands 
the  localization  factor  is  greatly  diminished.  These  resultc  .jieem  reasonable  because 
in  the  perfectly  periodic  system  at  the  beginning  of  the  stopbands  it  is  well  known 
[Mead  I'O]  that  each  span  of  the  beam  vibrates  as  if  it  were  clamped  on  both  ends, 
while  at  the  end  of  each  stopband  it  vibrates  as  if  it  were  pinned  on  both  ends.  In¬ 
deed,  the  traveling  waves  become  standing  waves  at  the  edges  of  the  stopbands.  Thus, 
the  dynamics  of  the  system  are  very  sensitive  to  the  distances  between  supports  at 
frequencies  near  the  beginning  and  ends  of  the  stopbands.  This  explains  the  large  lo¬ 
calization  factors  at  those  frequencies.  At  all  other  frequencies  the  wave  motion  is  not 
so  physically  correlated  with  the  span  lengths. 

To  give  some  meaning  to  our  nondimensional  frequency,  we  choose  some  properties 
for  our  physical  parameters  corresponding  to  those  given  in  [Yang  and  Lin  75] .  From 
Appendix  C.3  we  have 

Q  = 

If  we  let  the  thickness  of  the  beam  be  .05  inches  and  the  width  be  1  inch,  E  be  10.5  x  10® 
/6/m*  and  /x  be  2.616  x  10“^  /65*/m*,  we  find  that  for  Q  =  100,  we  have  u  =  1530.5 
rad/s  or  243  Hz. 

Finally,  we  examine  the  case  of  extreme  disorder  where  the  distances  between  the 
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Figure  4.15:  Localization  factor  for  beam  on  simple  supports  with  lengths  between 


supports  Me  randomised  by  ±10%  from  their  average  value.  The  localization  results 
Me  plotted  in  Figure  4.16.  Our  localization  factors  take  on  very  high  values  and  we  see 
that  the  theoretical  result  overpredicts  the  Monte  CmIo  simulation.  Yet,  the  simulation 
cleMly  shows  the  same  pattern  observed  at  the  lower  disorder.  The  localization  effects 
are  most  pronounced!  neM  the  stopbands. 

V.'e  also  notice  that  the  localization  effects  seem  to  become  stationary  with  in- 
creMing  frequency  in  that  the  pattern  of  the  localization  factor  as  a  function  of  fre¬ 
quency  does  not  change  substantially.  This  may  be  a  function  of  the  phase  randomness 
ideas  discussed  by  [Hodges  82, Lambert  and  Thorpe  82,Lambert  and  Thorpe  83]  and 
(Baluni  and  Willemaen  85].  The  argument  here  is  that  at  high  enough  frequency  com¬ 
plete  phase  uncertainty  in  the  wave  sets  in  leading  to  a  particularly  simple  calculation 
of  the  localization  factor.  The  calculation  leads  to  the  conclusion  that  the  localization 
factor  will  be  a  constant  as  a  function  of  frequency.  In  [Hodges  82]  it  is  found  that 

“If  ~  1*^  1 

where  tf^tpport  is  the  transmission  coefficient  for  one  support  on  an  infinitely  long  beam. 
From  [Cremer  et  al  73,  page  321]  we  find  that  |f,upj>ort|*  =  -5  This  gives  a  value  of 
the  localization  factor  that  is  .347.  Clearly,  though,  we  do  not  observe  the  localization 
factor  becoming  a  constant  as  a  function  of  frequency.  Instead  it  is  noticeably  amplified 
in  the  vicinity  of  the  stopbands.  Therefore  the  notion  that  the  localization  factor 
becomes  a  constant  with  frequency  must  be  considered  misleading  for  this  kind  of 
system.  However,  the  fact  that  the  localization  factor  behaves  in  the  same  manner 
from  passband  to  passband  at  high  frequency  could  be  a  consequence  of  these  phase 
randomness  ideas. 
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igure  4.16:  Localization  factor  for  beam  on  simple  supports  with  lengths  between 


V 


4.5  Observations 

We  have  collected  a  lot  of  results  in  this  chapter  on  localisation  effects  in  some 
useful  structural  dynamic  examples,  so  we  need  to  reflect  on  some  of  the  insights  we 
have  gained. 

Clearly  the  localisation  effects  increase  with  greater  amounts  of  disorder,  though 
our  theoretical  results  hav''  ''  ^ulty  tracking  the  localisation  factor  when  it  becomes 
greater  than  7  =  .1.  More  importantly,  localisation  effects  are  strongly  varying  func¬ 
tions  of  frequency.  Whenever  the  first  frequency  band  is  a  passband,  we  notice  that 
the  localization  factor  is  proportional  to  frequency  squared.  The  most  dramatic  fre¬ 
quency  effect  we  see  is  that  the  localization  effects  can  be  quite  pronounced  around 
the  stopbands.  The  localization  factor  was  particularly  high  in  the  vicinity  of  the 
stopband  associated  with  the  natural  frequency  of  the  attached  resonator  on  the  rod. 
This  result  indicates  that  localization  effects  could  be  quite  important  on  periodic  truss 
structures  which  have  a  number  of  cross-members.  Real  periodic  truss  structures  are 
really  multiwave  systems  which  will  be  investigated  in  Chapter  5;  however,  we  suspect 
that  the  insights  we  have  generated  with  the  mono-coupled  systems  should  generalize 
to  the  multiwave  systems.  We  also  notice  that  disorder  in  the  lengths  of  bays  result 
in  quite  pronounced  localization  effects  in  the  vicinity  of  stopbands  as  well.  Specifi¬ 
cally,  we  see  that  the  localization  factor  when  lengths  are  disordered  consistently  take 
on  high  values  at  the  edges  of  the  passbands,  while  they  are  consistently  small  in  the 
middles  of  the  passbands.  This  is  in  contrast  to  disorder  in  masses  and  springs  where 
the  localization  factor  does  not  vary  so  dramatically  over  any  but  the  first  passband. 
Because  localization  can  become  quite  pronounced  in  .  the  vicinity  of  stopbands,  exper¬ 
imental  measurements  on  real  periodic  structures  in  those  frequency  regimes  could  be 
susceptible  to  the  effects  of  disorder. 

In  addition,  our  analytical  and  numerical  work  has  clarified  some  of  the  few,  yet 
misleading,  results  that  have  appeared  in  the  literature.  Most  published  results  up  to 
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this  point  have  simply  indicated  that  the  localisation  effects  increase  with  frequency 
and  take  on  constant  values  at  high  frequency.  Clearly  these  results  are  mistaken.  Our 
work  indicates  that  the  importance  of  localisation  effects  can  vary  greatly  over  even  a 
single  passband  and  generally  become  quite  pronounced  near  the  stopbands. 


Chapter  5 


Localization  in  Multiwave  Systems 


For  the  bulk  of  this  thesis  we  have  considered  the  localisation  phenomenon  in  mono* 
coupled  disordered  periodic  structures,  i.e.,  systems  modeled  with  2x2  random  transfer 
matrices.  However,  most  real  structures  are  better  modeled  with  transfer  matrices  that 
are  of  dimension  4  x  4  or  greater.  This  implies  the  structures  can  carry  a  multiplicity  of 
wave  types  at  a  single  frequency  as  opposed  to  the  one  wave  type  in  the  mono-coupled 
case.  Periodic  structures  of  this  kind  are  called  multiwave  or  multichannel  systems. 
Frequently  in  the  solid  state  physics  literature  the  term  *wire"  is  used  to  describe  th«e 
systems  in  contrast  to  the  term  '‘chain”  used  to  describe  mono-coupled  systems.  Just  as 
there  are  many  complications  in  going  from  single-input  single-output  to  multiple-input 
multiple-output  control  system  design  and  analysis,  there  are  analogous  complications 
in  foing  from  disordered  one-dimensional  systems  carrying  a  single  pair  of  waves  to 
disordered  one-dimensional  systems  carrying  a  multiplicity  of  waves. 

Before  embarking  on  our  analysis  of  multiwave  systems,  let  us  review  the  terri¬ 
tory  we  have  covered  for  mono-coupled  disordered  systems.  After  briefly  sununarizing 
some  relevant  properties  of  periodic  systems,  we  demonstrated  that  disordered  periodic 
structures  can  be  modeled  via  a  product  of  random  transfer  matrices.  That  product  of 
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random  matricet*  was  then  transformed  to  a  wave  transfer  matrix  involving  transmission 
and  reflection  coefliclents.  By  employing  Furstenberg*s  theorem  on  products  of  random 
matrices,  we  were  able  to  show  that  the  transmission  coefficient,  r,,,  is  well-behaved  in 
the  sense  that 

=  ^>0 

Furstenberg's  theorem  also  provides  as  with  a  closed-form  solution  for  7  involving  a 
double  integral  over  two  probability  density  functions.  Because  one  of  the  probability 
density  functions  is  virtually  impossible  to  find,  we  were  forced  to  approximate  the 
double  integral  to  first  order  in  the  variances  of  the  disordered  variables. 

We  then  examined  the  localisation  factor  for  th  fw  one-dimensional  disordered 
mono-coupled  periodic  structures.  For  reasonable  levels  of  disorder  our  analytical  so¬ 
lution  to  7  provided  a  good  approximation  to  the  Monte  Carlo  calculations  of  the 
localisation  factor.  We  noticed  that  the  localisation  factor  was  a  strongly  varying  func¬ 
tion  of  frequency  taking  on  its  greatest  values  at  frequencies  near  the  stopbands  of  the 
underlying  perfectly  periodic  system. 

We  believe  the  approach  followed  in  the  study  of  mono-coupled  disordered  periodic 
systems  should  be  followed  in  the  study  of  multiwave  systems  to  yield  the  best  results. 
Indeed,  as  we  will  see  below,  this  approach  has  already  been  successful  in  giving  us  the 
multiwave  localisation  factor  as  a  function  of  the  transmission  matrix. 

Perfectly  periodic  multiwave  structures  have  been  examined  by  [Mead  73,Mead  75-1] 
and  [Roy  and  Plunkett  86,SignoreIli  87,Signorelli  and  von  Flotow  87,Bernelli  et  al  87). 
Just  as  mono-coupled  periodic  structures  have  passbands  and  stopbands,  so  do  multi¬ 
wave  periodic  systems.  However,  in  the  passbands  of  multiwave  systems,  both  traveling 
and  attenuating  waves,  frequently  called  evanescent  waves,  can  exist  simultaneously. 
Indeed,  even  complex  waves,  those  which  propagate  according  to  e'^'^*,  are  known  to 
exist,  yet  these  act  as  if  they  were  evanescent  waves.  Because  evanescent  waves  are 
already  strongly  localised,  our  focus  in  this  chapter  will  be  on  the  effects  of  disorder 
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on  the  traveling  wav  os  [Buttiker  et  al  85). 

The  localization  phenomenon  in  multiwave  systems  has  received  much  less  attention 
than  its  single  wave  counterpart.  derson  [Anderson  81]  derived  a  scaling  variable 
for  multiwave  systems  from  an  analysis  of  the  scattering  matrix.  Several  researchers 
[Pichard  and  Sarma  81“l,Pichard  and  Sarma  81-2,Pichard  86,Pichard  and  Andr4  86] 
and  [Imry  86]  have  used  the  transfer  matrix  formalism  and  theory  on  products  of  ran¬ 
dom  matrices  to  study  multiwave  systems,  though  mainly  with  intention  of  extend¬ 
ing  the  results  to  two-  and  three-dimensional  systems.  In  [Johnston  and  Kunz  83-lj 
and  [Johnston  and  Kunz  83-2]  the  locali’ation  problem  of  multiwave  systems  is  ex:  (Ti¬ 
med  in  its  own  right. 


In  our  analysis  of  the  problem,  we  state  our  assumptions  about  the  wave  transfer 
matrix,  which  follows  from  certain  properties  of  the  scattering  matrix.  As  we  shall 
see,  Furstenberg’s  theorem  will  not  be  of  use  in  analyzing  multiwave  localization.  As 
in  [Pichard  and  Sarma  81-1],  we  will  use  the  theroem  of  Oseledets  to  guide  our  work. 
Two  subsections  are  devoted  to  discussing  this  important  theorem.  Our  goal  is  to  find 
the  multiwave  analog  to  our  mono-coupled  result: 


-7  =  -  lim  -ln|r„| 

n-*oo  fi  '  ' 


We  will  indeed  derive  a  multiwave  analog  to  this  and  compare  our  result  with  three 
others  that  have  appeared  in  the  literature.  Physically,  our  goal  is  to  find  that  wave 
in  the  multiplicity  of  attenuated  waves,  which  is  attenuated  the  least  by  the  disorder. 
This  least  attenuated  wave  carries  energy  the  farthest  and  so  is  the  one  of  interest  when 
thinking  about  localization  in  multiwave  systems. 
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5.1  Wave  Transfer  Matrix  Assumptions 


Our  wave  transfer  matrix  assumptions  will  follow  from  two  properties  of  the  scatter¬ 
ing  matrix  usually  found  in  the  solid  state  literature  [Anderson  81]  and 
[Johnston  and  Kunz  83-l,Buttiker  et  al  85).  We  assume  the  scattering  matrix  cf  one 
disordered  bay  sitting  in  an  otherwise  perfectly  periodic  system  is  both  symmetric  and 
unitary.^  The  symmetry  of  the  scattering  matrix  follows  from  the  symmetry  of  the 
impedance  (or  admittance  matrix)  describing  the  bay  [Carlin  and  Giordano  64]  and 
unitarity  follows  from  assuming  no  dissipation  and  excluding  any  evanescent  waves 
[Buttiker  et  al  85].  See  Appendix  E. 

Our  two  assumptions  about  the  scattering  matrix,  S,  translate  into  two  properties 
of  the  wave  transfer  matrix,  W.  First 

S  symmetric  ■<=>  W  symplectie 

and  second 

S  unitary  <=^  W  €.  SU{d^d) 

These  properties  are  discussed  in  Appendix  E.  Both  properties  will  be  important  in 
the  derivation  of  the  multiwave  localization  factor  in  what  follows.  The  wave  transfer 
matrix  W  can  be  derived  from  the  corresponding  real  transfer  matrix,  T,  by  premul¬ 
tiplying  T  by  the  transposes  of  the  left  eigenvectors  and  postmultiplying  by  the  right 
eigenvectors  corresponding  to  the  traveling  waves. 


5.2  Theorem  of  Oseledets 


As  we  did  for  mono-coupled  systems,  we  will  in  the  case  of  multiwave  systems  rely 
on  a  theory  for  products  of  random  matrices  to  guide  our  work.  We  use  the  theorem 
^This  corresponds  to  the  physical  assumptions  of  time  reversal  symmetry  and  current  conservation 
in  the  solid  state  localisation  problem. 
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of  Oseledets  [Oseledets  68]  specialized  to  symplectic  matrices;  however,  the  reader  is 
referred  to  [Bougerol  and  Lacroix  85]  and  [AMS  86]  to  better  understand  its  relevance 
to  the  problem  at  hand.  We  divide  the  relevant  portions  of  Oseledets’  theorem  into 
several  parts.  First  we  will  state  a  result  concerning  the  eigenvalues  of  an  eusymptotic 
matrix  product,  then  we  will  discuss  a  vector  propagation  interpretation  of  the  same 
theorem.  In  the  final  section  we  will  see  how  the  Lyapunov  exponents  (defined  below) 
might  be  calculated  analytically. 

5.2.1  Eigenvalues  of  Limiting  Matrix 

Let  Wi,  W2,  •  •  • ,  W„  form  a  sequence  of  independent  identically  distributed  random 
symplectic  matrices  of  size  2d  x  2d.  Suppose  also  that 

f;(sUp{ln<T,nai(Wi),0})  <  +00 

If  we  set  V„  =  Wn  •  •  •  Wi  then  the  sequence  of  matrices  (V^V„)^  converges  u;.p.l  as 
n  -♦  00  to  a  random  matrix  B  with  2d  nonrandom  eigenvalues  e'’* ,  •  •  • ,  •  •  • ,  e"''* 

where  'Ti  >  •  •  •  >  id  >  0  [Johnston  and  Kunz  83-1].  These  '7,5  are  the  Lyapunov  expo¬ 
nents  of  the  random  matrix  product  W„  •  •  •  Wi.  In  random  dynamical  systems,  Lya¬ 
punov  exponents  are  considered  a  meatsure  of  stochasticity  [Benettin  and  Galgani  79]. 

The  eigenvalues  physically  represent  d  pairs  of  waves  traveling  in  both  directions. 
The  theorem  of  Furstenberg  applied  to  2d  x  2d  matrices  allows  us  to  calculate  qfi,  which 
is  the  uppermost  Lyapunov  exponent.  However,  in  this  multiwave  case  with  7d  <  qfi, 
qfd  represents  the  wave  with  potentially  the  least  amount  of  decay,  and  so  it  carries 
energy  along  the  structure  farther  than  the  wave  represented  by  qfi.  As  a  result,  7d  is 
the  quantity  of  interest  when  calculating  multiwave  localization  effects. 

Note  that  we  can  also  express  the  Lyapunov  exponents  of  this  random  symplectic 
matrix  product  in  terms  of  its  singular  values  (sec  Appendix  A),  oy  =  ay(V„).  If 
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we  recall  that  the  singular  values  of  a  symplectic  matrix  occur  in  reciprocal  pairs: 
<7i,  •  •  •  ■  ‘  ‘  where  ai  >  •  •  •  >  <74  >  1.  Then  w.p.  1 

Tfy  =  lim  —  lna,  (V,)  1  <  j  <  d 

^  n-^oo  y  \  //  —  f  — 

This  result  [Bougerol  and  Lacroix  85]  will  be  very  useful  in  the  section  in  which  we 
derive  as  a  funct»on  of  the  transmission  properties  of  the  system. 


5.2.2  Vector  Propagation  Interpretation  of  Oseledets’  Theo¬ 
rem 

Another  aspect  of  Oseledets’  theorem  involves  the  limiting  behavior  of  a  random 
matrix  product  premultiplied  by  a  nonrandom  vector.  This  aspect  will  help  explain  one 
of  the  properties  mentioned  in  connection  with  Furstenberg’s  theorem  in  Chapter  3. 

Given  the  assumptions  and  results  of  the  previous  section,  let  >  V’j  >  •  •  •  >  V'r 
(with  r  <  2d)  be  the  strictly  decreasing  sequence  of  distinct  elements  of 

('71)  •  •  •  >  Id,  —Id, ,  — 7i)«  Then  there  exists  a  strictly  increasing  sequence  of  subspaces 

{0}  =  Sr+i  C  5,.  C  •  •  •  C  =  C*** 

(known  as  a  filtration  of  such  that  if 

*0  G  Sj  \  Sf+i 

then 

lim  -  In  ||Wn  •  •  •  Wi*oll  =  0;  j<r 

n— *00  •x  M  # 

Here  Zq  &  Sj\  Sj^i  says  that  Sq  is  an  element  of  the  subspace  Sj  but  not  an  element  of 
'S'j+i*  Also  we  have 

dim5,+i  —  dim5y  = 

number  of  elements  of  the  sequence  (Tfi,  •  •  •  —^d, ,  —li) 

which,  are  equal  to  ^j 
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This  vector  propagation  property  is  best  understood  by  examining  the  example 
of  2  X  2  real  transfer  matrices.  In  this  case  our  sequence  of  Lyapunov  exponents  is 
(^i>  -'ll)  where  71  >  0,  so  r  =  2  and  V'l  =  'll  smd  V'j  =  -71  •  We  have  the  sequence  of 
subspaces 

{0}  =  5s  C  52  C  5i  =  i2* 


If 


Xo  €  52  \  5s 


These  vector  propagation  idecus  are  the  basis  for  numerical  methods  to  calculate  Lya¬ 
punov  exponents  of  various  dynamical  systems  [Benettin  and  Galgani  79]  and 
[Pichard  and  Sarma  81-2,Ikeda  and  Matsumoto  86]. 

This  propagation  behavior  is  very  analogous  to  what  happens  when  a  vector  is 
propagated  by  a  product  of  deterministic  matrices,  T,  whose  eigenvalues  are  A  and  j 
with  A  >  1.  If  we  choose  any  vector  v,  so  long  as  it  has  some  piece  along  the  eigenvector 
associated  with  A,  then  as  n  becomes  large  the  direction  of  T"v  will  become  aligned 
with  the  eigenvector  associated  with  the  A.  If,  on  the  other  hand,  the  vector  v  is 
aligned  with  the  eigenvector  associated  with  ^  then  T"v  will  always  be  aligned  with 
that  eigenvector  no  matter  how  large  n  is. 
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5.3  Localization  Factor  for  Muitiwave  Systems  as 
a  Function  of  the  Transmission  Matrix 


In  the  previous  sections  we  have  identified  the  dih  Lyapunov  exponent,  7<i,  of  the 
matrix  product  •  •  •  Wi  as  the  localization  factor  for  a  multiwave  disordered  periodic 
system.  Much  as  we  did  for  mono-coupled  sytems,  in  which  we  showed 

7  =  -  lim  -  In  |r„| 

n-oo  n 

we  want  to  find  7,^  as  a  function  of  the  transmission  properties  of  the  system.  Work 
relevant  to  this  issue  has  been  done  by  (Anderson  81],  [Johnston  and  Kunz  83-1]  and 
[Imry  86] . 


Here  we  assume  the  2d  x  2d  wave  transfer  matrix  is  symplectic  and  is  an  element 
of  SU{d,d),  so 


V, = n  w,  = 


-^n^Pn 

^-1* 


(5.1) 


The  form  and  proj.  .rties  of  the  wave  transfer  matrix  were  established  in  Appendix  E. 
The  two  assumptions  about  the  wave  transfer  matrix  are  those  made  by  [Anderson  81], 
[Johnston  and  Kunz  83-1],  [Imry  86],  though  [Anderson  81]  adds  more  restrictive  as¬ 
sumptions.  For  the  rest  of  the  discussion  we  will  suppress  the  subscript  n  on  the 
transmission  and  reflection  matrices,  r  and  p,  respectively. 


We  will  show  that  the  localization  factor  (or  the  dth  Lyapunov  exponent  of  V„)  is 

»-•<»  n 


or 


7d  =  —  lim  —  ln[<r(rr^)]a 

n^oo  ^ 


or 


ld  =  -  lim  -Injr.ylmwc 

n— ♦«  fi  *  *  ' 
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where  t  is  d  x  d  and  is  the  tjth  element  of  r  and  all  the  results  hold  w.p.l. 


The  derivation  of  these  results  begins  by  recalling 

Jim  iln(7,(V„) 

n-*»  fi 

Recalling  that  the  dth  singular  value  of  V„  is  the  positive  square  root  of  the  dth 
eigenvalue  of  V^Vn  we  have 


Consider  the  matrix 

yHy  ^  f  1 

"  "  [  -,,»(rr'')-‘  -  (r-r’')-V  2{i''r’')-‘  - 1  J 

Here  is  symplectic,  so  its  eigenvalues  will  occur  in  reciprocal  pairs  Ai,*-  ‘jAa, 

*  *  * »  aT  Ai  >  •  •  •  >  Aa  >  1. 


Our  analysis  will  be  simplified  by  recognizing  the  following  *; 

4(rr")-^  -  21  0 


(V^Vn)  +  (V«V„) 


-1  _ 


4(rV’')-^ 


21 


(5.3) 


where  each  block  in  the  matrix  is  <2  x  d.  The  matrix  has  repeated  eigenvalues 
Ai  -f  •  •  • ,  Aa  +  for  a  total  of  2d  eigenvalues.  However,  we  notice  that  these  eigen¬ 
values  are  the  eigenvalues  of  the  two  diagonal  blocks  of  this  block  diagonal  matrix. 
The  eigenvalues  of  each  block  are  clearly  real  because  both  blocks  are  Hermitian.  In 
addition,  each  block  is  the  complex  conjugate  of  each  other,  and  real  eigenvalues  be¬ 
ing  invariant  with  respect  to  complex  conjugation,  both  blocks  must  have  the  same 
eigenvalues. 


So  the  eigenvalues,  of  4(rr")"^  —  21  are 


=  Ai  -H  — ,  *  ‘  ~ 


^[Engels  80,Pichanl  and  Andr4  86]  rccogniied  a  similar  result,  though  [Engels  80],  working  in  a  dif¬ 
ferent  context,  never  realised  he  was  dealing  with  symplectic  matrices. 
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where 


Ml  >  •  •  •  >  A*a 

Now  let  ^,[*]  be  the  jth  eigenvalue  of  the  indicated  argument.  So 

^  -  21] 

=  Mmin(4(rr")'^  -  21] 

=  -2 

where  we  have  used  a  couple  of  determinant  identities  in  the  last  equation.  Now  taking 
the  same  limit  on  both  sides: 


Ji.'a,  ^  = JHSs,  ^  -  2} 

We  notice  that 

lim  —  ln(A4  +  -^)  =  Hm  ~  ln(Ad)(l  +  i) 

•»-*«  2n  '  n-*oo2n  ^  Xy 

=  lim  ~  In(Ad)  +  lim  Infl  + 

Recalling  that  Aj  >  1,  the  second  term  above  must  vanish  in  the  limit.  So  we  are  left 
with  (recalling  the  definition  of  ) 


Note  that 


So  we  can  write 


or 


Mmtn[(rr")  *]  = 


Mmkx 


1  4 

'Id  =  lim  —  ln( - ^  -  2) 

n-oo  2n  Vm«[rT^^] 


"^«2n  >,„«irr"]'' 
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or 

'ti  —  lim  ln{ - T — rrr) 

n-H00  2n 

+  lim  ^  ln(4  -  2MniM[rr")) 

a-^00  2fl  •  u 

In  Appendix  E  we  show  that  0  <  <  !»  so  that  the  second  term  above  must 

vanish  in  the  limit. 


We  are  left  with: 


n-*oo  ^fi 


or  recalling  the  definition  of  singular  values 


Tfi  =  -  ilm  ilnffm„(r) 


(5.4) 


As  a  byproduct  of  this  analysis  we  can  find  all  d  of  the  Lyapunov  exponents  of  Vn 
in  terms  of  the  transmission  matrbc  r.  First  recall  from  Section  5.2.1 

7,  =  lim  —  ln{A.)  I  <j  <  d 

'  «->oo  2n 

and  from  earlier  in  this  section 


+  ^  =  M,l4(rr")-^-2I] 
=  4a;[(rr«)-^]-2 


Note  here  that 


1 


li4-i+l\TT«] 

So  tadcing  limits  on  both  sides  and  discarding  vanishing  terms  we  find: 

This  reproduces  our  result  for  74,  and  also  tells  us  that 

7i  =  —  lim-lna^fr) 

n-^oo  * 

=  -  lirn  ilnaroin(f) 

l»-»OP  fj 
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Now  we  return  to  examining  ri4  and  proceed  to  show  that  in  addition  to  Equation  5.4 

'14  =  —  lim  iln[tr(fr^))^ 

First  examine 

-  Hm  ;:^lntr(rf^) 

Take  an  eigenvector  drcomposition  of  the  Hermitian  matrix  rr^,  and  rewrite  this  as; 


—  ^lirn  ^  In  tr(Ud»o9{p,}U^) 

where  U  is  a  unitary  matrix.  Recalling  that  tr(ABC)  =  tr(BCA)  ^or  compatible 
matrices  we  see  that  the  above  limit  equal; 


or 

or 

-  lim  ~  ln(Mi[l  +  —  +  ••*  +  — ]) 

I.-.00  2n  ‘  Hi 

Recalling  that  Mi  ^  ^  >  0,  we  have  that  the  term  in  brackets  is  finite  and 

bounded  below  Ly  1  and  above  by  d,  so  when  taking  the  limit,  we  are  left  with 


—  lim  ^^InMifrr^^] 
2n  ‘ 


which  is  precisely  equal  to 

-  lim -lno,„«(r)  =  7^ 

n-.oo  n 

Thus  we  ha>'c  indeed  shown  that 


'I*  = 


n-oo  n 


(5.5) 


One  final  simpUficetion  in  our  result  is  now  possible.  Starting  with 

14  =  -  lim  ^ln[tr(rr")] 

H-.00  2n 
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let  r,j  be  the  tjth  element  of  the  matrix  r.  Now  (this  is  the  square  of  the  Frobenius 
norm  of  r) 


‘rlrr")  =  EEK/I* 

i«i  i=l 

=  kiil*  +  [fill*  +  •  *  •  +  Ifajl* 


We  have  that  for  one  element  of  r,  |ny|  >  #  Jt  we  will  denote  it 


foim*.-  So 


So 


*  ^  Ir.vi* 


<f(rr")  =  kulL.(EET^) 

tsl  jisl  |f*/  IMK 


*  1 


and  because  the  term  in  parentheses  is  finite  and  bounded  below  by  1  and  above  by 
d*,  it  vanishes  after  taking  the  limit,  so  we  are  left  with 


or 


Id  = 

**-•00  fl 


(5,6) 


This  result  tells  us  that  the  wave  that  propagates  the  farthest  is  governed  by  the 
transmission  coefficient  with  the  largest  absolute  value,  which  madees  perfect  sense. 
Notice  that  our  result  agrees  with  our  localization  result  in  the  mono-coupled  case 
where  the  matrix  r  is  a  scalar. 


Now  we  are  in  a  position  to  compare  our  result  with  three  others  that  have  appeared 
in  the  literature.  In  [Anderson  81],  a  scaling  variable,  mentioned  in  Chapter  1,  is 
c'.erived  for  multiwave  systems  in  which  Anderson  tried  to  mimic  the  techniques  which 
accurately  gave  him  the  scaling  variable  for  mono-coupled  disordered  periodic  systems 
[Anderson  et  al  80).  In  addition  to  assuming  that  the  scattering  matrix  was  symmetric 
and  unitary,  he  also  assumed,  in  order  to  make  the  problem  tractable  from  his  point  of 
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V  \^;w,  that  certain  chcnnels  in  what  he  called  a  back  reflection  matrix  were  independent. 
In  the  paper  he  acknowledged  that  this  latter  assumption  was  not  correct,  but  guessed 
it  would  have  little  impact  on  the  final  result.  The  scaling  variable  he  arrived  at  was 

p.«rjrr"l^ 

with 


P.  =  2i 


tr[rT") 


p.  =  1.764, 


lr{TT^j 


•foo 


trlrr^l  relevant  limit.  An  analysis  of  our  results  indicates  that  we 

would  exp  ct  the  scaling  variable  to  be 


Apparently  the  difference  between  the  results  is  a  consequence  of  Anderson's  extra 
assumptions  on  channel  independence.  Note  also  that  Anderson’s  result  does  not  reduce 
down  to  the  sealine  variable  in  the  mono-coupled  case. 


A  much  more  direct  comparison  of  results  can  be  made  with  [Imry  86].  Imry  made 
exactly  the  same  assumptions  about  the  wave  transfer  matrix  as  we  have,  and,  through 
the  work  of  Pichard,  was  aware  of  Oseledets’  theorem.  In  his  paper,  Imry  makes  some 
heuristic  arguments  concerning  (r(rr")  leading  to  the  inverse  localization  length, 
(the  same  thing  as  our  multiwave  localization  factor)  being 

7  =  —  Urn  —  Intr(Tv^) 

The  problem  with  this  result  is  the  missing  square  root  over  tr(rr^). 


Finally  we  compare  our  result  with  [Johnston  and  Kuni  83-1]  who  relied  rigorously 
on  theories  of  products  of  random  matrices.  In  their  paper,  Johnston  and  Kunz  used  the 
work  of  [Tutubalin  68,Virster  70],  though  they  were  aware  of  Pichard’s  work.  Arguing 
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M  w«  have,  that  the  amaDest  Lyapunov  exponent  of  a  random  eymplectic  matrbc  prod¬ 
uct  U  the  localisation  factor  for  long  multiwave  systems,  they  derived  the  localisation 


factor  as: 


This  result  differs  from  the  one  presented  in  Equation  5.6  in  that  our  74  involves  only 
the  limit  of  evaluate  whether  the  result  of  [Johnston  and  Kuns  83-1]  mak«i 

sense,  vft  see  if  it  gives  us  the  correct  answer  for  the  undisordered  or  perfectly  periodic 
system.  For  a  perfectly  periodic  system  with  n  bays,  the  transmission  matrix,  r,  would 
look  like; 


with  all  the  off-diagonal  terms  zero.  In  [Johnston  and  Kunz  83-1]  the  claim  is  that  we 
can  take  any  element  of  r  and  get  the  proper  localisation  factor.  Yet  if  we  choose  any 
off-diagonal  term  we  get  the  following  absurd  result: 

74  =  -  lim  —  In(O) 

—00 

=  _  lini  — 

Ig^OO  fl 

This  is  in  contrast  to  Equation  5.6  which  takes  the  element  of  r  with  the  maximum 
absolute  value,  namely,  |e”***  |  =  1,  from  which  we  find 

14  =  -  lim  —  in(l)  =  0 

This  is  precisely  the  result  for  perfectly  periodic  systems,  i.e.,  there  is  no  localization. 

Note  that  all  three  of  our  localisation  results,  Equations  5.4,  5.5  and  5.6  only  hold 
as  n  — »  00.  Indeed  all  three  must  give  equivalent  answers  in  the  limit.  However,  if  we 
were  to  evaluate  each  of  the  three  expressions  for  finite  n  wo  would  likely  find  three 
different  answers.  This  is  a  consequence  of 


Ihjlm..  <  <  y/tr{TT«) 
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Cleurly,  when  we  ere  evereging  one  or  a  finite  number  of  beys  over  en  ensemble, 
Appeers  to  be  the  vAriAble  to  ever  Age,  otherwise  we  would  mispreuict  the 
VAlue  for  74.  Indeed,  we  coigecture  thst  by  Avereging  -in|ri||mM  over  a  lerge  en¬ 
semble  of  WAve  trenafer  mstrices  we  could  compute  sn  Accurste  estimste  of  7,1.  This 
obaervAtion  could  lesd  to  a  method  which  would  bypess  the  neceuity  of  multiply¬ 
ing  AS  meny  as  10,000,  50,000  or  even  60,000  mAiricee  together  as  hss  been  done  in 
[PichArd  And  SArmA  Bl-l,John8ton  end  Kuns  8S-2,GArc{A  et  a!  86]. 

However,  before  pursuing  some  complicAted  numericAl  Analysis,  we  should  first  try 
to  discover  An  anAlytical  solution  for  74  with  which  to  compare  any  numerical  r^ult. 
This  is  the  subject  of  the  next  section. 


5.4  Calculation  of  the  Multiwave  Localization  Fac 
tor  Via  p- Forms 


Similar  to  our  Approach  in  Chapter  3,  we  need  to  examine  the  analytical  tools  to 
actually  calculate  74,  the  multiwave  localisation  factor.  For  mono-coupled  systems  we 
had  Equation  3.3  that  gave  a  closed  form  solution  for  7.  We  will  discuss  the  anaJogous 
equation  for  74  in  this  section. 

The  mathematics  for  calculating  Lyapunov  exponents  for  products  of  random  2dx2d 
matrices  becomes  increasingly  complex  compared  to  the  case  of  2  x  2  matrices.  In  par¬ 
ticular,  we  will  be  making  use  of  p-forms.  The  recent  book,  {Bougerol  and  Lacroix  85] 
is  an  excellent  reference  on  the  mathematics  necessary  to  handle  multiwave  disordered 
systems.  For  completeness  the  relevant  theorem  is  as  follows  and  is  adapted  from 
[Bougerol  and  Lacroix  85,  page  89] 

Theorem  S  (Calculation  of  Lyapunov  Exponents)  Let  Wi,W|,.  .,Wn  be  in- 
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k 


L 


1 

( 

f 


dependent  identically  distributed  2d  x  2d  random  symplectie  matrices  with  distribution 
p  and  letp  be  an  integer  in  {1,...  ,d}.  Suppose  that  W^,  the  smallest  closed  semigroup 
in  Gl{d,  C)  containing  the  support  of  p,  is  p-contracting  and  Lp-strongly  irreducible  and 
that  J5[ln  ||Wj.||]  is  finite.  Then  the  following  hold 

%  >  Ip+i 

For  any  nonzero  Zo  in  Lp, 

Jim  i  In  llA^Wn  •  •  •  Witoll  =  £  'll 

>=i 

and 

„lhniln||A'W„...w.||=t'(/ 

i=i 

There  exists  a  unique  p-invariant  probability  distribution  Up  on 

P{Lp)  =  {teP{h.^R^%zeLp) 

then 

El,-  =  //  In  IIA'Wj  ||rfn(W)rf,/,(E)  (5.7) 


Clearly  to  calculate  7^  we  do  it  inductively.  Namely,  we  have  to  calculate  from 
Equation  5.7 

7i  + - ^  7- 

then 


7i  H - 1-  7<i-i 

from  which  we  can  obtain  7^. 

t 

To  illustrate  the  increased  complexity  of  this  multiwave  localization  problem  we 
note  that  for  a  4  x  4  matrix,  W,  we  have  that  A^W  is  just  the  matrix  W  while  A*W 
is  a  6  X  6  matrix  in  an  appropriate  basis.  This  also  means,  v/hen  p  =  2  in  the  above. 
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that  £  will  be  a  6  X  1  vector.  We  should  also  note  that  the  norms  of  these  p-forms  take 
a  particularly  simple  form: 

llA^Wj]  =  aia2  “Op 

where  cr,  is  the  »th  singular  value  of  the  matrix  W. 

The  path  of  the  research  seems  clear.  First  the  conditions  of  Theorem  3  need  to 
be  clarified  to  show  that  they  clearly  apply  to  transfer  matrices  that  would  occur  in 
practice.  Then  an  approach  similar  to  that  in  Chapter  3  could  be  taken.  Namely, 
we  ccnld  perform  a  Taylor  series  expansion  on  the  relevant  terms  of  Equation  5.7  in 
order  to  get  some  analytical  approximation  for  'ya  to  first  order  in  the  variance  of  the 
disordered  parameter.  Then  we  would  be  in  position  to  calculate  localization  factors 
numerically  and  have  some  analytical  results  with  which  to  compare  them. 


5.5  Summary 

In  this  chapter  we  have  tackled  the  very  difficult  problem  of  localization  in  one¬ 
dimensional  multiwave  disordered  periodic  systems.  The  multiwave  nature  increases 
the  complexity  of  analysis  considerably  Cv/mpared  to  the  localization  problem  in  mono- 
coupled  periodic  structures.  Our  first  task  was  to  clarify  the  assumptions  on  our  wave 
transfer  matrices,  sifter  which  we  appealed  to  the  theorem  of  Oseledets  to  understand 
the  asymptotic  behavior  of  products  of  random  multiwave  matrices.  We  noted  that 
the  theorem  of  Furstenberg  was  of  little  use  here.  The  principal  contribution  of  the 
chapter  was  the  derivation  of  the  multiwave  localization  factor  (the  dth  LyapuT'ov 
exponent)  as  a  function  of  the  transmission  matrix, for  the  disordered  system.  This 
issue  has  been  addressed,  but  in  our  view  unsatisfactorily,  by  a  number  of  solid  state 
physicists.  Thus  our  results  and  insights  should  have  some  impact  in  the  solid  state 
field  where  traditionally  most  ‘of  the  localization  work  has  been  done.  In  addition, 
the  recent  work  of  [Pichard  and  Sarma  81-l,Pichard  and  Sarma  81-2]  indicates  that 
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our  result  may  have  some  impact  in  clarifying  the  localization  mechanism  in  two-  and 
three-dimensional  disordered  systems.  Finally,  we  pointed  out  the  tools  that  can  be 
used  to  analytically  calculate  the  localization  factor. 


Chapter  6 


Conclusions  and  Recommendations 


6.1  Conclusions 

In  this  thesis  we  have  explored  the  effects  disorder  has  on  the  transmission  properties 
of  normally  perfec  periodic  structures.  Disorder  is  known  to  spatially  localize  the 
mode  shapes  of  disordered  periodic  systems,  so  the  term  localization  is  used  to  describe 
the  various  dynamic  manifestations  of  disorder.  The  localization  phenomenon  hais  been 
most  extensively  studied  in  the  context  of  solid  state  physics  and  only  recently  with 
disordered  systems  of  interest  to  the  engineer  in  mind. 

This  thesis  has  provided  the  tools  with  which  engineers  can  decide  the  importance 
of  the  dynamic  effects  of  disorder  on  mono-coupled  periodic  structures.  The  first  prin¬ 
cipal  contribution  was  the  elucidation  of  random  transfer  matrix  techniques  to  model 
disordered  systems  and  calculate  transmission  properties.  This  included  a  discussion 
of  the  important  transformation  to  wave  transfer  matrix  form  smd  the  relevance  cf  the 
theorems  of  Furstenberg  and  Oseledets  to  the  one-dimensional  localization  problem. 

The  second  principal  contribution  was  the  calculation  of  localization  effects  as  a 
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function  of  frequency  for  three  periodic  models  of  interest  to  the  structural  dynamicist. 
In  most  instances  the  localization  effects  were  found  to  be  strongest  near  the  stopbands 
of  the  normally  perfectly  periodic  structures.  This  result  indicates  that  care  must 
be  taken  when  doing  experimental  work  at  frequencies  near  the  stopbands  of  what 
are  ostensibly  periodic  structures.  Effects  of  length  disorder  in  the  bays  were  quite 
pronounced,  even  at  high  frequency. 

The  third  principal  contribution  was  the  derivation  of  the  localization  factor  for 
multiwave  one-dimensional  systems  as  a  function  of  the  transmission  matrix. 


6.2  Recommendations 


The  localization  phenomenon  is  a  feiscinating  and  difficult  problem  to  tackle.  This 
thesis  has  presented  some  very  useful  tools  that  have  allowed  us  to  make  some  impor¬ 
tant  progress  in  understanding  localization  effects.  The  primary  recommendation  is  to 
continue  work  with  random  transfer  matrices  and  theories  on  products  of  random  ma¬ 
trices  to  gain  further  insights  about  the  phenomenon.  The  tools  we  have  discussed  in 
this  thesis  have  immediate  applicability  to  many  other  fields  of  engineering  that  involve 
disordered  periodic  systems,  as  well  zs  the  field  of  solid  state  physics  where  localization 
work  is  traditionally  done. 

The  analytical  formula  for  calculating  the  localization  factor  to  first  order  in  the 
variance  could  be  extended  to  include  higher  order  effects.  This  would  allow  us  to  pre¬ 
dict  analytically  the  transmission  behavior  for  highly  disordered  systems  at  frequencies 
waere  the  localization  phenomenon  is  most  strongly  felt.  Possibly  some  asymptotic 
analysis  near  the  stopbands  would  be  another  alternative  to  pinning  down  the  trans¬ 
mission  behavior  there  analytically.  The  issue  of  localization  in  one-dimensional  sys¬ 
tems  which  include  damping  should  be  addressed  as  well  as  the  manifestation  of  the 
phenomenon  in  finitely  long  structures  with  fixed  boundary  conditions. 
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The  localization  phenomenon  in  multiwave  systems  with  the  evanescent  waves  in¬ 
cluded  should  be  studied  more  rigorously.  This,  however,  will  require  a  better  under¬ 
standing  of  the  wave  transfer  matrices  in  these  situations,  for  which  there  is  a  dearth  of 
information  in  the  literature.  Indeed,  we  observe  that  there  is  a  need  for  a  comprehen¬ 
sive  study  of  the  interrelationship  of  admittance,  impedance,  real  transfer,  scattering 
and  wave  transfer  matrices  for  both  periodic  and  disordered  periodic  multiwave  sys¬ 
tems. 

In  Chapter  5  we  have  presented  the  background  that  could  lead  to  an  analytical 
formula,  analogous  to  the  single  wave  case,  for  localization  effects  in  multiwave  sys¬ 
tems.  This  is  a  very  important  area  of  research  needed  to  understand  localization 
effects  in  multiwave  systems.  Also,  as  [Pichard  and  Andr4  86]  have  pointed  out,  the 
one-dimensional  multiwave  analysis  could  prove  to  be  the  key  to  understanding  the 
localization  phenomenon  in  two-  and  three-dimensional  systems.  Localization  of  clas¬ 
sical  waves  in  two-dimensional  systems  has  recently  been  studied  by  [Flesia  et  al  87], 
Only  after  the  analytical  issues  have  been  explored  should  we  proceed  to  examine 
the  numerical  issues  in  multiwave  one-dimensional  analysis  and  possible  extensions  to 
higher  dimensions.  The  results  in  Chapter  5  could  potentially  simplify  the  numerical 
computations  considerably  by  eliminating  the  need  to  multiply  huge  chains  of  matrices. 

While  we  think  that  the  transfer  matrix  formalism  is  a  powerful  tool  to  study  the 
localization  phenomenon,  we  also  feel  that  the  Herbert-Jones-Thouless  formula  should 
be  explored  to  see  if  it  can  be  easily  applied  to  structural  dynamic  systems.  Some 
efforts  in  this  direction  have  already  been  made  by  [Hodges  and  Woodhouse  83].  Also 
I  Johnston  and  Kunz  83-2]  have  developed  the  corresponding  formula  for  multiwave  sys¬ 
tems. 


Other  important  issues  continue  to  be  explored  in  the  literature.  Systems  with 
correlated  disorder  among  the  bays,  as  opposed  to  the  usual  case  of  independent  iden¬ 
tically  distributed  random  variables,  have  been  studied  by  [Johnston  and  Kramer  86]. 
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The  impact  of  system  nonlinearities  on  localization  effects  has  been  addressed  by 
[Doucot  and  Rammal  87].^  In  the  nonlinear  case  the  transfer  matrix  formalism  will 
be  of  little  use. 

An  intentionally  disordered  periodic  system  could  be  valuable  for  the  attenuation 
of  propagating  disturbances.  However,  if  active  control  is  performed  on  the  same 
structure,  the  fact  that  the  mode  shapes  are  spatially  localized  may  complicate  the 
control  effectiveness  of  actuators  that  are  placed  at  locations  where  mode  shapes  have 
little  amplitude. 

Some  experimental  structural  dynamic/acoustical  verification  of  localization  has 
been  reported  by  [Hodges  and  Woodhouse  83,Pierre  et  al  86,D4pollier  et  al  86]  and  by 
[Hyde  and  Sybert  87],  where  the  latter  work  was  inconclusive.  Further  experimental 
work  would  clarify  our  analytical  and  numerical  thinking.  These  experiments  would 
have  to  be  done  with  care.  Initially,  the  dynamic  charac'.eristics  of  the  perfectly 
periodic  system  should  be  understood  experimentally.  Clearly,  the  effects  of  damp¬ 
ing  and  boundary  conditions  need  to  be  taken  into  account  when  comparisons  are 
made  with  our  analytical  results.  In  an  actual  experiment  on  a  disordered  system, 
the  measurements  would  have  to  done  over  many  realizations  in  order  that  the  re¬ 
sults  could  be  compared  with  the  theoretical  prediction.  The  experimental  techniques 
of  [Hodges  and  Woodhouse  83, Roy  and  Plunkett  86]  seem  particularly  attractive.  In 
these  cases  a  disturbance  was  inserted  in+o  one  end  of  the  system  and  the  effects  were 
measured  at  the  other  end.  The  beam  ith  cantilevers  of  [Roy  and  Plunkett  86]  was  a 
perfectly  periodic  system  but  could  be  easily  randomized  and  would  provide  an  excel¬ 
lent  structure  to  verify  multiwave  localization  effects. 

» 

The  study  of  the  literature  has  provided  invaluable  insights  into  the  localization 
phenomenon.  Future  researchers  should  continue  to  avail  themselves  of  the  work  done 
on  localization  in  many  fields  in  order  that  maximum  progress  can  be  achieved  in 

^In  solid  state  ph>8ics  this  is  equivalent  to  considering  electron-electron  interactions. 


in 


understanding  the  effects  of  disorder. 
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Appendix  A 


Matrix  and  Group  Properties 


In  this  appendix  we  collect  most  of  the  matrix  and  group  properties  mentioned  in  the 
thesis.  First  we  note  that  all  of  the  matrices  in  the  thesis  will  be  of  even  dimension, 
2d  X  2(i,  where  d  ranges  from  1  to  some  finite  value.  In  addition,  all  matrices  will  be 
invertible  and  so  they  are  elements  of  the  group  GL{2d,C).  Here  the  letter  G  stands 
for  the  word  genercd  which  means  that  the  matrix  is  invertible.  The  letter  L  stands  for 
the  word  linear.  The  2d  inside  the  parentheses  implies  the  matrix  dimension  is  2d  x  2d, 
and  C  tells  us  that  in  general  the  matrix  elements  are  complex.  If  we  were  restricting 
ourselves  to  matrices  with  only  real  entries,  C  would  of  course  be  replaced  by  R. 

Frequently  we  will  make  use  of  matrices  which  have  unit  determinant;  these  matrices 
are  elements  of  SL(2d,C).  The  letter  5  stands  for  the  word  special  which  means  that 
the  matrix  has  determinant  equal  to  one. 

Some  of  the  more  familiar  matrices  we  will  use  ar'^  unitary  matrices,  which  satisfy 

w"w  =  WW"  =I 

Note  that  unitary  matrices  arc  elements  of  SU{2d).  Symmetric  matrices  satisfy 

=  W 
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even  if  they  have  complex  entries,  while  Hermitian  matrices  satisfy 

W"  =  W 

The  symplectic  (5p)  matrix  group  will  be  frequently  encountered  in  the  thesis.  Sym- 
plectic  matrices  are  always  of  even  dimension  and  their  group  is  identified  as  5p(d,  C). 
A  matrix  W  is  symplectic  if 

W^JW  =  J 


where 


0  I 


where  1  is  d  X  d.  Note  that  we  take  a  transpose  even  though  W  is  a  complex  matrix. 
The  inverse  of  a  symplectic  matrix  is  easy  to  find: 

W-*  =  -JW^J 

An  important  property  of  symplectic  matrices  is  that  their  eigenvalues  occur  in  recip¬ 
rocal  pairs,  A  and  ^  [Bougerol  and  Lacroix  85].  It  is  also  not  difficult  to  prove  that 
any  2x2  matrix  with  unit  determinant  is  automatically  symplectic.  This  tells  us  that 
SL{2,C)  =  Sp(l,C). 

The  special  unitary  group,  SU{d,d)  will  be  met  in  the  thesis.  A  matrix  W  is  an 
element  of  SU(d,d)  if 

W"AW  =  A 


where 


I  0 


[0  -IJ 

where  again  I  is  d  x  d.  The  2x2  matrices  which  are  elements  of  SU {1,1)  are  of  the 


form 


a  b 
6*  o* 
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This  matrix  is  in  the  so-called  Cayley  form  [Hori  68]. 

We  will  make  use  of  matrix  singular  values  in  the  thesis.  Any  reader  not  already 
familisir  with  singular  values  amd  tiic  singular  value  decomposition  of  a  matrix  is  en¬ 
couraged  to  consult  [Noble  and  Daniel  77].  The  singular  values,  o,,  of  a  complex  2dx2d 
invertible  matrix  W  are 

<r.(W)  ={A.(W"W)}*  t  =  l,...,2d 

where  we  assume  that  the  a,-  are  ordered  such  that  a,-  >  at>i.  Note  that  the  singular 
values  of  a  symplectic  matrix  will  occur  in  reciprocal  pairs  a  and  A 

The  maximum  singular  value,  Omat  ( W)  coincides  with  the  spectral  norm  of  a  matrix; 

where  ||z||2  is  the  usual  Euclidean  length  of  the  vector  z. 

Another  matrix  norm  that  is  useful  is  the  Frobenius  (sometimes  called  Euclidean) 
norm: 

IjWlIf  =  Or(W"W)}i 

= 

.=1  y=i 
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Appendix  B 


Derivation  of  Mono-Coupled  Wave 
Transfer  Matrices 


In  this  appendix  we  show  how  the  wave  transfer  matrix,  Wj-  of  a  bay  (ordered  or 
disordered)  is  calculated  for  frequencies  in  the  passbands  of  the  normally  periodic 
system.  In  terms  of  the  left  and  right  traveling  wave  amplitudes,  A  and  By  we  have: 


=  W, 

•  ♦- 
Xj-i 

.  , 

where 

.11 
1 


The  approach  is  to  express  our  traveling  wave  amplitudes  first  in  terms  of  a  state 
vector  involving  generalised  displacements,  then  to  express  the  wave  amplitudes  in 
terms  of  a  state  vector  which  includes  generalized  displacements  and  generalized  forces. 
This  latter  relationship  is  what  we  desire  because  all  of  our  real  transfer  matrices  involve 
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a  aUte  vector  which  includes  generalised  displacements  and  forces,  namely, 


=T, 

/i  fi-i 


(B.l) 


where 


Ti  = 


Tn  Tit 


[  Tti  Ttt  J 

and  where  Uj-  is  a  generalised  displacement  and  fj  is  a  generalised  force.  Note  that 
and  fj  may  be  nondimer.sional.  When  uy  is  nondimensional,  then  the  wave  amplitudes 
will  be  nondimensional  as  well.  Again  Tj  is  the  transfer  matrix  for  the  periodic  or 
disordered  system. 


The  generalised  displacements  of  the  perfectly  periodic  system  can  be  expressed  in 
terms  of  the  wave  amplitudes  via 


where 


1  1 


e'**  e*‘ 


Note  that  k  is  the  wave  number  of  the  perfectly  periodic  system. 


Now  from  B.l  we  find 


u,  u, 

^  =  V  ^ 


where 


So  now  we  find 


where 


in 


Uj  A. 

'  =x  • 


(B.2) 


X  =  VQ 


131 


Equations  B.l  and  B.2  imply 


I  _  vim  "IT 


'  =X-‘T,X 

Bi  Bi-x 


So  the  wave  transfer  matrix  for  a  single  bay  is 


W,  =  X-‘T,X 


(B.3) 


Note  that  we  have  used  the  perfectly  periodic  wave  b;isis  to  derive  our  wave  transfer 
matrix,  whether  the  real  transfer  matrix  is  random  or  not.  The  columns  of  the  matrix 
X  are  the  eigenvectors  of  the  transfer  matrix  of  the  perfectly  periodic  system.  When 
the  transfer  matrices  are  random,  the  eigenvector  matrix  will  be  that  for  the  avtrage 
transfer  matrix.  So  for  the  perfectly  periodic  system  in  the  passband  the  wave  transfer 


matrix  looks  like 


while  in  general 


W,= 


0  €' 


$  i 


Note  that  both  matrices  are  elements  of  517(1,1). 


Finally,  we  note  that  ^  can  be  shown  to  be  invariant  with  respect  to  the  scaling 
of  the  eigenvector  similarity  transformation  used  in  Equation  B.3,  while  jr  ^iU  be  off 
by  at  most  a  magnitude  and  a  phase  factor.  Using  the  eigenvector  transformation  X 
defined  above,  though,  we  are  guaranteed  to  get  exactly  the  wave  transfer  matrix,  W,  . 
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Appendix  C 


Models  of  Three  Periodic  and 
Disordered  Periodic  Structures 


In  this  appendix  the  three  periodic  structures  examined  in  the  thesis  are  described. 
The  first  system  is  a  chain  of  springs  and  mzisses.  The  second  structure  is  a  rod  in 
longitudinal  compression  with  attached  resonators.  The  final  structure  is  a  Bernoulli- 
Euler  beam  on  simple  supports.  For  each  system  the  transfer  matrix  for  a  typical  bay 
of  the  perfectly  periodic  structure  is  presented  along  with  the  associated  state  vector. 
Also  shown  are  the  eigenvector  similarity  transformations  which  induce  a  wave  transfer 
matrix.  Most  variables  are  nondimensionalized  in  the  transfer  matrix  descriptions. 
Then  a  single  variable  is  r2mdomized  and  the  associated  transfer  matrix  is  presented, 
along  with  the  relevant  terms  in  the  wave  transfer  matrix.  Some  general  properties  of 
transfer  matrices  are  discussed  in  [Rubin  64]. 
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Figure  C.l:  Mass-spring  chain. 

C.l  Mass-Spring  Chain 


A  chain  of  springs  and  masses  is  one  of  the  simplest  periodic  structures  we  can 
examine.  The  system  is  pictured  in  Figure  C.l  and  a  typical  bay  is  shown  in  Figure 
C.2.  This  choice  of  bay  (as  opposed  to  one  involving  a  spring  and  a  half  of  two  meisses, 
for  example)  ensures  that  the  det(T)  =  1  whether  m,  k,,  or  both  are  disordered.  For 
this  bay: 


1  -  -1 

dj-i 

L 

mui®  1 

L 

*.  . 

Here  dj  is  the  displacement  of  the  jth  mass  and  /y  is  the  force  on  the  jth  mziss.  Note 
that  has  units  of  displacement  as  does  dj.  Let  O*  =  which  is  the  frequency 

at  which  the  passband  ends,  then 


T  = 


l-4u;’  -1 
4w*  1 
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Figure  C.2:  One  bay  of  mass-spring  chain  used  to  form  its  transfer  matrix. 


From  the  condition  that  |tr(T)|  <  2  in  a  passband  (see  Chapter  2),  we  see  that  a 
single  passband  exists  for  the  perfectly  periodic  system  at  0  <  w  <  1.  All  higher  fre¬ 
quencies  are  in  the  stopband.  The  wave  number  (the  spatial  frequency  of  the  traveling 
waves)  for  the  traveling  waves  in  the  passband  of  the  mass-spring  chain  is  governed  by 

cos  A;  =  1  —  2u)* 


A  more  extensive  discussion  of  the  meiss-spring  system  can  be  found  in 
[Faulkner  and  Hong  85]. 


The  eigenvector  similarity  transformation  used  here,  which  will  induce  a  wave  tranS' 
fer  matrix  (see  Appendix  B),  is: 


and  its  inverse  is 


x-'  = 


(e**  —  l)/(2*  sin  A:)  — l/(2isinA:) 

(1  —  e“’*)/(2i  sin/:)  l/(2isin/:) 
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C.1.1  Only  Masses  Disordered 


Now  consider  disordering  only  the  mzisses,  i.e,,  let  the  mass  be  a  random  variable 
and  let  Hj  =  wher‘;  <  my  >=  m  so 

1  —  —1 

/iy4w*  1 

The  corresponding  wave  transfer  matrix  is,  where  we  suppress  the  subscript  j  on  the 
transmission  and  reflection  coefficients. 


TK)  = 


where 


and 


where 


=  X-'T(,x,)X  = 


2d)^(l  -  Hj) 
smk 


(C.l) 


C.1.2  Only  Springs  Disordered 


Now  consider  disordering  only  the  springs,  i.e,,  let  be  a  random  variable  and  let 
jfc,y  =  ^  where  <  k^j  >=  k,.  The  transfer  matrix  is: 

1  —  42^  —  JL 

AQ^  1 

In  the  corresponding  wave  transfer  matrix 

i  =  £“(l  - 


T(fc.,)  = 
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and 


where  now 


C.1.3  Masses  and  Springs  Disordered 


Finally  with  both  the  masses  and  springs  disordered  we  have: 


_ 


1 


Note  that  we  have  no  need  to  compute  the  wave  transfer  matrix  in  the  calculation  of 
the  localization  factor  when  both  the  masses  and  springs  are  disordered,  because  of  the 
additive  nature  of  the  localization  factor  discussed  in  Chapter  3. 


C.2  Rod  with  Attached  Resonators 


The  second  model  is  a  longitudinal  wave  carrying  rod  with  attached  resonators  that 
represent  the  vibrating  cross-members  present  in  a  real  truss  structure.  The  model  and 
relevamt  properties  are  shown  in  Figure  C.3. 


The  transfer  equation  for  the  perfectly  periodic  model  is: 


where 


+ 

_ t 

c  +  — 

£  1 

I 

- 1 

- 

c  -1-  — 

^  J* 

f - 

■- 

I 


(C.2) 
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_  _  m 
^  “  {pAl) 

The  transfer  matrix  models  a  bay  extending  across  a  length  of  rod,  across  a  resonator, 
and  then  acrass  another  length  of  rod. 

A  discussion  of  the  dynamic  characteristics  of  the  perfectly  periodic  structure  can 
be  found  in  [von  Flotow  82).  For  our  work  on  the  rod  with  attached  resonators,  we 
will  use  fi  =  .2  and  =  .5.  These  values  put  our  first  stopband  around  Q  =  .5033 
which  is  the  natural  frequency  of  the  attached  resonator.  This  particular  stopband 
frequency  makes  for  e&se  of  presentation  of  localization  effects  in  the  first  passband.  In 
real  structures  the  stopband  associated  with  the  resonant  frequency  of  a  cross-member 
is  likely  to  be  much  closer  to  w  =  0. 

The  wave  number  k  for  the  passbands  of  the  perfectly  periodic  structure  is  deter¬ 
mined  by 

cos  k  =  c  +  — — 


The  eigenvector  similarity  transformation  that  induces  the  wave  transfer  form  is 


x-'  =  f  > 


C.2.1  Only  Masses  Disordered 


Now  disorder  the  mass,  m,  of  the  attached  resonator.  So  let 
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be  the  nondimensional  random  variable,  <  fij  >=  fL.  Note  that  we  do  not  feel  compelled 
to  divide  by  the  average  value  of  fi  because  this  variable  is  already  nondimensional. 
Now  the  random  transfer  matrix  T(/iy)  is  found  by  replacing  /i,  which  occurs  in  in 
the  nonrandom  transfer  matrix,  T,  by  fij.  In  the  corresponding  wave  transfer  matrix 

\  .“(1  - .«,) 


wnere 


(sin?ru;)AH, 

2(sinJb)7ru> 


C.2,2  Only  Springs  Disordered 


Now  consider  disordering  the  springs  of  the  attached  resonators.  Let 

k,j  =  where  <  J,,  >=  fc, 

£iA 

be  the  nondimensional  random  variable.  The  transfer  matrix  T[k,j)  is  the  nonrandom 
transfer  matrix  with  k,  replaced  by  k^j.  The  wave  transfer  matrix  is  the  same  as  for 
the  disordered  masses  except  that 


C.2.3  Only  Lengths  Disordered 


Finally  we  examine  the  disordering  of  the  bay  length,  i.e.  the  distance  between  the 
resonators.  Let  the  nondimensional  random  variable  be 


<  ij  > 
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where  </;>=/.  The  transfer  matrix  for  the  lengths  disordered  is 


Tft)  = 


cosCxar,)  + 

-„C3Ji  sm{>rar,)  +  cos(»ori)  + 


In  the  corresponding  wave  transfer  matrix 


1  _  _  »[^  +  u 

t  ^  2  sin  k 


r  ^  t[-;9  +  u 
t  2  sin  A; 


where  a  is  the  (1,1)  term  of  T{Ij)  and  where 

-  r  r  •  /  r\  TjH[l  +  cos{nQL)].,s  H{l-c), 
/3  =  [-xu)/,sin(xwr,)  +  ^ - ^][-  -  - 


=  +  ^[1  -cos(7ru;i'-)]  .  tf(l  +  c) 

^  iroj/"  2x»c5*I'-  2  ^ 


C.2.4  All  Three  Parameters  Disordered 

Finally  the  transfer  matrix  for  masses,  springs  and  lengths  disordered,  T(/i,-,fc,,-,ry) 
is  simply  T{Ti)  with  H  replaced  by 


C.3  Bernoulli-Euler  Beam  on  Simple  Supports 


The  final  system  examined  is  a  Bernoulli-Euler  beam  on  simple  supports  shown 
in  Figure  C.4.  In  setting  up  the  transfer  matrix  for  the  beam  on  supports  we  will 
use  much  of  the  terminology  of  [Yang  and  Lin  75,Lin  7G],  except  we  nondimensionalize 
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p,EI 


<  I  > 


r.i 


r.i 


Figure  C.4:  Beam  on  simple  supports. 

where  possible.  The  transfer  matrix  for  a  bay  relates  the  slope,  and  nondimensional 
moment  at  adjacent  supports 


"  1 

IM 

L  Eli  J 

cos  A:  ^  <jl»y_ 

cos*  '-H. 


Ef  j—l 


where 


where 


,  sinh  \/^  cos  •\/w  ~  cosh  \/u;  sin  \/u; 

cos  k  - - ; — ^-7= - 

sinh  v<*'  ~  sin  y/Q 


U)  =  U.’ 


H  =  mass  of  btam  per  unit  length 
and  where  (adopting  the  notation  of  [Yang  and  Lin  75, Lin  76]) 

Ci 


(C.3) 


C4  =  (cosh  \/q  cos  Vw  —  1) /2 
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=  (sinh  y/Q  —  sin  y/Q) /2 
S4  =  sinh  y/Q  sin  Vw 
Cj  =  (cosh  y/Q  —  cos  y/Q)f2 


The  eigenvector  similarity  transformation  which  induces  the  wave  transfer  matrix 


I  sin  k  — t  ^  sin  k 

^  tt  ft 


^-1  _  1 

1  ia  _ 

.  J  k 

Now  consider  disordering  the  length  /  between  each  bay  and  let  the  nondimensional 
random  length  be 

/.  =  _iz _ 

'  <h> 

where  <  /,•  >=  1.  So  the  transfer  matrix  T{/y)  can  be  written  by  simply  replacing  y/Q 
whenever  it  appears  as  an  argument  of  sin,  sinh,  cos  and  cosh  by  y/Ql,.  Anywhere  / 
appesn-s  it  can  be  interpreted  as  <  /y  >. 


In  the  wave  transfer  matrix  for  the  beam  on  disordered  supports 


-  =  cos  k{lj)  +  i[ 


..  a(/y)  sin  k  a  sin’  k{ij) 


2a{lj)  sink 


r  _  . .  a  sin’  fc  (fy )  a  {/y )  s in  A: . 

t  sin  Jt  2a 


^  2a(/y)sin^  2a 

Once  again,  whenever  the  argument  (/y)  appears,  it  implies  that  the  underlying  circular 
and  hyperbolic  functions  should  have  y/Q  replaced  by  -/Qly 
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Appendix  D 


A  Simple  Method  to  Calculate 
Localization  Factors 


This  appendix  describes  the  calculation  of  localization  factors  using  a  simple  method 
which  does  not  depend  on  theories  involving  products  of  random  matrices.  The  method 
has  given  very  gc  .  results  for  systems  with  sufficiently  low  randomness  and  over 
wide  frequency  ranges.  The  method  is  applied  to  systems  that  can  be  described 
with  2x2  transfer  matrices  and  is  a  generalization  of  a  result  which  appeared  in 
[Akkermans  and  Maynard  84]. 

Briefly,  the  method  involves  taking  a  transfer  matrix  which  is  a  function  of  a  random 
variable  and  expanding  it  in  terms  of  a  Taylor  series  expansion  about  the  average 
value  of  the  random  variable.  Only  the  first  two  terms  of  the  expansion  are  retained, 
after  which  they  are  converted  to  wave  transfer  form  via  the  appropriate  similarity 
transformation.  Products  of  this  low  order  form  are  taken,  but  only  terms  of  order  one 
are  retained.  From  this  low  order  representation  of  the  matrbc  product,  the  transmission 
coefficient,  r^,  is  extracted  and  the  localisation  factor,  7,  is  calculated  as 

<  ln|r„|  > 
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First  consider  iNe  bay  transfer  matrix  which  is  a  function  of  the  random  variable 
u,  T(q)  or  T  for  short.  Now  expand  T  in  a  Taylor  series  expansion  about  the  mean 


value  of  Q. 


(5a)*a*T, 

T  =  T|<.>  +  -1 


Consider  retaining  only  the  first  two  terms: 

dT 

T  =  Tl<o>  + 

Now  choose  an  eigenvector  transformation  that  induces  a  wave  transfer  matrix,  so 


X-‘TX  =  X-^T1<„>X  +  «oX 


a  6 

+  6a 

r‘‘  6  o* 


So  nov'  we  have  approximated  the  jth  wave  transmission  matrix  as 

^  ^  e‘*  +  (6o.)a  (6o,)6 

^  (6a, )6*  e'*  +  (6a, )a* 


Now  let  us  calculate  n"=i  W,  by  retaining  terms  only  to  first  order  in  6a,.  Note 
for  example  that  terms  like  6a{6a,-  i  ^  j  will  vanish  by  mutual  independence  when 
averaging.  The  final  result  gives: 

n  w  =  f 

,vi  ’  [ 

The  (l,  1)  term  of  the  above  matrix  product  approximation  is  our  approximation  to 
From  this,  one  can  calculate  |rn|’: 

|rn|’  =  l/ll  +  a*e’‘(Il6a,)  +  oe  ^(f;6a,)  +  |al*(f;6a,)*] 

y=i  j=i 

Taking  the  natural  log  of  |rn|’ 

In  |r„|*  =  ln(l)  -  ln(l  4-  o*e’*(f;  6a,)  +  oe“’*(f}  6a,)  +  lal*(23  6a,)*) 

y=i  >=i 

Recalling  the  following  expansion: 


ln(l  +  .)  =  z--  +  y- 
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So  retaining  terms  to  first  order  in  a: 

ln|r^|*  =  -  oe~‘‘(5^«a,)  -  W*Etfo,)* 

1=1  r=i  i*i 

NW  taking  the  average  of  In  (rn|*  and  recalling  that  <  Sa^  >=  0  and  invoking  inde¬ 
pendence  of  fays  we  arrive  at: 

<  In  |r„|*  >=  -|o|*(f;  <  (fo,)*  >)  =  -|o|*nai 

j=i 

Now 

<  In  Ifni  > 

7  = - - — 

n 

<lnk|*>  H»ff’ 

^ - ^ 

which  is  the  final  result. 


We  find  the  result  agrees  with  calculations  from  Equation  3.10  when  p  has  the 
forms  e’*(l  -I-  iSj)  or  (1  +  if,).  So  this  formula  is  valid  for  the  mass-spring  chain  and 
the  rod  with  disordered  masses  or  springs  on  the  attached  resonators.  The  formula  will 
not  give  accurate  results  for  the  rod  with  disordered  lengths  between  resonators  or  for 
the  beam  with  random  lengths  between  supports. 
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Appendix  E 


Properties  of  the  Scattering  and 
Wave  Transfer  Matrices 


In  this  appendix  we  discuss  some  of  the  properties  of  the  scattering  matrices  and 
wave  transfer  matrices  used  in  the  thesis.  These  matrices  will  be  used  to  describe 
the  propagation  of  traveling  waves  in  the  passbands  of  periodic  or  disordered  periodic 
structures.  We  will  state  the  scattering  and  wave  transfer  matrices  in  their  most  gen¬ 
eral  forms  and  then  impose  conditions  on  the  scattering  matrix  ai.d  discuss  what  this 
implies  for  the  wave  transfer  matrix.  Note  that  we  will  suppress  any  subscripts  on  our 
trzinsmission  and  reflection  matrices.  The  scattering  and  wave  transfer  matrices  are  of 
dimension  2d  x  2d.  Scattering  and  wave  transfer  matrices  are  discussed  in  [Redhetfer  61] 
and  in  [Carlin  and  Giordano  64,Hiawiczka  65]  and  for  some  specific  disordered  systems 
in  [Osawa  and  Kotera  66, Omar  and  Schunemann  85]. 


The  scattering  matrix,  S,  in  its  most  general  form  is 


A,-i 

r  t 

Bi-i 

—4 

t  r 

(E.l) 


where  A  and  B  represent  vectors  of  traveling  wave  amplitudes  in  the  indicated  direc- 
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tions.  The  corresponding  wave  transfer  matrix  involves  a  rearrangement  of  the  state 
vector,  so  that  we  relate  waves  on  the  right  of  a  bay  to  those  on  the  left  of  a  bay: 


Aj 

Bi 


A;-l 

B;-I 


(E.2) 


Now  we  require  that  the  scattering  matrix  be  symmetric.  This  means  that 


r  =  r 


t,  — 

r  =  r 


and 


These  are  exactly  the  same  conditions  needed  for  the  symplecticity  of  the  wave  transfer 
matrix  W,  namely  that 

W^JW  =  J 


be  satisfied.  Thus 


S  symmetric  <=>  W  symplectic 


Now  we  impose  the  requirement  that  S  be  unitary,  namely 

S^S  =  SS"  =  I 


Now  S^S  =  I  tells  us  that 

r"r  +  t"t  =  I 

t^t  +  f"f  =  I  (E.3) 

r^t  +  t"f  =  0 

These  are  precisely  the  same  conditions  that  must  hold  when  W  is  an  element  of 
SU{d,  d)  or 

W^AW  =  A 
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We  conclude  that 


S  unitary  <=>  W  €.  SU{d,d) 


Now  imposing  both  symmetry  and  unitarity  on  the  scattering  matrix  we  have 

r  t 

S  = 

tT  _t-i»r*t 

where  r  =  and  —  Equivalently  when  the  wave  transfer  matrix 

is  symplectic  and  an  element  of  SU{d,  d)  we  have 


W  = 


t-'  -t-'r 


From  the  condition  t^t  +  f^f  =  I  above,  we  can  prove  that 

0  <  M.[t"t]  <  1 

where  ^,[*]  is  the  tth  eigenvalue  of  the  indicated  argument.  Also  note  that 

SO  that  all  the  results  stated  below  hold  for  tt^  as  well  as  t^t.  First  we  assume  that 
t^t  is  invertible  so  that  it  is  positive  definite: 

t"t  >  0 

We  also  have  that  f^r  is  at  least  positive  semi-definite: 

f^f>0 


From  Equation  E.3  we  have 


t"t  =  I  -  f"r 


Doing  an  eigenvector  decomposition  on  the  above  equation  we  get 

t^t  =  I-r"f 


=  U{I-dia(7{M.[r"r]})U" 
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The  positive  definiteness  of  and  the  positive  semi-definiteness  of  f^f  now  imply 

0  <  <  1 

and 

0  <  <  1 

which  is  the  desired  result. 
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ABSTRACT 


Theories  have  been  developed  predicting  wave  and  mode  localization  in 
disordered  periodic  structures,  but  only  one  experiment  has  been  previously 
conducted  to  test  the  theory.  Theory  predicts  attenuation  of  wave  amplitudes 
at  all  frequencies,  and  spatial  localization  of  mode  shapes  in  a  disordered 
periodic  structure.  Our  experiment  tests  for  amplitude  localization  in  a 
truss  model.  The  apparatus  consisted  of  a  steel  ribbon  under  tension 
(modeling  the  truss)  and  spring-mass  sub-structures  (modeling  cross  members) 
spaced  evenly  along  the  ribbon  length.  The  perfectly  periodic  structure  had 
equal  oscillator  mass  in  each  bay  and  the  disordered  structure  had  random  mass 
in  each  bay.  It  was  shaken  at  one  end  and  ribbon  amplitudes  were  measured  at 
each  bay.  There  was  little  or  no  diffe'-ence  between  the  disordered  case  and 
the  control  case  in  the  amplitude  versus  position  profiles.  A  single  mode 
could  not  be  identified  in  the  control  or  disordered  experiments  due  bo 
non-zero  damping.  An  alternate  experiment  using  the  same  structures  involved 
forcing  the  ribbon  at  one  end  with  white  noise  and  reading  the  ribbon 
amplitude  near  the  other  end.  3y  taking  the  Fourier  transform  of  the  transfer 
function  of  output  amplitude  over  input  force,  a  localiztion  factor  can  be 
deduced.  The  results  again  showed  no  localization. 
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IHTRODUCTIOlt 


Many  engineering  systems  deal  with  vibrations  of  one  form  or  another.  An 
important  engineering  system  that  is  getting  a  lot  of  attention  is  the  space 
station.  A  ma,]or  component  of  the  space  station  will  be  large  trusses. 
Theoretical  and  experimental  research  has  been  done  on  these  periodic 
structures;  however,  it  is  assumed  that  the  structure  is  perfectly  periodic. 
Yet,  there  could  be  inconsistencies  in  the  material  properties  or  the  exact 
length  of  the  bays  of  the  truss  structure.  These  inconsistencies  cause  a 
certain  disorder  in  the  structure.  Another  example  of  a  periodic  structure  is 
an  airci'aft  stein  stiffened  with  stringers  located  at  intervals  across  the 
stein.  In  both  the  space  truss  and  the  stein-stringer  systems,  the  main 
structure  has  sub- structures  located  across  the  main  structure. 

Disorde",  whether  designed  or  unintentional  will  change  the  oscillitory 
properties  of  any  system.  The  disorder  will  disrupt  the  vibration  propagation 
properties  found  in  the  perfectly  periodic  structure.  The  difference  in  the 
properties  from  one  bay  to  the  next  causes  reflections  of  travelling  waves  and 
tends  to  spatially  localize  amplitudes  in  one  region.  It  is  important  to 
understand  this  localization  phenomenon  in  order  to  exploit  it  and  to  be  aware 
of  possible  problems  it  could  cause.  It  can  be  useful  in  isolating  vibrations 
bo  areas  where  the  energy  can  be  dissipated  harmlessly  and  not  propagate  bo 
more  sensitive  areas  of  the  structure.  The  localizbion  could  be  harmful  if 
large  amplitude  vibrations  localized  in  a  sensitive  area  (especially  important 
in  the  near-zero  damping  conditions  of  space).  One  can  exploit  this 
phenomenon  in  a  space  station  design,  where,  for  example,  the  vibrations 
caused  by  a  meteor  sfcritee  on  a  solar  panel  would  nob  be  transmitted  down  the 
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truss  to  more  sensitive  parts  of  the  space  station. 

Previous  worh 

Disorder  in  a  periodic  structure  was  first  connected  with  solid  state 

physics  and  the  mathematics  of  random  matrices.  The  localization  phenomenon 

was  first  explained  by  P.  W.  Anderson  in  an  article  on  electron  transport  in 

disordered  crystal  lattices.^  In  1963 »  H.  Furstenberg  wrote  on  products  of 

random  matrices,  which  can  be  applied  to  the  traveling  wave  properties  of  each 

2 

bay  in  a  disordered  structure.  The  only  experiment  on  the  structural 
dynamics  application  of  this  phenomenon  was  performed  by  Hodges  and  Woodhouse 
using  an  eight  bay  model  and  randomizing  the  length  of  the  bays.^  They  used 
seven  beads  on  a  string  as  their  apparatus,  pluched  it  at  one  end,  and 
measured  string  amplitude  near  the  other  end.  A  localization  factor  was 
deduced  from  the  Fourier  transform  of  the  string  amplitude.  The  results  of 
the  Hodges  and  Woodhouse  experiment  showed  a  moderate  amount  of  local iztion 
even  for  very  weak  disorder. 

Overview  of  our  experiment 

Our  study  is  centered  on  a  disordered  truss  structure  where  the 
cross-member  in  each  bay  has  a  random  oscillatory  behavior  (natural 
frequency).  The  disorder  is  distributed  across  the  whole  structure.  In 
probability  terms,  this  is  called  "independently  and  identically  distributed," 
which  means  that  the  random  property  in  a  bay  doesn't  depend  on  that  of  any 
other  bay.  The  disorder  that  is  present  in  the  system  should  cause  an 
attenuation  of  traveling  wave  amplitude  at  all  frequency  bands.  This  is 
different  from  the  perfectly  periodic  system,  where  waves  are  attenuated  only 
in  certain  frequency  ranges  (stop  bands)  and  travel  without  attenuation  in 
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other  frequency  ranges  (pass  bands).  This  attenuation  can  be  equivalently 
described  as  mode  localization,  where  significant  amplitudes  are  confined  to  a 
region  in  the  disordered  structure  and  are  equally  predominant  along  the 
perfectly  periodic  structure  (see  figure  l). 


"ijure  Typical  -rode  shapes  far  a  perfsctly  periaait  stnicturs  ;f>p) 
ind  \  lisordsred  psriadic  structur*  (bottam). 

The  experiment  consists  of  an  idealized  truss  structure  made  of  a  steel 
ribbon  under  tension  and  idealized  sub-structures  made  of  spring-mass 
oscillators  (see  figure  2).  The  disorder  in  the  structure  is  realized  by 
randomizing  the  mass  of  the  spring-mass  sub-structures.  We  attempted  to  keep 
the  effective  spring  constant  and  bay  length  constant  for  all  bays.  A  sine 
wave  was  input  to  a  shaker  at  one  end  of  the  ribbon,  and  ribbon  amplitudes 
were  measured  at  each  bay  to  get  amplitude  versus  position  graphs  at  varying 
frequenies  above  the  stop  band.  A  localization  factor  was  to  be  taken  from 
these  graphs  by  fitting  the  amplitudes  to  an  exponential  decay  envelope. 

Figure  3  shows  this  envelope,  where  the  localizion  factor  is  one  over  the 
localiztion  length.  An  alternative  experiment,  similar  to  that  of  Hodges  and 
Woodhouse,  was  conducted  on  the  same  structure.  We  input  a  white  noise  force 
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bo  bh«  ribbon  at  on«  and  and  measurad  ribbon  amplitude  near  the  other  end. 
Using  a  digital  signal  processor,  a  transfer  function  of  ribbon  amplitude  over 
forcing  input  was  determined.  Following  the  method  of  Hodges  and  Woodhouse, 
we  tried  to  deduce  a  localization  factor  from  the  Fourier  transforms  of  the 
transfer  functions  of  the  disorderd  case  compared  to  the  perfectly  periodic 
case.  Due  to  some  non-idealities  in  the  experiment,  there  was  no  localisation 
determined  by  either  of  the  two  methods  attempted.  In  hindsight,  we  found 
that  to  see  localistion  cleanly,  a  different  experimental  setup  would  have  to 
be  used. 


I 


^  ^  i 


I 


?lsur9  Z:  O'lr  ‘•xperiaer.Eal  structure  -nodels  i  vibr\cir.g  truss  vith 
vibrating  suo-it;'uctr«» . 
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Oraduata  work  on  this  topic  is  currently  being  done  at  MIT  by  Mr.  Glen 

Kissel,  under  the  counseling  of  Profeasor  Andrew  von  Flotow.  In  Kissel's 

paper  "Localixtion  in  Disordered  Periodic  Structures,”  products  of  random 

k 

matrices  are  used  to  develop  a  theory  that  predicts  localization.  The  end 
result  of  these  mathematical  calcualtions  is  a  frequency  dependent 
localisation  factor  for  the  disordered  periodic  structure.  Kissel  uses  a 
mathematical  model  of  an  infinitely  long,  undamped  periodic  structure  with 
traveling  waves. 


Kissel  models  each  hay  of  this  structure  with  a  two  by  two  transfer 

matrix,  which  implies  a  pair  of  waves  traveling  along  the  structure  (one  to 

the  right  and  one  to  the  left),  No  damping  (dissipation)  is  modeled  to  make 

the  effects  of  localixtion  more  pronounced.  No  end  conditions  are  modeled  to 

bh 

make  the  calculacions  easier.  The  transfer  matrix  of  the  J  ‘  bay  is  denoted 

by  T  and  relates  wave  transmission  from  the  left  side  to  the  right  side  of 
J 

the  bay  as  shown; 


The  transmission  coefficient  of  the  .]  '  bay  is  t.,  and  the  reflection 

.1 

coefficient  is  r  ,  and  the  superscipt  *  lenotes  complex  conjugate.  Wave  A  is 


traveling  from  right  to  left  and  wave  B  is  traveling  from  left  to  right, 

o  o 

Consevation  of  energy  considerations  give  (t  )"■-•■( r,)""  =  1. 

J  J 


s 


k  *«ctlon  of  the  stru<;ture  ftan  the  be  nwdeleh  by  multiplying  the  tmnafe»* 
netricee  for  the  beye  together.  If  the  atructure  section  of  n  beys  is  denoted 
with  the  subscript  S.  the  wave  trensmiasion  characteristics  of  thet  section 
cen  be  described  by: 


Where  the  product  is  of  the  form: 


(-2) 


Kissel  randomizes  the  transmission  and  reflection  coeffients  of  the  model 
to  introduce  disorder.  Through  these  calculations,  a  localization  factor  '$  is 
determined.  This  factor  is  the  average  wave  attenuation  factor  per  bay.  so  is 
defined  by 


y  \  I  ^ 


where  <  >  denotes  a  statistical  average.  If  J  is  the  attenuation  factor  per 

^  X 

bay  there  will  be  an  average  decay  envelope  like  e''  ,  where  x  Is  the  number  of 
bays  away  from  the  locaiiztion  center. 


A  localiztion  factor  expression  was  developed  by  Mr.  Kissel  and  depends 
on  several  non-dimensional  parameters  (frequency,  stiffness  ratio,  and  mass 
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where-  \*J  is  the  frequency  of  oscillation,  L  is  the  length  of  the  structure, 
is  the  mass  density  of  the  structure,  A  is  the  cross  sectional  area  of  the 
structure,  T  is  the  tension,  and  m  is  the  mass  of  the  mass-spring 
substructure. 


A  Taylor  series  expansion  of  Furstenberg ' s  formulas  is  used  to  arrive  at: 


T. 

where  (7T  is  bne  variance  of  A  and  <M>  is  the  statistical  average  of  It 

P 


repre  ^-nts  a  wave  number  for  the  perfectly  periodic  structure  and  is  defined 
by: 


cos 


where 


s  k  =  cos{tP>) 

P  rrw 

7.  =  _ 


Of] 

u<^) 


We  adapted  Mr.  Kissels  formulas  to  our  experiment  and  the  results  of 
versus  frequency  are  plotted  in  figure  3. 


A  more  clear  explanation  of  the  differen.ce  between  the  modes  expected  in 
the  perfectly  periodic  case  and  those  expected  in  the  disordered  case  was 
given  by  Prof,  von  Flotow.  Figure  1  shows  that  the  localized  mode  phenomenon 
is  predicted  only  in  the  first  pass  band  (at  the  n-atural  frequency  of  the 
maes-spring  sub-structures,  This  model  theory  predicts  30  closely  spaced 

modes  all  in  the  vicinity  of  w^.  In  the  second  and  higher  passbands ,  the 
sub-structures  vibrate  with  a  much  smaller  amplitude  than  the  main  structure, 
and  there  is  littl-  differnce  between  tf e  disordered  and  perfectly  periodic 


structures . 
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Fisure  3;  Locaiiition  factor  -/eraus  frequency  oradicted  f'sr  our 
■jxperimar.tal  Jtr.cfara. 


Expefimental  Apparatus 

The  experimental  structure  consists  of  a  steel  ribbon  that  models  a 
truss.  30  evenly  spaced  mass-spring  resonators  model  the  substructures  of  the 
truss  (see  figure  5).  The  ribbon  is  ten  mil  thick  steel,  six  inches  wide  and 
eight  feet  long.  It  is  claunped  at  both  ends  and  tensioned  to  about  one  third 
of  its  ultimate  stress.  A  shaker  is  attached.. near  one  end  to  input  a  force 
into  the  ribbon.  The  mass-spring  substructures  consist  of  "diving-board" 
cantilevered  beams  made  of  four  mil  thict  shims.  These  diving  board 
resonators  have  washers  bolted  to  the  tips  and  vibrate  in  the  vertically 
through  holes  cut  in  the  ribbon.  The  holes  are  one  and  three  quarters  inches 
in  diameter  (centered  three  inches  apart)  ,  and  the  shim  resonators  are  one 
half  inch  wide  and  one  and  a  half  inches  long.  The  spring-mass  properties  are 
provided  by  the  bending  stiffness  of  the  cantilevered  shim  and  the  washer  mass 
at  the  beam  tip.  The  washers  are  bolted  to  the  tips  of  the  shim  resonators. 

In  the  perfectly  periodic  bests  an  equal  number  of  washers  were  bolted  to  each 
of  bhe  30  resonator  tips.  In  the  disordered  case,  the  number  of  washers  on 
the  tip  was  changed  to  a  random  number  (from  zero  to  twelve).  The  number  of 
washers  for  each  bay  of  the  disordered  structure  was  generated  by  a 
pocket-calculator  random  number  generator.  Each  washer  weighed  a  little  less 
than  a  gram,  and  the  nut  and  bolt  weighed  approximately  the  equivalent  of  two 
washers.  The  effective  spring  constant  of  bhe  cantilevered  shim  was  such  that 
under  full  loading  (twelve  washers),  the  b.lp  sagged  a  half  an  inch  at  rest. 
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rigure  5;  ixperiaeni*!  ipparaitus,  and  detail  of  ^ne  day  showing  the 
"diving  board"  aiaas-spring  aub-jtruci'ure. 

The  choice  of  bhe  cantilevered  beam  approach  to  the  resonator  was 
determined  by  a  need  to  restrict  freedom  of  movement  to  the  vertical 
direction.  At  small  amplitudes  of  tip  oscillation  bhe  mass  travels 
approximately  only  up  and  down.  An  attempt  was  made  to  keep  tip  oscillation 


from  being  too  great  and  thereby  keep  the  oscillations  linear.  The 
thicKhesses  and  tension  and  average  tip  mass  considerations  were  made  on  two 
guidelines:  (l)  the  average  tip  mass  in  a  bay  is  approximately  the  same  as 
the  mass  of  the  ribbon  in  a  bay;  (2)  the  pinned-pinned  first  mode  of  the 
overall  structure  is  significantly  higher  in  frequency  than  the  natural 
frequency  of  the  average  resonator.  Both  the  average  tip  mass  and  the  ribbon 
mass  per  bay  are  about  seven  grams.  The  first  global  ribbon  mode  is  at  about 
30  hertz  and  the  average  resonator  has  a  natural  frequency  of  about  eight 
hertz.  Since  most  testing  occurred  at  frequencies  less  than  20  hertz,  this 
kept  us  from  exiting  the  global  ribbon  mode  at '30  hertz. 


The  ribbon  was  supported  by  the  railroad  type  I-beams  of  the  test  bed  in 
the  basement  of  building  33  at  MIT.  Angle  iron  clamps  were  used  at  the  wall 
(and  shaker)  end  of  the  ribbon  and  the  other  end  was  clamped  to  the  tensioning 
lever.  This  lever  consisted  of  a  four  foot  long  beam  effectively  hinged  to 
the  best  bed  on  the  end  (see  figure  6).  The  other  end  had  iron  and  lead 
weights  placed  on  it  to  transfer  tension  bo  the  ribbon  clamped  bo  upper  side 
of  the  lever  base.  This  lever  brans fered  weight  of  about  150  pounds  into 
tension  of  about  TOO  pounds.  This  constant  tension  'J9.s  used  through  all 
experiments  and  could  not  be  affected  by  creep  or  temperature  changes. 
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?i«ure  6:  Tensioniag  iev,r  achem*  l.taU.  The  force  of 

pUcei  on  the  end  U  mangciflsd  hy  the  lever  end  applied 
tenaJon  on  the  ribbon. 


\2. 


A  magnetic  distance  sensor  is  used  to  measure  bhe  ribbon  amplitude  ab  any 
bay.  This  device  outputs  a  voltage  proportional  bo  the  distance  between  the 
ribbon  and  the  tip  of  the  sensor  probe.  A  recording  oscillascope  is  used  to 
measure  the  AC  peak  bo  peak  amplitude  Of  this  voltage.  In  calibrating  the 
sensor,  we  found  it  to  operate  linearly  in  the  range  needed  with  a  DC  voltage 
of  about  negative  six  volts.  The  sensor  is  held  by  a  movable  stand  and  the 
tip  height  can  be  adjusted  so  that  bhe  sensor  is  measuring  AC  amplitudes  in 
its  linear  range.  The  stand  can  be  moved  bo  any  bay  and  ribbon  amplitudes 
measured  from  beneath  the  ribbon  ab  a  point  in  the  center  of  the  ribbon 
directly  between  bhe  holes.  A  second  identical  sensor  is  placed  to  measure 
shaker  amplitude  so  that  output  amplitude  voltages  could  be  normalized  to 
input  amplitude  voltages,  getting  a  non-dimensional  ribbon  amplitude  at  each 
bay. 


A  quick  look  at  some  errors  inherent  in  the  manufacture  of  our 
experimental  strucutre  reveal  that  even  bhe  "perfectly  periodic"  case  is 
somewhat  disordered.  The  location  of  the  small  hole  through  which  the  bolt 
passes  is  in  error  of  about  ten  percent  from  bo  bay.  The  epoxy  technique 
yields  a  fifteen  percent  error  that  -■.ffeebs  bhe  coefficient  of  end  fixity  and 
therefor  the  effective  spring  constant.  These  two  major  manufacturing 
inconsistencies  yield  a  possible  error  in  the  natural  frequency  of  any 


oscillator  to  25  percent.  This  error  in  resonant  frequency  was  seen  in  the 
initial  testing  of  the  perfectly  periodic  structu’re. 


Attplitude  versus  Position  Experiment 


From  this  experiment  grephs  of  ribbon  Amplitude  at  each  bay  versus  bay 
position  were  generated  for  sinusoidal  inputs  of  several  frequencies  above  the 
stop  band.  The  nominal  experimental  plan  vas  bo  identify  a  specific  localized 
mode  in  the  disordered  structure  and  deduce  its  localization  factor  using  an 
exponential  curve  fit  to  the  amplitude  versua  position  graphs  as  shown  in 
figure  T.  The  perfectly  periodic  case  was  expected  to  exhibit  no 
localization. 


T;  Origiail  atthod  of  4et«rRioins  ?.ocallsi\tl3n  length  ••nth  »n 

exponential  curve  fit.  Ihis  xethod  could  not  be  used  because  \ 
single  node  could  not  be  Identified. 


Procedure 

A  signal  generator  is  used  to  generate  a  sine  wave  of  a  frequency  between 
10  and  20  hertz.  This  sinusoidal  input  is  amplified  and  sent  to  the  shaker 
that  forces  the  ribbon  with  the  same  sinusoid.  The  amplitude  of  the  ribbon  at 
the  shaker  is  adjusted  (by  adjusting  the  volume  of  the  amplifier)  to  be 
approximately  a  sixteenth  of  an  inch  (coresponding  bo  five  volts  peak-to-peak 
from  the  distance  sensor  above  the  ribbon,  next  bo  the  shaker).  The  other 


magnetic  distance  sensor  was  placed  under  the  ribbon  and  its  height  adjusted 
so  that  it  is  operating  in  the  linear  range.  The  probe  bip  vas  posibioned 
beneath  the  ribbon  at  a  location  directly  between  the  holes  of  each  bay.  On 
our  intitial  tests*  we  noticed  a  substantial  30  hertt  component  of  the  ribbon 
amplitude  due  to  the  first  global  mode  of  the  entire  ribbon.  This  should  not 
be  present  in  a  linear  system,  if  we  are  exciting  it  at  frequencies  less  than 
20  herts,  but  our  system  is  relatively  non-linear.  To  avoid  the  effect  of 
this  component  on  our  ribbon  amplitude  measurements,  we  low  pass  filtered  the 
sensor  output  with  a  cutoff  frequency  of  2T  hertz.  The  peak-to-peak  aunplitude 
of  the  filtered  output  of  the  sensor  was  measured  from  the  oscilliscope  and 
recorded  for  each  bay.  We  did  tests  at  12,  lU,  and  l6  hertz  for  both  the 
perfectly  periodic  structure  and  the  disordered  structure. 


Results 

Amplitude  versus  position  graphs  were  generated  using  the  non-dimensional 
amplitude  arrived  at  by  dividing  the  measured  peak-to-peak  amplitude  voltage 
by  the  five  volt  shaker  amplitude.  The  position  variable  is  the  index  of  the 
bsiy  where  the  amplitude  was  measured  and  numbers  from  3  to  29  ( sensor  would 
not  fib  beneath  bays  1,  2,  and  30).  Error  in  the  amplitude  measurement  is 
estimated  bo  he  five  percent  due  to  the  precision  of  reading  the  oscillaacope 
and  the  error  of  the  sensor.  Figure  3  shows  the  results  from  the  lU  hertz 

bests  of  both  the  perfectly  periodic  and  disordered  cases.  There  is  little  or 

no  difference  between  the  amplitude  versus  position  plots  of  the  two  cases. 
This  is  obviously  not  what  we  suspected,  since  it  implies  that  there  is  no 

difference  in  the  two  cases  determined  by  this  method.  The  tests  at  12  and  16 

hertz  were  almost  identical  to  the  ll*  hertz  best  shown.  All  three  bests 
showed  both  the  perfectly  periodic  and  the  disordered  amplitude  versus 


'S 


position  graphs  falling  from  about  twies  the  input  ausplitude  near  the  shaker 
end  to  near  sero  at  the  far  (clamped)  end.  Since  the  first  three  tests  showed 
no  localization  and  indeed  no  difference  in  the  two  cases t  we  did  not 
experiment  further. 


Discussion 

The  nominal  experimental  plan  was  to  identify  a  single  mode  in  the 
disordered  structure.  We  were  not  able  to  do  this  due  to  non-tero  damping 
which  causes  modal  overlap.  Theoretically,  there  are  30  modes  in  the 
structure,  all  near  the  average  natural  frequency  of  the  resonators  (8  hertz). 
If  this  were  true,  these  modes  would  have  to  be  spaced  extremely  close 
together  in  frequency.  Since  the  damping  due  to  air  friction  is  not  zero,  we 
could  not  excite  one  specific  mode  without  exciting  the  others.  The  problem 
is  that  the  modes  are  closely  spaced  and  lightly  damped  (rather  than  undaunped, 
as  theory  assumes).  Figure  9  shows  the  difference  that  the  damping  makes  on 
the  ability  to  isolate  a  single  mode.  Mode  equations  reveal  that  the  modal 
spacing  over  the  mode  frequency  has  to  be  much  greater  than  the  damping  in 
order  to  be  able  to  excite  a  single  mode.  the  frequency  difference 

between  two  adjacent  modes: 


This  condition  is  far  from  present  In  our  experimental  setup,  so  in  20-20 
hindsight,  we  realize  chat  we  could  not  Identify  a  single  mode. 


Figure  9:  ribbon  viplltudo  over  frequency  versup  frequency. 

Only  vlten  there  Is  InflniteslneX  duping  cu  only  one  a^e  he 
excited. 
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Anoth«r  non^ldeal  condition  present  in  our  setup  is  the  relative  disorder 
in  the  supposedly  perfectly  periodic  structure.  The  25  percent  possible  error 
in  the  natural  frequency  of.  the  mannators  wakaa  tha  valid  as 

a  control ,  The  trend  of  ribbon  amplitude  decaying  away  from  the  shaker  n»y  be 
localisation,  but  even  if  this  is  the  case,  the  disordered  structure  is  much 
siore  disordered  than  the  perfectly .periodic  case,  and  should  exhibit  a  greater 
localisation.  There  is  no  way  to  determine  if  the  small  disorder  in  the 
perfectly  periodic  setup  is  causing  localization  without  building  a  setup 
that  is  more  strictly  perfectly  periodic.  The  decay  toward  the  clamped  end 
could  also  be  just  due  to  the  fact  that  there  is  a  clamped  end;  the  theory 
that  is  being  tested  assumes  an  infinitely  long  struc'iure  (no  end 
constraints).  The  inability  to  identify  single  modes  in  the  disordered  case 
and  the  relative  disorder  in  our  control  case  prevent  this  experiment  from 
determining  localiztion.  Ignoring  damping  in  the  development  of  theories 
makes  it  difficult  to  test  those  theories  in  an  experiment  where  damping  is 


unavoidable 


TWLhaf<n*  Functioa  l!xp<yi»<tnt 


Sincv  no  conclusive  results  were  obtained  in  the  first  experiment ,  we 
attempted  to  adapt  our  experiment  to  the  experimental  method  used  by  Hodges 
suid  Woodhouse  on  their  beaded  string  experiment*  An  sd.ternate  experimental 
using  the  sane  apimratus  involved  forcing  the  ribbon  at  one  end  with  white 
noise  and  reading  the  ribbon  amplitude  near  the  other  end.  A  localiztion  can 
then  be  deduced  from  a  comparison  of  the  spectrums  of  the  transfer  functions 
of  the  disordered  structure  and  the  perfectly  perviodic  structure. 

Procedure 

We  used  a  PC  based  digital  signal  processor  bo  generate  our  forcing 
waveform  and  to  sample  the  ribbon  amplitude.  A  white  noise  waveform  was 
created  by  selecting  the  random  output  waveform  from  the  signal  processor  (the 
ribbon  was  forced  equally  in  ail  frequencies).  The  white  noise  forcing  signal 
was  also  fed  back  into  a  channel  of  the  signal  processor  for  digital  sampling. 
The  magnetic  distance  sensor  was  placed  and  calibrated  as  in  the  first 
experiment,  but  was  stationary  at  the  27^'^  hay  for  this  second  experiment. 

The  sensor  output  voltage  was  fed  into  s  separate  channel  of  the  signal 
processor  for  digital  sampling,  A  Hanning  digital  low  pass  filter  was  used  bo 
prevent  sampling  alias.  Both  signals  were  sampled  so  that  frequencies  up  to 
20  hertz  could  he  determined,  and  a  digital  fast  Fourier  bransorm  done  bo  geb 
their  spectrum.  These  speebra  were  determined  ben  bimes  and  bhe  resulbs 
were  then  averaged.  Using  mabh  sofbware  available  wibh  the  signal  p>*ocessor, 
we  divided  bhe  spectrum  of  bhe  output  amplitude  by  the  input  forcing  bo  get 
bhe  spectrum  of  bhe  transfer  function.  This  transfer  function  spectrum  was 
integrated  over  frequency  and  the  "step”  near  3  hertz  measured  graphically. 


The  test  v«la  done  Qn  the  perfectly  periodic  case  (six  easliers  in  each  hay)  and 
the  disordered  case  (sane  randon  configuration  as  was  used  in  the  amplitude 
vsrsus  position  experiment),  as  well  as  a  "semi-random"  configuration  (only 
five  or  six  washers  on  each). 


The  significance  of  this  step  height  is  determined  through  sOmo  modal 
analysis.  If  we  assume  the  transfer  function  of  output  ribbon  amplitude  to 
input  forcing  is  given  by 

n  t 


1  1 


where  is  the  modal  residue,  given  by  the  product  of  the  modal  amplitudes  at 

li 

the  driving  point  and  the  response  point.  We  expect  the  ratio  of  the  modal 
residues  for  the  two  cases  to  be  related  to  the  localisation  factor; 

p.,  ^ 

where  L  is  the  number  of  bays  between  excitation  and  response.  If  one  assumes 
as  Hodges  and  Woodhouse  did,  that  is  constant  over  the  frequency  range 
examined  then ; 
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which  leads  to: 


Results 


The  spectrums  of  the  transfer  funcbions  and  their  integrations  are  shown 
in  figure  10  for  both  the  perfectly  periodic  case  and  the  disordered  case. 
Remembering  .  -iVitp 

then  the  step  height  for  the  perfectly  periodic  case  should  be  larger  than 
that  of  the  disordered  case.  Tht.  step  heights  determined  by  our  experiment 
\ow  the  disordered  case  bo  be  about  five  times  greater  than  the  perfectly 
periodic  case.  This  result  implies  negative  localiztion,  which  is  a 
meaningless  concept.  The  step  height  determined  for  the  semi-random  case  was 
larger  than  that  of  the  perfectly  periodic  case,  and  smaller  than  the  fully 
random  case,  as  might  be  expected. 


Flfurs  1.0 !  Spectfi  (left)  and  integrated  spectra  (right)  for  the  transfer 

functions  of  the  perfectl/  periodic  csss  (top)  and  i-h”  disordered 
case  (bottom).  For  locaiiition  to  oe  ooservod,  the  step  of  the 
perfectly  periodic  case  should  be  larger  than  the  disordered  case 
(doesn't  he  -  'o). 
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Discussion 


The  result  of  no  localiisatlon  int  this  second  experiment  is  due  to  the 

unexpectedly  large  step  in  the  disordered  case  compared  to  the  perfectly 

periodic  case.  The  large  step  height  of  the  disordered  case  is  due  bo  a  large- 

component  in  the  frequency  response  near  8  hertz.  This  result  could  possibly 

- - 

be  due  to  a  local  ^peaK.'  at  the  sensor  location.  This  local  peak  could  be  due 

th  . 

to  mode  localiztion  or  due  to  the  resonator  of  the  2?  being  excited  at  its 
natural  frequency.  We  could  avoid  this  possible  local  peak  phenomenon  by 
averaging  the  response  of  many  different  configurations  of  the  same 
randomness.  This  is  done  by  generating  more  random  numbers  (still  zero  to 
twelve  washers)  and  changing  the  washer  placement  configuration.  Averaging 
the  results  of  many  configurations  would  reduce  the  effects  of  possible 
singularities  at  the  sensor  location.  Furtermore,  the  relatively  low  step 
height  in  the  perfectly  periodic  case  could  be  due  to  the  unintentional 
disorder  or  the  modal  overlap  problem  discovered  in  the  aunplitude  versus 
position  experiment.  The  modal  theory  predicts  30  closely  spaced  frequency 
response  modes  near  8  hertz,  but  the  spectrum  showed  only  a  "lump"  near  8 
hertz.  The  lack  of  identifiable  spikes  is  probably  due  to  the  modal  overlap 
caused  by  non-zero  damping. 


ConcXusiODs 


Although  we  did  not  support  nor  disprove  the  wave/mode  localiztion 
theory,  this  was  a  useful  experiment*  We  suspected  to  observe  localiztion  in 
the  disordered  structure  when  we  were  designing  it,  and  we  expected  to  be  able 
to  produce  a  near  perfectly  periodic  control  structure.  The  fact  that  neither 
of  these  goals  was  achieved  leads  to  two  useful  conclusions :  all  real  world 
structures  have  some  inherent  disorder  that  cannot  be  totally  eliminated,  and 
this  particular  theory  assumes  some  idealities  that  cannot  be  acheived  in  a 
real  structure  (i.e.  zero  damping  or  infinitely  long).  We  did  some  additional 
research  and  found  that  the  coupling  of  one  bay  to  the  next  figures 
significantly  into  the  localization  prediction.  In  our  case  we  were 
constrained  to  have  very  little  coupling  from  one  bay  to  the  next.  The  email 
coupling  was  due  to  the  high  ribbon  tension  neccesary  to  keep  from  exciting 
the  full  ribbon  mode.  There  also  seemed  to  be  little  coupling  between  the 
ribbon  and  the  resonators;  at  most  frequencies  the  resonators  seemed  to  be 
just  "going  along  for  the  ride"  and  not  influencing  the  ribbon  or  the  next 
resonator.  We  attempted  to  make  up  for  this  small  coupling  with  a  large 
degree  of  randomness  in  the  disordered  structure.  A  different  experimental 
setup  would  perhaps  be  better  for  observing  localiztion  if  it  used  large 
coupling  between  bays  and  only  a  small  degree  of  disorder.  Our  only  defineite 
conclusion  is  that  localiztion  theory  can  be  neither  proved  nor  disproved  with 
this  particular  experimental  setup.  The  experiment  must  meet  the  constraints 
assumed  by  the  theory  if  the  theory  is  to  be  supported. 


Recomnendations 


In  subsequent  experiments ,  the  perfectly  periodic  system  must  teas 
perfectly  periodic  as  possible  to  be  a  valid  control.  Also  care  must  be  tatcen 
to  better  fit  the  coupling/disorder  constraints  and  the  damping/end  conditions 
constraints.  Hodeges  used  a  mathematical  model  of  a  coupled  pendula  system  in 
his  initial  research;  perhaps  this  system  could  form  the  basis  of  an 
experiment^.  The  coupled  pendula  apparatus  could  consist  of  many  (more  than 
30)  pendula  connected  together  with  relatively  soft  springs.  The  whole 
experiment  could  be  conducted  in  a  vacuum  with  an  impedence  matched  far  end; 
this  would  better  approximate  the  zero  damping  and  infinitely  long  constraints 
on  the  system.  Another  idea  is  a  slinKy  type  traveling  wave  experiment  where 
reflected  wave  phenomena  could  be  observed  by  eye.  In  both  cases  only  weak 
disordering  of  the  bays  would  be  necessary  to  observe  localiztion  since  the 
coupling  would  be  stronger.  This  topic  definitely  warrants  further  study > 
and  I  would  enjoy  experimenting  on  a  disordered  system  where  the  wave/mode 
effects  would  be  slow  enough  in  time  and  large  enough  in  size  to  be  observed 
by  the  naked  eye.  This  condition  would  provide  a  better  understanding  of  the 
reflection  and  transmission  effects,  on  which  the  localiztion  theory  is  based. 
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A  HTERAROUC  OXniBQL  AROUTBCTURE  FOR  UnOXIGBIT  STTRUCTURES 
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Benjamin  A.  Ward  ,  Steven  R.  Hall^ 


The  development  of  an  echelon  hierarchic 
feedback  architecture  applicable  to  intelligent 
flexible  structures,  t.e..  structures  with 
widely  distributed  sensors  and  actuators,  is 
presented.  The  control  functions  are  divided 
into  global  and  regional  control,  which  in  turn 
are  performed  in  one  centralized  global 
controller  and  many  decentralized  regional 
controllers,  each  of  which  is  associated  with  a 
finite  control  element.  The  global  processor 
calculates  global  control  forces  ^sed  on 
virtual  measurements  of  the  global  nodal  states 
of  the  finite  control  elements.  Each  regional 
processor  reduces  measurements  from  the  sensors 
within  its  element  to  yield  the  virtual 
measurements  of  the  nodal  states,  and  likewise 
the  regional  processor  distributes  global 
control  forces  to  the  actuators  in  its  element. 
Residual  control.  implemented  by  regional 
processors,  acts  on  the  difference  between  the 
global  estimate  of  the  motion  of  the  structure 
and  the  actual  regional  measurements.  Residual 
and  distributed  global  control  forces  are 
combired  to  fora  the  complete  hierarchic  control 
forces.  A  NINO  zero  analysis  provides  a  method 
for  evaluating  the  effect  of  the  global  and 
residual  controllers  on  the  poles  of  the  system 
for  performance  requirements. 
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iNTftQDUCTION 


The  large  dimensions  and  high  performance  requirements  of  envisioned 
space  structures  will  result  in  close  modal  frequency  spacing  within  the 
bandwidth  of  the  control  system.  The  control  of  structural  vibrations 
will  therefore  be  a  critical  part  of  the  primary  control  system  for  many 
applications,  including  large  commmication  satelittes  and  precision 
optical  structures.  Control  system  design  techniques  which  focus  on 
modification  of  vibratory  characteristics  of  flexible  structures  will  be 
necessary  in  future  system  design  procedures. 

The  goal  of  this  research  is  to  develop  a  hierarchic  control  methodology 
for  flexible  structures.  This  sMthodology  is  based  the  assumption  of 
an  intelligent  structure,  t.e..  a  structure  which  incorporates  widely 
distributed  sensors  and  actuators  possibly  numbering  in  the  hundreds  or 
even  thousands.  Such  high  numbers  are  quite  feasible  with  the  projected 
technology  for  distributed  components  (Ref.  1).  A  feasible  approach  for 
such  a  highly  distributed  Intelligent  structure  is  to  distribute  the 
control  functions  into  an  echelon  feedback  architecture.  The  primary 
reason  for  developing  this  particular  control  methodology  is  to  reduce 
the  computational  burden  of  structural  control  by  dividing  the  control 
among  many  independent  processors  while  limiting  the  input/output 
handling  requirements  of  each  processor  to  a  smaller  number  of 
measurements  and  control  comraends.  Further,  it  is  proposed  that  this 
distribution  be  done  in  such  a  way  as  to  ccmiplement  the  dynamic  iriodeling 
of  the  structure. 

The  most  conceptually  simple  traditional  approach  which  might  be 
considered  for  structural  control  is  full  state  feedback,  in  which  each 
control  force  is  a  function  of  every  measurement.  The  computational 
requirements  of  such  a  schesm  80*0  quite  demanding  and  can  become  a 
limiting  factor  in  the  real  time  ^plication  of  control  of  a  structure. 
In  addition,  the  possible  lack  of  access  to  the  full  state  would  make  a 
full  state  feedback  implanentatlon  unlikely.  For  these  reasons,  full 
state  feedback  control  of  large  systems  has  generally  been  avoided. 

Another  sq>proach  to  the  control  of  flexible  structures  is  to  feed  back 
the  measurements  from  a  small  number  of  sensors  to  drive  the  available 
actuators.  Such  an  approach  can  be  based  on  optimal  or  suboptimal 
direct  output  feedback  (Refs.  2.3).  Alternatively,  the  measurements  can 
be  used  to  drive  a  ''full"  or  reduced  order  estimator  (Refs.  2,4,5). 
Such  approaches  have  evolved  by  the  extension  of  techniques  originally 
developed  for  relatively  sradest  dimensional  systems  (such  as  the  six 
degree  of  freedom  dynamics  of  an  aircraft  or  spacecraft).  They  have  in 
various  ways  been  modified  to  take  into  account  the  high  dimensional 
nature  of  the  structural  control  task.  Yet  they  are  still  conceptually 
focused  on  doing  the  most  with  a  small  number  of  sensors  and  actuators. 

The  above  approaches  call  for  a  central  processor  to  perform,  at  a 
minimum,  a  computation  of  the  order  of  the  number  of  sensors  times  the 
number  of  actuators,  and  at  a  frequency  which  is  a  multiple  of  the 
highest  mode  to  be  controlled.  The  estimator  based  systems  must  also 
perform  additional  calculations  to  update  the  dynamic  estimate.  But  as 
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th«  number  of  sensors,  actuators,  and  modeled  modes  increases,  the 
number  of  computations  required  per  second  increases  at  a  power  between 
and  even  for  output  feedback  systems.  One  must  begin  to  consider 
systems  which  distribute  the  processing,  preferably  in  a  way  which  will 
also  ri^flect  the  physical  distribution  of  information  flow  in  the 
structu.'u,  and  therefore  reduce  the  possibility  of  unwanted  control 
spillover. 

A  division  of  control  effort,  suggested  by  Aubrun  and  Nargulies 
(Ref.  6),  is  that  there  be  two  parallel  control  tasks,  high  authority 
control  (HAC)  and  low  authority  control  (LAC).  The  objective  of  LAC  is 
to  supplement  the  natural  damping  iu  the  structure  by  providing  simple 
state  feedback  at  all  colocated  sensors  and  actuators,  reducing  the 
possibility  of  destabilization  due  to  control  spillover  from  the  HAC. 
Th':^  colocated  LAC  feedback  mechanism  provides  simple  damping  to  the 
whole  structure  with  good  svability  characteristics  (Refs.  7.8).  The 
HAC  loop  is  then  designed  to  meet  performance  specifications  for  the  new 
plant  which  includes  the  supplemental  fe^back.  There  is  no 
coordination  between  the  control  effort  of  the  HAC  and  LAC  loops.  The 
input/output  requirements  of  the  HAC  controller  offer  no  improvement 
over  single  control  approaches  in  that  the  HAC  loop  generally  requires 
the  processing  of  every  measurement  to  determine  every  control  force. 

Another  control  architecture,  which  addresses  the  issues  of  dividing  the 
control  responsibility  and  computational  aiwl  input/output  burden,  is 
hierarchic  control  (Ref.  9).  The  hierarchic  feedteck  structure 
considered  here  is  based  on  the  assumption  of  widely  distributed  sensors 
and  actxiators  and  involves  a  two-level  echeloii  feedback  architecture 
(Fig.  1).  Level  1  consists  of  many  autonomous  regional  processors  which 
Interface  with  the  sensors  and  actuators  in  separate  finite  control 
elesients  of  the  structure.  The  design  of  these  finite  control  elements 
must  also  allow  for  the  distribution  of  the  processing  among  independent 
processors,  t.e..  the  structural  model  and  control  must  be  regionally 
banded.  The  functions  of  the  regional  controllers  are  coordinated  by  r. 
global  processor,  at  level  2. 


Level 
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Fig.  1  Two-level  hierachic  control  structure. 

In  contrast  to  the  HAC/LAC  formulation,  the  Information  flow  In  this 
design  does  not  require  that  any  single  controller  be  responsible  foi' 
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eoordlMtii«  all  th«  MaaurwMnu  and  control  forces  of  the  system. 
This  grMtly  reduces  the  ii^t/output  burden  of  any  single  processor. 
In  sddition.  with  sufficiently  sii^lified  control  tasks  performed  at  the 
global  and  regional  levels,  coeputational  re<piir«sents  can  theoretically 
be  reduced  by  two  or  more  orders  of  magnitude  compared  to  a  full  state 
feedback  design. 

This  paper  details  the  development  and  evaluation  of  a  two-level  echelon 
hierarchic  control  methodology  for  implementation  in  flexible  structure 
control.  The  methodology  outlines  the  division  of  control  between 
global  and  regional  control  and  specifies  the  control  functions 
performed  at  the  two  different  levels.  Methods  of  analysing  the  control 
Interaction  between  the  two  control  functions  is  discussed  in  terms  of 
pole-zero  analysis.  The  procedure  is  then  ai^lied  to  the  simple  exanple 
of  a  rod  in  extension. 

HIERARCHIC  OONTRCL  SHTimiESIS 


The  fundamental  idea  behind  the  hierarchic  control  formulation  presented 
here  is  a  parallelism  between  the  division  of  an  original  large  finite 
dimensional  structural  siodel  into  finite  control  elements  and  the 
division  of  control  authority  into  regional  ccmtrollers  overseen  by  a 
global  controller.  Just  as  short  wavelength  disturbaxices  are  propogated 
in  a  structure  locally  (t.e.,  the  stiffness  matrices  are  banded),  the 
control  is  distributed  into  local  regions.  And  as  it  is  possible  for 
long  wavelength  modes  to  develope,  there  is  also  a  global  co^iitroller. 
Global  control  is  based  on  nodal  state  information  represented  at  the 
nodes  of  a  finite  control  eleeient  reduction  of  the  original  large  finite 
dimensional  model  of  the  structure  (Fig.  2).  The  global  model 
characterizes  structural  motion  by  virtxial  displacements  q«  and 
velocities  at  these  discrete  node  points.  These  global  virtual 
states  are  related  to  the  degrees  of  freedom  of  the  original  finite 
dimensional  model  by  the  element  interpolation  functions  (e.g..  Tft),  in 
a  manner  discussed  below.  Likewise,  structural  forces  can  be 
represented  by  equivalent  virtual  forces  acting  at  those  same  node 
points.  The  regional  control  model  is  based  on  the  original  finite 
dimensional  model  of  the  structure.  This  is  the  level  at  which  the 
location  and  Influence  of  the  physical  sensors  and  actuators  are 
important.  This  method  of  representing  the  structural  behavior  by 
boundary  nodal  values  is  conceptually  similar  to  the  component  mode 
synthesis  approach  of  structural  dynamics  (Ref.  10). 

The  corresponding  division  of  control  function  in  a  two-level  hierarchic 
controller  is  outlined  in  Fig.  3.  The  global  controller  is  responsible 
for  implementing  control  functions  based  on  the  global  nodal  states  x,. 
As  in  finite  element  structural  modeling  techniques,  the  effectiveness 
of  the  global  controller  is  based  on  the  assumption  that  the  global 
model  accurately  describes  the  structural  motion.  The  regional 
controllers,  when  combined  form  the  residual  control  block  in  Fig.  3, 
operate  within  the  global  element  boundries  based  on  e.  the  residual  of 
the  local  measurements  y  and  the  estima';es  of  the  local  measurements 
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int«rpolat«d  fron  th«  t^obal  MtiiMitM  k«.  Thm  specific  objective  of 
retlonel  controller  is  to  perfom  Inner  loop  compensation  within 
each  region  to  forco  the  structure  to  track  the  behavior  expected  by  the 
glolMil  Model. 


FINITC  QOirntOL  ELEMENT  NODE  LOCATIONS 


F  C  Element  1  F  C  Element  2  P  C  Element  3  -♦j 


ORIGINAL  FINHE  DIMENSIONAL  MODEL  DEGREES  OF  FREEDOM 
Fig.  2  Control  doemiins  based  on  finite  dimensional  model 
Control  Objectives 

The  objective  of  the  global  control  is  to  control  the  overall  behavior 
of  the  structure  based  on  the  global  finite  control  element  model. 
Three  basic  tasks  are  involved  in  ieplementing  global  feedback  and  are 
shown  in  Fig.  3:  the  measurement  aggregation  idilch  reduces  the  system 
measurements  j  into  an  estimate  of  the  states  in  the  global  model  : 
the  computation  of  the  virtual  global  control  coosands  from  the 

estimates  of  the  global  states:  and  the  distribution  of  the  global 
control  idiich  calculates  the  physical  control  forces  Vr  to  be  applied  to 
the  system  based  on  the  global  commands. 


Fig.  3  Hierarchic  Control  Functional  Block  Diagram 

The  residual  controller  operates  on  the  difference  between  the  global 
finite  element  model  and  the  original,  higher  dimensional  model  of  the 
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ttructur*.  Th«  MtiiMtad  clobal  atattta  ar«  Intarpolatad  to  form  a  sot 
of  ottlastad  msasuromsiits  7  that  ara  conaistant  with  tha  nodal  atatas 
TlMsa  aaasuraaMnta  ara  dlffaranead  with  tha  actual  maasurwaants  of 
tha  ayataa  7  to  form  an  astlmata  of  tha  raaidual  arror  6.  Tha  ratldual 
control lar  calculates  control  forces  Ur  to  drlva  tha  raaidual  arror  to 
taro.  Tha  coa^inad  global  control  forces  Vr  and  raaidual  control  forest 
Ur  ara  th«i  commandad  of  tha  actuators. 

In  order  to  understand  tha  steps  involved  in  Fig.  3.  consider  first  tha 
original  finite  dimansional  modal  of  tha  structure.  This  modal  is 
derived  using  any  arpr<g>riata  finite  alamant,  finite  difference,  or 
other  modaling  technique.  As  with  most  structural  models,  tha  inherent 
danpli^  is  initially  assumed  to  be  sero.  T)m  second  order  dynamic 
equation  describing  tha  structure  is  then 

■  q<fKq**tt  (1) 

where  q  €  is  tha  vector  of  tha  generalised  coordinates,  u  €  BC*  Is  the 
vector  of  control  Inputs.  II  is  a  syssMtric.  positive  definite  siass 
satrix.  K  is  a  sysnetric.  non-‘negative  definite  stiffness  natrix.  azvd  # 
is  the  cmtrol  influence  aatrix. 

For  tha  following  development  of  the  two’>level  hierarchic  control 
technique,  two  sisplifylng  assusptions  will  be  msde.  The  first  is  that 
compute  sNasuremants  of  tha  full  state  of  the  original  finite 
diaMns;'onal  model  (qr  and  qr)  are  available.  This  assus|>tion  is 
intentionally  rastrictiva  in  older  to  sisfilify  tha  presentation  of  the 
technique.  In  most  systems,  tha  full  state  must  be  estisstted  from 
partial  state  sMasurements.  The  sectmd  assusqitlon  is  that  the  system 
has  as  many  nonredundant  actuators  as  generalized  coordinates  (t.e..  # 
is  sqtiare  and  full  rank).  This  assusQ>tion  is  also  restrictive  and 
further  sisq>lifles  the  analysis.  Since  the  probable  application  of  this 
technique  is  to  systems  with  large  numbers  of  'iistrilMted  sensors  and 
actuators,  these  restrictions  are  not  as  severe  as  sii^t  be  thought. 
Currently,  research  is  underway  to  analyze  the  isqpllcations  of  relaxing 
these  constraints,  but  the  remainder  of  this  presentation  will  accept 
the  restrictions. 

Global  Oontrol  Synthesis 

The  objective  of  the  global  control  lav  is  to  control  the  long 
wavelength  motion  in  the  structure  that  is  critical  to  the  system 
performance.  In  the  global  model,  the  motion  of  each  finite  control 
elesmnt  is  defined  in  terms  of  the  global  nodal  degrees  of  freedom  as 
shown  in  Fig.  2.  According  to  finite  element  theory,  the  motion  of 
every  point  within  the  finite  control  element  is  specified  in  terms  of 
exact  interpolation  functions  (such  as  in  Fig.  2)  and  the  associated 
nodal  degrees  of  freedom.  In  this  formulation,  the  finite  element 
interpolation  is  ^^lied  to  an  existing  finite  dimensional  model,  rather 
than  the  continuous  structure.  Thus,  each  finite  control  element 
contains  a  unique  subset  of  the  original  finite  dimensional  model 
degrees  of  freedom  and  an  Msoclated  subset  of  the  sensors  and 
actuators.  In  terms  of  the  global  degrees  of  freedom,  the  original 
degrees  of  freedom  can  be  represmted  as 
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whsre  is  the  vector  of  global  nodal  degrees  of  freedom  of  the 

global  model  and  is  the  nun^r  of  global  degrees  of  freedom.  T,  is 
an  interpolation  matrix  constructed  by  combining  the  local  transfor¬ 
mation  matrices  from  each  finite  control  element  into  a  single  matrix. 
T,  is  also  used  to  consistently  Interpolate  from  the  global  to  the 
original  model  velocity  by  differentiating  Eqn.  2  with  respect  to  time. 

The  consistent  global  equation  of  motion  is  obtained  by  substituting 
Eqn.  2  into  Eqn.  1  and  prenultiplying  by  T«  transpose,  yielding 

^ 

irtiere  R|  «  T,  II  T«  is  the  global  sass  matrix  and  K,  •  K  T,  is  the 
global  stiffness  matrix.  Since  a,  is  usually  much  smoller  than  a.  this 
system  has  a  far  greater  number  of  actuators  than  generalized 
coordinates.  Since  a  full  state  feedback  control  of  the  global  system 
will  result  in  at  most  a«  independent  control  forces,  a  transformation 
must  be  defined  for  distributing  those  a,  global  control  forces  over  the 
entire  set  of  a  actuators.  In  this  sense,  a  nodal  force  la  spatially 
distributed  over  the  discrete  actuators  within  the  element. 


A  global  control  vector,  ,  is  defined  so  that  the  control  vector 
consists  of  a.  Independent  virtual  global  forces,  each  associated  with 
one  of  the  global  degrees  of  freedom  in  the  vector  q«.  These  virtual 
global  forces  must  then  be  distributed  into  physical  forces,  Wr . 
according  to  the  general  relation 

▼r  -  S,  \  (^) 

where  Sg  is  the  global  force  distribution  matrix.  One  way  of  specifying 
a  complementary  choice  of  S,  which  is  consistent  with  the  measurement 
interpolation  is  to  require 


S,  -  M  T,  (5) 

This  choice  of  S,  will  provide  that  the  control  force  distribution 
matrix  is  baixled  with  respect  to  the  regions  in  that  the  control 
conamnds  can  be  divided  among  the  regions  for  application  to  the 
structure  by  the  actuators  controlled  by  the  regional  processors.  The 
effect  of  this  choice  of  Sg  can  be  seen  by  substituting  Eqns.  4  and  5 
back  into  the  global  dynamic  model,  Eqn.  3.  yielding 


It  is  seen  that  the  global  control  force  distribution  causes  the  virtual 
global  controls  to  appear  as  global  node  acceleration  cossnazxls  and  thus 
results  in  structural  accelerations  which  are  consistent  with  the  global 
model.  Each  global  control  force  is  distributed  by  the  global 
interpolation  matrix,  multiplied  by  the  local  mass  to  generate  the 
appropriate  force,  and  then  multiplied  by  the  Inverse  of  the  control 
Influence  matrix  to  obtain  actual  control  coomands  (Eqn.  5). 


Since  the  global  nodal  states  required  for  global  control  are  not 
directly  measured,  the  virtual  measurements  must  be  estimated  by 
spatially  filtering  the  physical  measurements  within  each  control 
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•  Umcn*;.  The  global  finite  ooncrol  element  formulation  assumes  that  the 
Interpolation  functions  (Eqn.  2)  provide  an  exact  description  of  the 
structural  deformation  for  the  subset  of  the  degrees  of  freedom  within 
the  element.  In  reality,  there  Is  a  difference,  or  residual,  between 
the  actual  structural  deflections,  described  by  the  original  finite 
dimensional  model,  and  the  global  description.  The  error  based  on  the 
estimated  global  displacements  Is  given  bj 

•  -  q  -  T,  q,  (7) 

where  a  €  IR^  Is  the  vector  of  the  estimated  residual  degrees  of  freedom. 
The  optimal  estimate  of  the  global  state  Is  defined  in  terms  of 
minimizing  a  weighted  quadratic  of  the  estimate  of  the  residual. 

q,  ■  (T;  MT,)'*  T;  Mq.i;'  q  (8) 

A 

The  resulting  matrix  that  relates  q  to  q«  is  actually  a  psj^udo  left 
inverse  of  the  transformation  matrix  T«.  In  other  words,  q,  Is  the 
weighted  least  squares  estimate  of  the  global  states  based  on  the 
Interpolation  functions.  The  mass  was  used  as  the  weighting  matrix  due 
to  the  similarity  of  the  pseudo  inverse  with  the  standard  modal 
orthogonality  condition.  If  the  actual  mode  shapes  are  represented  by 
the  "rons format Ion  matrix,  T|,  then  Eqn.  6  will  yield  an  exact 
transformation  from  physical  to  modal  coordinates.  For  consistency,  the 
same  transformation  la  used  for  both  displacement  and  velocity. 

Now  that  the  measurement  aggregation  function  (the  transformation  from  q 
to  has  been  defined,  the  effect  of  the  global  control  loop  on  the 
structure  can  be  exr.nlned  by  substituting  the  reduced  global  control  law 
back  into  the  original  equation  of  motion,  which  yields 

Rq+Kq.Hlj  ♦  II  Tj'q  (9) 

wh«r«  FV  donoca,  eha  ratc'.btck  gnin,  and  haa  baan  brekan  Into  valoclty 
and  displacement  submatrloss.  Equation  9  can  now  bo  used  to  predict 
changes  In  system  performance  due  to  the  global  control  loop. 

Bultfuil-ggntrci  gafi.thtiii, 

The  residual  control  {iantr  loop)  of  the  hierarchic  control  ocheme 
generates  control  signals  based  on  the  residual  error  between  the  actual 
measurements  of  the  wtates  of  the  original  finite  dimensional  model  and 
the  Interpolation  of  the  virtual  global  states.  The  objective  of  the 
residual  control  Is  to  suppress  the  local  structural  motion  that  Is 
Inconsistent  with  the  global  model  dynamics.  One  of  the  primary 
«'aqulremants  of  the  residual  control  Implementation  Is  that  It  be 
performed  within  each  of  the  regions  based  only  upon  local  information 
end  information  received  from  the  global  oowtroller.  Also,  the  residual 
control  should  not  excite  the  global  motion  of  the  structure.  These  two 
requirements  will  restrict  the  possible  control  Implementations.  In 
addition,  It  la  desirable  tr*^  the  residual  control  be  computationally 
simple. 

In  order  to  analyze  the  residual  control,  consider  the  estimate  nf  the 
displacement  residual  error  as 


(8) 


q  -  q 


The  general 
control  Is 


e  =  q  -  q  =  (I  -  TJ,  )  q  (10) 

form  of  the  feedback  law  that  Implements  the  residual 


(11) 


Since  the  residual  control  is  designed  not  to  excite  global  motion,  the 
component  of  the  structural  acceleration  that  results  from  residual 
control  forces  must  be  analyzed.  I'hls  acceleration,  which  will  be 
called  the  residual  control  acceleration,  is 


♦  U. 


(12) 


An  estimate  of  the  global  acceleration  due  to  the  residual  control 
acceleration  can  be  determined  using  the  same  estimation  matrix  that  is 
used  to  determine  the  reduced  order  global  state  measurements  from  the 
full  order  measurements  (Eqn.  8) 

-  t;'  «“  ♦  s  (13) 

The  first  requirement  that  the  residual  control  only  affect  the  residual 
motion  Is  satisfied  if  Eqn.  13  is  identically  zero. 


One  restricted  form  for  the  residual  feedback  gain  that  meets  this 
requirement,  and  the  requirement  that  the  feedback  be  applied  based  only 
on  local  information,  is 

F,  .  M  .  N  (14) 

r  ^  r  ^ 

where  a  and  /3  are  nonnegative  scalar  constants.  The  residual  control 
acceleration  for  these  gains  Is 

q^  «  -  a*e  -  /3‘e  (15) 

Here,  the  residual  control  acceleration  Is  in  direct  proportion  to  the 
estimates  of  the  residual  states  in  the  system  and  will  be  called  direct 
proportional  feedback.  In  addition,  if  a  and  P  are  negative,  the 
control  acceleration  always  acts  against  the  residual  displacement  and 
velocity. 


To  analyze  the  effect  of  the  direct  proportional  feedback  on  the 
dynamics  of  the  system,  consider  the  reduced  model  based  only  on  the 
residual  modes.  Just  as  the  global  model  describes  the  dynamics  of  a 
subset  of  modes  in  the  system  (Eqn.  3),  there  also  exists  a  model  of  the 
subset  of  the  residual  modes  of  the  system.  This  reduced  model  requires 
a  transformation  that  relates  a  set  of  residual  model  states  to  the  full 
order  residual  of  the  system.  The  transformation  Tq  maps  the 

dimensional  global  displacement  vector  q9  into  the  n  dimension  vector 
space  of  q.  Therefore,  the  residual  must  reside  in  the  remaining 
subspacs  of  q  that  is  orthogonal  to  the  subspace  of  qq.  The  dimension 
of  that  subspace  is  nr  m  n  -  n^.  Tlierefor^,  the  complete  vector  q  can 
be  expressed  as 

q  -  q,  +  q,  (i6) 

where  qr  €  is  the  vector  of  residual  degrees  of  freedom  and  Tr  is 
the  residual  transformation  matrix.  The  combination  of  the  two  mapping 
functions  in  Eqn.  16  must  span  all  possible  vectors  q  (i.e.,  the  matrix 
Tr  spans  the  null  space  of  T,). 


(9) 


The  exact  choice  of  the  residual  transformation  matrix  is  found  by 
considering  the  estimated  global  degrees  of  freedom  based  on  Eqn.  16  and 

premultiplying  by  T,*’  (Eqn.  8)  to  obtain  . 

%  =  T;'-  T  +  q,  ;  (17) 

To  make  the  estimate  of  the  global  degrees  of  freedom  equal  the  actual 
values,  the  first  product  in  Eqn.  17  should  always  be  zero.  This 

product  is  identically  zero  only  when  T,*'  Tr  is  null.  Examining  the 

definition  of  T^'"  in  Eqn.  8,  this  requirement  reduces  to 

M  T  =  0  (18) 

(t.c.,  Tr  is  orthogonal  to  T,  with  respect  to  M).  The  combined 
requirements  of  Eqn.  18  and  that  Tr  spttn  the  null  space  of  Tg  fully 
specifies  the  space  mapped  by  Tr . 

The  reduced  order  residual  model  can  now  be  formed  by  assuming  that  the 
residual  motion  in  the  structure  is  orthogonal  or  decoupled  from  the 
global  motion  in  the  structure.  Thus,  there  is  a  subset  of  structural 
motions  for  which  Tg  qg  is  zero  and  the  remaining  motions  are  described 
by  the  relation 

q{q,}=T  q,  (19) 

Substituting  this  into  the  original  equation  of  motion  (Eqn.  1)  and 
premultiplying  by  Tr  transpose  yields  the  reduced  order  residual  model 
equation  of  motion 

q,  +  K  q,  =  -  q^  q^  (20) 

where  Nr  a  tJ  N  Tr  and  Kr  s  Tr  X  Tr .  While  the  reduced  order  global 
model  characterizes  the  longer  wavelength  modes  of  the  higher  order 
dynamic  model  of  the  system,  Eqn.  21  provides  a  reduced  order 
characterization  of  the  remaining  modal  dynamics. 

The  effects  of  the  residual  feedback  on  the  reduced  order  residual  model 
is  best  evaluated  if  Eqn.  20  is  trtmsformed  into  modal  coordinates 
(Ref.  11)  to  obtain 

f,  ^  P*!,  +  (a*I  +  A  )  *  0  (21) 

where  fr  €  is  the  vector  of  the  residual  model  modal  coordinates  emd 
A  is  the  diagonal  matrix  of  the  residual  model  squared  natural 
frequencies.  It  is  clear  from  the  form  of  Eqn.  21  that  the  decry  rate 
iP/2)  for  each  of  the  residual  model  modes  is  the  same.  Likewise,  the 
increase  in  the  square  of  the  natural  frequency  (a)  is  the  same  for  all 
modes  due  to  direct  proportional  feedback.  Thus,  it  can  be  concluded 
that  direct  proportional  feedback  affects,  all  residual  model  modes 
equally. 

One  possible  selection  of  the  residual  control  feedback  gains  a  and  p  is 
to  chose  them  as  the  averages  of  the  closed  loop  gains  of  the  full  state 
optimal  regulator  solution  applied  to  the  entire  structure.  The 
residual  WK^es*  decay  rates  can  be  made  to  approximate  the  full  order 
optimal  regulator  decay  rates  of  the  residual  modes  if  j9  is  selected  as 

P  »  2/nr  I  (22) 

(10) 


where  CTi  is  the  real  part  of  the  closed  loop  poles  of  mode  I  of  the  full 
order  optimal  regulator  and  the  sunonation  is  made  over  all  system  modes 
in  the  residual  model.  A  similar  approch  can  be  used  in  selecting  the 
stiffness  parameter  a.  The  stiffness  increase  of  the  residual  modes  is 
chosen  to  equal  the  average  stiffness  increase  of  the  associated  modes 
in  the  full  order  control  system  by  selecting  a  to  be 

M2  2 

a  =  2/fiT  ^  (<o,  “  ‘Jj  )  (23) 

where  ui  is  the  closed  loop  ixatural  frequency  of  mode  I  of  the  optimally 
controlled  full  order  dynamic  model  and  coi  is  the  open  loop  natural 
frequency  of  mode  t  of  the  full  order  dynamic  model.  The  hierarchic 
control  that  results  from  this  selection  of  a  and  /3  and  the  global 
control  of  the  previous  section  can  now  be  combined  to  analyze  the  total 
system  performance. 

HIERARCHIC  CONTROL  ANALYSIS 


Using  standard  techniques,  the  two-level  hierarchic  control  scheme  can 
be  designed  with  stable  controllers  for  each  level  of  control.  However, 
since  the  two  controllers  do  not  operate  in  isolation,  the  two  control 
functions  will  interact  with  each  other.  Large  levels  of  control 
interaction  may  result  in  system  destabilization.  Therefore,  the 
ability  to  accurately  predict  the  closed  loop  dynamics  of  the  hierarchic 
control  implementation  is  an  Important  concern. 

Control  Coupling 


In  order  to  evaluate  the  effect  of  control  interaction  between  the 
global  and  residual  control,  the  mechanisms  through  which  these 
functions  Interact  must  be  established.  The  full  closed  loop  dynamic 
equation  can  be  written  by  combining  Eqn.  9  and  Eqn.  20  to  obtain 

«  5  +  K  5  =  -  (11  tVj;'-  +  a-*{I  - 

If 

where  the  terms  involving  F9  result  from  the  global  feedback 
Implementation  and  the  terms  involving  a  and  p  result  from  the  residual 
feedback  implementation.  The  coupled  dynamics  of  the  two  subsystems  can 
be  obtained  by  substituting  Eqn.  16  into  Eqn.  24  etnd  premultiplying  by 
suitable  transformation  matrices  to  obtain 


H 


'9^ 


K  q 
9^9 


+  K 


■9r‘lr 


M 

9 


% 


(25) 


K^,q,  =  -  -  P'M^q^  (26) 

The  two  subsystems  of  Eqns.  25  and  26  are  the  global  and  residual  models 
developed  in  the  previous  section  with  the  addition  of  an  elastic 

coupling  term,  Kjr  =  T,  K  Tr .  When  K9r  is  identically  zero,  T,  exactly 
represents  a  linear  combination  of  natural  modes  of  the  original 
system,  and  Tr  exactly  represents  a  linear  combination  of  the  other  fir 
natural  modes.  The  coupling  between  the  two  systems  will  be  light  if  T, 
closely  approximates  a  subset  of  the  normal  modes  euid  the  control  forces 
have  been  selected  to  not  introduce  any  further  coupling. 


(11) 


To  guarantee  that  the  full  hierarchic  feedback  system  is  stable,  one 
viable  solution  is  that  the  control  implemented  in  the  global  and 
residual  design  models  (Kqns.  25  and  26)  must  duplicate  the  effects  of 
passive  components.  With  this  restriction,  both  models  will  act  as 
stable  passive  systems.  This  will  guarantee  system  stability  sinc*"^  the 
coupling  of  two  passively  stable  systems  cannot  result  in  overall  system 
Instability  (Ref.  9). 

MIMO  System  Zero  Analysis 

The  assurance  of  a  stable  control  design  is  just  one  important  aspect  in 
evaluating  the  effect  of  control  coupling  in  the  hierarchic  control 
design.  The  primary  design  goal  is  not  Just  one  of  stability,  but  of 
meeting  specific  performance  requirements.  This  means  that  the  effect 
of  the  hierarchic  control  on  the  closed  loop  dynamics  of  the  system  must 
be  understood. 

The  primary  method  of  analysis  used  in  this  section  is  based  on  the 
relationship  between  the  generalized  zeros  of  MIMO  system  (Ref.  12)  and 
feedback  system  response.  With  few  exceptions,  such  as  the  work  done  by 
Taylor  (Ref.  13),  MIMO  system  zero  analysis  has  not  been  applied  to 
structural  control  design.  MIMO  system  zeros  are  close  counterparts  to 
zeros  of  classical  single-input/single-output  (SISO)  systems  and  their 
properties  can  be  exploited  in  many  of  the  same  wxys. 

There  are  two  important  properties  of  MIMO  system  zeros  that  directly 
relate  to  output  feedback  control  laws.  The  first  is  that  system  zeros 
remain  invariant  under  output  state  feedback  (Ref.  14).  The  second 
property  is  that  if  the  MIMO  system  has  J,  finite  system  zeros,  then  /  of 
the  2n  system  poles  will  converge  on  the  finite  zeros  and  the  remaining 
(2n,“»  poles  will  go  to  infinity  as  the  output  feedback  gains  are 
increased  to  +«  in  a  positive  definite  manner  (Ref.  15).  Both  these 
properties  are  familiar  to  SISO  feedback  systems  emd  are  used  explicitly 
in  root  locus  emalysis  design.  For  the  same  reasons,  the  MIMO  zeros  are 
Important  to  MI>K)  feedback  system  design.  In  particular,  the  evaluation 
of  the  MIMO  zeros  of  the  global  and  residual  control  functions  will  be 
importar to  the  evaluation  of  the  hierarchic  control  design. 

Three  topics  will  be  discussed  with  respect  to  MIMO  zero  analysis  of  the 
complete  hierarchic  control  structure.  First,  the  mechEuiisms  which 
cause  system  zeros  in  the  global  and  residual  control  implementations 
will  be  established.  Second,  the  relationship  between  global  and 
residual  system  zeros  and  the  closed  loop  dynamics  of  the  full  order 
structure  will  be  exEunlned.  Finally,  an  exact  method  of  determining  the 
location  of  these  zeros  and  the  mechanisms  that  influence  their 
locations  is  established.  The  culmination  of  these  results  will  provide 
valuable  guidelines  for  the  hierarchic  control  design. 

For  the  hierarchic  development  presented  in  the  hierarchic  control 
systhesis,  the  Initial  structure  had  full  state  measurement  and  complete 
Independent  control.  Given  these  constraints,  it  ctm  be  shown  that 
there  are  no  zeros  for  the  full  system.  However,  MIMO  zero  analysis  is 
useful  for  analyzing  the  subsystems  defined  by  the  global  and  residual 
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control  functio*.s.  The  global  feedback  gains  perform  output  feedback 
around  the  residual ly  controlled  structure  and,  therefore,  will  not 
affect  the  location  and  number  of  possible  zeros  of  the  global  control 
system.  Since  the  global  measurement  and  the  global  control  influence 
matrices  are  designed  to  isolate  motions  in  the  structure  that  are 
consistent  with  the  reduced  order  global  model,  there  are  many  motions 
in  the  structure  that  cannot  be  represented  or  affected  by  this  control 
system.  These  motions  will  be  characterized  by  the  global  system  zeros. 
The  analysis  of  the  residual  control  system  zeros  is  nearly  identical  in 
that  zeros  arise  in  this  system  that  correspond  to  structural  motions 
that  cannot  be  represented  or  affected  by  the  residual  control  system. 

The  relationship  between  global  and  residual  zeros  and  the  closed  loop 
dynamics  of  the  structure  will  be  examined  through  the  evaluation  of  a 
particular  example.  This  example  is  the  unique  case  In  which  the 
reduced  order  global  model  exactly  characterizes  a  subset  (nq)  of  the 
structural  modes.  Subsequently,  the  motions  described  by  the  residual 
model  must  exactly  describe  the  rema.^ning  n.r  modes  of  the  structure. 
Thus,  the  global  and  residual  subsystems  are  totally  decoupled  (l.e., 
Kqr  =  0). 

For  this  simple  case,  the  subsystem  decoupling  can  be  described  in  terms 
of  global  and  residual  control  system  zeros.  For  complete  decoupling  of 
the  two  subsystems,  it  can  be  shown  that  the  measurement  matrices  of  the 
two  subsystems  are  each  orthogonal  to  the  modes  of  the  other. 
Therefore,  the  global  controller  must  have  decoupling  zeros  at  each  of 
the  residual  pole  locations.  Likewise,  the  residual  controller  will 
have  system  zeros  at  the  global  pole  locations.  Therefore,  for 
completely  decoupled  subsystems,  the  zeros  of  the  two  subsystems  will 
correspond  exactly  with  the  locations  of  the  closed  loop  poles  of  the 
combined  system. 

The  next  step  is  then  to  consider  the  effect  when  T,  and  Tr  do  not 
provide  exact  models  of  the  global  and  residual  system  modes.  The 
global  and  residual  zeros  will  not  disappear,  but  rather  many  (or  all) 
of  the  decoupling  zeros  will  become  transmission  zeros.  If  the  new  Tq 
is  very  close  to  the  decoupling  matrix  Just  discussed,  the  zeros  of  the 
global  or  residual  control  systems  should  be  close  to  their  previous 
locations  (l.e.,  the  poles  of  opposite  system).  If  chis  is  the  case, 
the  zero  locations  offer  an  approximate  description  of  the  closed  loop 
dynamics  of  the  structure. 

For  selection  of  Tq  that  does  not  provide  exact  or  near  decoupling 
between  the  global  and  residual  subsystem,  the  relationship  between  the 
respective  system  zeros  and  the  system  dynamics  becomes  less  clear.  It 
is  clear  that  feedback  of  the  residual  system  will  affect  the  zeros  of 
the  global  system  and  vice  versa.  The  relationship  between  the  controls 
and  the  closed  loop  zero  locations  can  be  determined  through  the  results 
of  two  theorems  (Ref.  9). 

Theorem  1:  In  the  limit,  as  the  global  displacement  feedback  gain. 
Fqd,  becomes  very  large  (in  a  positive  definite  sense)  and  IIFqdH  >> 
IIFqvll.  2/ir  of  the  system  poles  converge  to  the  closed  loop  poles  of  the 
residual  control  model  (Eqn.  21)  and  the  remaining  2n.q  of  the  system 
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poles  are  the  closed  loop  poles  of  the  global  model  (Eqn.  9). 

Theorem  2:  In  the  limit,  as  a»0  and  |a|  >>  \p],  2a,  of  the  system 
poles  converge  to  the  closed  loop  poles  of  the  global  contiol  model  and 
the  remaining  2nr  of  the  system  poles  are  the  closed  loop  poles  of  the 
residual  model.  ’ 

These  theorems  summarize  the  analysis  of  the  closed  loop  poles  of  the 
coupled  global  and  residual  subsystems.  Of  these  closed  loop  pole 
locations.  2/ir  converge  to  the  closed  loop  pole  locations  of  the 
residual  model  and  2a,  converge  to  the  closed  loop  pole  locations  of  the 
global  model.  Since  the  residual  model  pole  locations  remain  fixed  as 
F,d  is  increased  and  since  these  are  converging  points  of  the  full  order 
system  poles,  they  must  also  be  the  zero  locations  of  the  global 
controller.  Likewise,  since  the  global  model  pole  locations  are  fixed 
as  a  is  increased,  the  remaining  converging  points  are  the  zero 
locations  of  the  residual  controller. 

From  this  analysis,  it  is  clear  that  the  proximity  of  the  global  and 
residual  control  system  zeros  to  the  poles  of  the  actual  system  is  a 
direct  indicator  of  the  decoupling  between  the  global  and  residual 
controllers.  For  perfectly  decoupled  control  systems,  the  zeros  of  the 
global  control  system  correspond  to  2n.r  of  the  system  poles  and  the 
zeros  of  the  residual  control  system  correspond  to  the  remaining  2n,, 
poles  of  the  system.  Even  with  coupled  subsystems,  the  poles  of  the 
complete  system  will  tend  to  follow  the  poles  of  the  uncoupled 
subsystems,  depending  on  the  amount  of  coupling  and  the  relative 
magnitudes  of  the  feedback  gains. 

As  with  all  finite  element  applications,  a  more  accurate  model  of  the 
structural  modes  will  produce  more  accurate  predictions  of  the  response. 
For  the  application  to  the  control  problem,  accurate  modeling  of  the 
structural  modes  is  seen  to  reduce  the  control  problem  into  decoupled 
subsystems  which  can  be  effectively  controlled  using  the  hierarchic 
control  technique.  The  natural  conclusion  from  this  analysis  is  that 
the  free  model  parameters  should  be  selected  to  provide  the  lowest 
coupling  between  the  global  and  residual  controllers. 

EXAMPLE 

For  the  following  example,  the  hierarchic  control  technique  will  be 
applied  to  the  case  of  controlling  a  bar  in  extension  using  widely 
distributed  sensors  and  actuators.  A  possible  model  for  the  full  order 
control  problem  is  shown  in  Fig.  4.  This  lumped  pareuneter  model  is 
assumed  to  have  seven  degrees  of  freedom  with  a  sensor  and  actuator  on 
each  mass.  In  addition,  the  value  of  each  mass  etnd  stiffness  is  set  to 
xini  ty . 
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Fig.  4  A  7  Degree  of  Freedom  Model  of  a  Bar  in  Extension 

The  open  loop  pole  locations  of  the  full  order  system  are  shown  in  the 
first  column  of  Table  1.  This  model  will  be  used  to  demonstrate  the 
various  synthesis  processes  in  the  development  of  the  complete  two-level 
hierarchic  controller. 

Global  Control 


Assume  that,  due  to  performance  requirements,  the  global  control  will 
nominally  control  the  relative  position  of  degrees  of  fieedom  qi ,  q4. 
and  q7  of  the  original  model.  These  three  degrees  of  freedom  will  be 
the  locations  of  the  global  degrees  of  freedom  qqi,  q^a*  ^<1  <l9  3> 
global  finite  control  element  model  defined  by  these  three  nodes  will 
have  two  finite  control  elements.  The  degree  of  freedom  qq  will  be 
assigned  to  the  first  global  element  so  that  the  full  order  degrees  of 
freedom  included  in  the  first  element  are  1  through  4  and  in  the  second 
element  are  5  through  7.  A  linear  interpolation  between  the  global 
nodes  is  used  to  define  the  relationship  between  the  global  degrees  of 
freedom  and  the  regional  degrees  of  freedom  within  each  element.  The 
Interpolation  between  global  and  regional  degrees  of  freedom  is  given  by 


where 


q{l}  =  T,{1}  q,{l}  and  q{2}  =  T,{2}  q,{2} 
q{i}  =  [qi  qa  qo  q4  q{2}  =  [  qs  q^  q7  V 

q9{^}  [q9i  q9al  •  q9{2}  =  [qqa  q9  3] 


T  {1} 


traatoV  ifai 

3  O  1  a  3  ’  *  3  12 


Combining  these  two  regional  relations 
interpolation  relation  (Eqn.  2),  where 


results 


global 


Tq  =  r  o  i  a  3 


o  o  o  o 


1  a  3 


The  reduced  order  global  model  (Eqn.  3)  can  now  be  formed  by  using  the 
interpolation  matrix  T,  for  both  displacement  and  velocity.  The  open 
loop  pole  locations  of  the  global  system  are  shown  in  the  second  column 
of  Table  1.  The  modal  frequencies  of  the  global  model  are  very  close 
to  the  modal  frequencies  of  the  first  three  modes  of  the  full  order 


system.  The  rigid  body  mode  is  identically  modeled  in  the  global  mov^al 
and  modes  2  and  3  are  lOX  and  4X  higher  than  the  full  model. 
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As  was  stated  previously,  the  main  computational  effort  of  the 
hierarchic  control  technique  la  distributed  among  the  many  regional 
processors,  which  are  overseen  by  the  global  processor.  Therefore,  the 
global  state  aggregation  (Eqn.  8}  Is  divided  into  three  seqv ential 
processes,  one  performed  at  the  regional  level  and  the  remaining  two  at 
the  global  level. 

J  M  q  .  Il"‘  *  «  M*'  2  y  11} 

Working  from  right  to  left  In  the  above  equation,  the  first  process, 
which  is  performed  by  the  regional  processors,  creates  regional 
estimates  79(1}  of  the  global  nodal  states  by  multiplying  the  regional 
measurements  by  the  regional  mass  and  interpolation  matrices.  Since  the 
mass  matrix  Is  unity,  this  becomes 

y,(i>  -  [yji’  ya’]'  »T.{i)'q(i) 

y,<2)  =  [y<|'  y'S’]’  -  T,{2)'q(2) 

The  remaining  two  processes  are  performed  at  the  global  level.  In  the 
first,  the  regional  estimates  of  the  global  nodal  states  are  sent  to  the 
global  processor  to  form  a  new  Intermedfnte  estimate  of  the  global  nodal 
state  Zq  by  averaging  all  of  the  regional  bj^-imates  at  that  node. 

*9  =  Cy<}>  ]' 

The  second  global  process  then  correlates  these  Intermediate  virtual 
estimates  into  the  final  virtual  displacement  estimate  q,  by 
premultiplylng  by  the  inverse  of  the  global  mass  matrix  defined  in 
Eqn.  3.  A  simple  check  will  verify  that  these  steps  reproduce  the 
pseudo  left  inverse  of  the  transformation  matrix  as  defined  in  Eqn.  8. 
The  formation  of  the  estimated  global  velocity  is  identical. 

Since  the  actual  form  of  the  global  control  is  not  critical  to  the 
hierarchic  control  formulation,  a  simple  full  order  optimal  regulator 
was  derived  with  the  state  penalty  placed  uniformly  on  displacement,  no 
velocity  penalty,  and  a  nondimensional  control  penalty  of  unity.  The 
poles  of  the  optimally  controlled  full  order  system  are  listed  in  the 
first  column  of  Table  2  axKl  shown  in  Fig.  5.  The  optimal  regulator 
problem  was  then  solved  for  the  3x3  global  systtr;  using  the  known  T9  and 
Sq  from  Eqn.  5.  The  closed  loop  poles  of  the  global  model  are  shown  in 
the  second  column  of  Table  2  and  also  in  Fig.  5.  Comparing  the  closed 
loop  pole  locations  of  the  global  model  with  the  closed  loop  pole 
locations  of  the  lowest  three  modes  of  the  full  order  system  indicates 
that  they  are  very  similar.  The  global  control  synthesis  has, 
therefore,  resulted  in  implementation  that  effectively  isolates  the 
first  three  modes. 

Residual  Control 

The  functions  of  residual  control  consist  of  obtaining  estimates  of  the 
residual  error  state  and  applying  colocated  feedback  based  on  the 
estimate.  The  two  steps  to  the  estimation  process  are  global  state 
interpolation  and  differencing  the  interpolated  state  estimates  with  the 
actual  measurements.  From  the  regional  interpolation  functions  T9{i}, 
the  residual  states  in  each  region  can  be  Independently  calculated  by 
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the  associated  regional  processor  using  Eqn.  7  where  the  estimates  of 
the  global  states  are  given  to  the  regional  processors  from  the  global 
processor. 

To  demonstrate  the  synthesis  of  a  reduced  order  residual  model,  tho 
first  step  involves  the  formation  of  the  residual  transformation  matrix, 
Tr .  for  the  model  of  the  bar  in  extension,  the  residual  model  had  four 
remaining  degrees  of  freedom  (or  modes)  to  be  modeled.  In  addition,  it 
must  also  be  orthogoiuil  to  T«  with  respect  to  N  (Eqn.  18).  The 
resulting  residual  transformation  matrix  can  be  obtained  as 


.0*0  -.STO 

-.P»0 

0 

.840 

.  370 

-  .  0*0 

,0*3  -.47* 

-  .  108 

.  487 

-.108 

-.47* 

.  0*3 

.317  -.801 

.410 

0 

-.410 

.801 

-  .  317 

.088  -.0*7 

.818 

-  .  488 

.818 

-  .  047 

.088 

The  open  loop  poles  of  the  residual  model  are  shown  in  the  last  column 
of  Table  1.  These  pole  locations  are  very  close  to  the  open  loop  pole 
locations  for  the  highest  four  modes  of  the  full  order  system.  In  all 
cases,  the  residual  model  poles  are  slightly  below  the  comparable  poles 
of  the  full  order  system. 

The  process  of  constructing  direct  proportional  residual  feedback  and 
its  effect  on  the  closed  loop  dynamics  depends  on  the  selection  of  the 
feedback  parameters  a  and  0.  Using  the  four  highest  modes  of  the  full 
state  optimal  regulator  solution,  ^ns.  22  and  23  were  used  to  compute 
values  of  a  a  0.193  and  0  a  0.613.  The  closed  loop  pole  locations  of 
the  reduced  order  residual  model  for  these  residual  feedback  parameters 
are  shown  in  the  fourth  column  of  Table  2  and  in  Fig.  5.  As  was 
predicted  from  the  analysis  of  the  residual  model,  the  i>oles  of  all  four 
system  modes  have  been  affected  equally. 

The  full  hierarchic  closed  loop  pole  locations  are  shown  in  the  last 
column  of  Table  2  and  in  Fig.  5.  It  can  be  seen  from  these  pole 
locations  that  the  residual  control  has  caused  the  decay  rates  of  the 
four  higher  modes  to  inert  ise  by  approximately  the  same  amount.  The 
closed  loop  pole  locations  of  the  residual ly  controlled  system  are  also 
very  close  to  the  closed  loop  pole  locations  of  the  higher  four  modes  of 
the  full  hierarchic  implementation.  The  closed  1  jop  poles  of  the  full 
state  optimal  regt«lator  are  also  very  close  to  those  of  the  full 
hlerachlc  control  implementation. 

CONCLUSIONS 

This  paper  has  presented  the  initial  development  of  a  hierarchic  control 
technique  for  flexible  structures.  A  two-level  architecture  was 
outlined  which  consisted  of  many  decentralized  regional  controllers  and 
one  centralized  global  controller.  The  hierarchic  architectuie  was 
developed  to  both  reduce  the  computational  requirements  and  to  reduce 
the  input  and  output  comnunlcatlon  requirements  compared  to  using  a 
single  centralized  processor  for  a  system  with  a  large  number  of  sensors 
and  actuators. 
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The  hiererchic  control  methodology  is  capable  of  yielding  low 
interaction  between  the  global  and  residual  control  functions.  It  was 
found  that  the  interaction  between  the  global  and  residual  control 
operations  is  only  due  to  elastic  coupling  between  the  global  and 
residual  control  design  models,  For  global  feedback  gains  that  meet 
certain  requirements,  it  could  also  oc  guaranteed  that  the  coupling 
would  not  destabilize  the  structure. 

There  are  several  issues  that  should  be  addressed  in  the  future 
development  of  the  hierarchic  control  design.  First,  the  control 
synthesis  was  developed  under  the  constraint  of  full  state  measurement 
and  full  actuation  of  the  highest  order  control  design  model.  A  control 
synthesis  which  releuced  this  constraint  should  be  developed  and 
evaluated  through  system  zero  analysis  or  some  other  technique.  Also, 
analysis  of  the  performance  of  the  hierarchic  control  design  through 
numerical  simulation  and  laboratory  experiment  should  be  performed  to 
verify  the  viability  of  the  control  design.  Finally,  the  regional 
controller  implementation  was  of  the  simplest  proportional  feedback 
design.  Regional  controllers  based  on  traveling  wave,  distributed 
parameter  or  component  mode  concepts  should  also  be  investigated. 
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Table  1 

OPEN  LOOP  POLES  OF  TOE  FULL  SYSTEM 
COMPARED  TO  THE  SUBSYSTEM  POLES 


Full  7  DOF  3  DOF  Global  4  DOF  Regional 


0.0  i  0.000 i 
0.0  i  O. 4481 
0.0  i  0,8681 
0.0  ±  1 . 2471 
0.0  1  1 .8641 
0.0  J;  1 , 8021 
0.0  i;  1 .9801 


0.0  ±  0.0001 
0.0  ^  0.4631 
0.0  i  0.8991 


0.0  ±  1 , 24  t I 
0.0  ^  1 . 862 1 
0,0  ±  1.8011 
0,0  ±  1 .9371 
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Table  2 

OjOSEO  loop  pole  OOMPARISOM  of  ‘HIE  FTJLL  OPTIMAL  REGULATOR 
WHH  TliE  SUBSYSTEM  POLES  AND  FUL  HIERARCHIC  DESIGN 


Full  7  DOF  3  DOF  Global  4  DOF  Residual  Full  Hierarchic 

Optimal  Reg  Optimal  Reg  State  Feedback  Control  Design 


-O.TOT 

i 

O.TOTi 

-0. 

TOT 

± 

O.TOTI 

-O.TOT 

± 

O.TOTi 

-0.441 

i 

o.taot 

-o. 

03* 

1 

O.TOftl 

-0,03* 

O.TTOl 

-o.4ee 

A 

1,0011 

-o. 

4e* 

i 

1 .osai 

-0,4** 

± 

O.OOBi 

-o.oeo 

i 

1 ,aoBt 

-0.30* 

i 

1  .sen 

-0.310 

± 

1  .BBBl 

-0.S14 

i 

1 .BOSl 

-0.30* 

1 .**31 

-0.30T 

1  .BOBl 

-0.S74 

i 

1 .oaol 

-0,30* 

i 

1 .esoi 

-0.30T 

1  .eaot 

-o,as4 

i 

1.0*01 

-0.30* 

± 

1.0*31 

-0.300 

± 

l.OTBt 

9  - 
’J  - 
t.i  - 
%A  > 
aji  • 
a  > 
u  - 

14  - 
14  - 
14  - 
1  - 
04  - 

at  - 

04  - 
04  - 
0  -- 


X  Full  State  Opt  Reg 
^  3  DOF  Global  Opt  Reg 
V  4  DOF  Residual  Feedback 
•f  Full  Hierarchic  Design 


♦  X 
»  X 


-1 


— I — 

-ao 


-04 


KM.  Mir 


Fig.  5  Closed  Loop  Pole  Comparison  of  the  Full  Optimal  Regulator 
with  the  Subsystem  Poles  and  Full  Hierarchic  Design 
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of  (  «  0.001,  Allkoaik  a  atabUuiag  coatroUar  oral  AaoigaaA,  itabiUly 
waa  acbtavaA  aaly  at  coaaiAarabla  coat  ia  paitennaBca,  aaA  robaataaaa 
to  otAor  typaa  of  moAoUiag  acrora  (ai<A  to  aAAitioaal  inatatioa  ar- 
roia)  waa  aot  AomoaatrataA.  Tka  aatkoia  MaU;  'Wa  kava  aet  ackiavaA 
pacformaan  robaataaaa  witA  oav  Aaottaa  aaA  kaaa  aatgaotaA  ikat  a 
ranaAy  maat  bofia  witk  tka  raanamiaattua  of  tka  Aaaiga  moAal  of  tka 
plaal.*  Oaa  tbaak  of  tkia  papar  k  tkat  a  raaaamUaiioB  of  tka  *tnitk 
moAal*  ooalA  Aa  a^aalty  pr^acuao.  Ia  paiticalar,  a  atnclara  with 
ISO  claatk  moAaa,  aack  with  a  AanpUf  ratio  of  f  w  0.001,  kaa  aavar 
baaa  baih.  Sack  bakavtoar  k  AkplayaA  oaly  by  iAaalkaA  matbamati* 
cat  moAdi  of  alractaral  Ayaaotko.  Aa  tack,  tka  atility  of  Aavaiopiag 
opacialiaaA  lockaiqaaa  (or  rack  moAak  k  gaoatioaabla. 

Oampiitf  k  op-^  aapart  of  atractaral  Ayaastka  tkat  k  otkally  vary 
poorty  BMAallaA  ,  parraiaaiy,  k  impariMt  to  coalral  Aaai|a.'  Evaa 
a  ralativaly  oaaall  araoaat  of  paaoivo  Aampiai  caa  ba  vary  ktlpfol.  A 
pracka  BMoaan  of  koar  AalpM  k  oaly  availabk  w  oaa  ootcoma  of 
AatailaA  atoAy  of  iaAMAaal  caoac.  aavattbolni  aatimalaa  ara  avaUabk 
for  tka  laaaral  aitaaklaa. 

•  Aamataat  Prafamar,  Aoraaaatka  aaA  AatroBaatko,  mambar  AlAA 


ac(w  -  (U 

Tkaaatar  lAstItaaa  AoairiAlai  atiaataral  laopaaoa  ara  atlas  wriltas  as 
aS  iaiakkaoam; 
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Tka  maitimam  valaa  at  lAa  tliax.>ral  taapenio  accaia  at  laaaaaaca, 
w  n  ^1  -  l{;*wtasA  Aaa  lAo  valaa 


(4) 


tfiVl-t?  *fc 

A  aiaialar  valaa  Aacastpoakioa  at  tka  leap  Iraarftr  matiis  tiaalA 
tkoa  Akplay  a  Aitk  ka^aoaty  AoAavaaar 


oatw  -  aal  >  /  *^***  (»n»»M**)  t») 

\  l/w*(i  (compasaakor)  (A) 

If  a  livaa  valaa  (ary  oaky)  for  lAo  maaimom  aiaialar  valaa  at  tka 
loop  traaafor  malrw  impliw  aaceaAkieaal  oiaAiiiiy,  tkoa  lor  a  |ivoa 
caalrallor  a^A  atractaro,  tka  fco^aoaty  akoao  wAkk  lAo  ayilom  will  Aa 
oacoaAitioaaUy  ataklo  ia  rolaloA  la  tka  Aampiati  ratio  Ay 

«  >  /  (loialator)  (T) 

\  (campoaaatar)  (!) 

wkoro  k*  aaA  fcc  ara  coaataaU. 

Aa  iacrtaao  of  tka  Aampiai  ratio  (  kom  aay  f  w  o.OOl  to  r  w  0.01 
woalA  tkoa  aabataatialiy  roAoca  tka  baaAwiAlk  rt^airoA  of  a  *lratk 
moAal*.  Tka  impiicalioa  k  tkat  tka  coalroUar  coaM  tkaa  alao  ba  Aa> 
tiiaaA  witk  rafaraaca  to  a  loarar  orAar  moAal  aaA  tkat  tka  coatrol  im- 
pkmaatatioa  woalA  aimpiiiaA. 

Damoiaa  Aaamaatatioa 

tb  aaimaal  tka  lera|oia|  Akcaatioa  oa  tka  appraitimata  baaalu 
of  paaaiva  Aasipiai,  it  k  aaafal  la  aatimata  tka  coata  aaaociataA  aritk 
paaaiva  Aampiai  aaiaaaatatiaa.  Fkr  apaca  a^lkatiooa  tka  pruaa  coat 
Arivar  appaan  to  Aa  total  maaa,  tkaa  it  k  appiapriata  to  OKpraaa  tkaoa 
coata  aa  a  mam  paaaky.  No  aaiioA  tkaaty  ar  aaalyak  caa  Aa  callaA 
apoa  to  proviAa  tkaoa  aatimatm,  ratkar  it  aaaiaa  apprapriala  to  tavkw 
paat  accampikAmaata  aaA  to  ovalaata  tkma  is  tarom  of  oaa  tiara  of 
marit:  tka  raiativo  mam  paaalty  iacaiiaA  par  Aampiai  ratio  ackkvoA. 
Tkk  t|aia  mi|At  tkaa  bacosM  oaa  aaliy  ia  a  iraAkat  matrix  aaaA  ia 
aa  optimkatioa  acbama, 

A  racaatly  paAIkkaA  AaakHI  kaa  Aaaa  a  aaafal  aoarca  of  aack  Aata. 
Tkk  book  ravkwa  liaaar  Aampiai  traalraoBla  aa  tkay  kava  baaa  applkA 
to  aaraapaca  atractoraa.  Sack  Aampiag  traatmaat*  may  ba  btaaAly  cla^ 
ailaA  iato  two  iraopa;  atalk  aaA  Ayaamk.  Static  Aampiai  traatmaatt 
aaaally  taka  tka  form  of  vkcaalaatic  matariak  wkiek,  wAaa  applkA  to 
tka  atractaro,  Aafarm  prapartioaally  to  iaotaataaaeaa  atractaral  Aa- 
farmatioBO.  tkaa  tka  latm  *itatk*.  Tka  caaopaaka  lam  factor  k  tkoa 
appmximatoA  by  tka  waigAlaA  avaraia  of  maurial  lam  factor*,  aack 
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MMHtai  tc  lk«  Cmllai  of  itrBli  n«ir  is  ‘kM  m>t4fiiL 

tW  •ktaia  BudaiMi  4unpU|  par  mui  of  vbMolailk  mtlaikl  o44t4 
to  tko  itnetorii  iMmtIriot  mul  bt  divlood  wMtb  cnalo  lw|t  ftraiu 
ia  lh«  lotiy  mottfiti.  Pul  prutleo  hu  bua  to  add  Ihla  lurfuo  lajrtn 
of  ihtM  maltriali  to  aaiillas  ilntelWMi  u  ikiicbad  la  f ifan  ia.  Ro> 
vi«w  of  ruvllt  npertfd  la  rafviata  |4|  iuiguli  that  Iho  mau  poaally 
auecialad  with  achltviae  a  aompotlU  lou  fulor  of  o  with  laab  aa 
approach  ia  appreaimalaly 


4Af 

TT 


HI 


iiiliiy 


(•) 


valid  for  imall  if,  lay  *>  <  0.10  aad  ac|U|ibla  iakaraal  ilraclarat  damp^ 
lag,  M  0.  Nola  that  ika  mau  paaally  iacairad  to  uklava  a  givaa 
cempoaila  lou  fulor  dapaada  lavaruly  oa  Ika  lou  fulor,  oi>  af  Iho  via* 
aoalullc  malorial,  Thau  malarial  lou  fulon  ura  lyplaally  fra^aaaay 
aad  lamparalara  dapaadaai.  f  Igara  2  ihowa  ihia  dapaadaaca  for  a 
tarial  baiag  mukalod  for  apua  appUaalloaa,  ladlaailag  ikai  lou  fulon 
graatar  tkaa  n  ■  0.6  aaa  ba  providad  ovar  a  fragaaaay  ruga  of  oaa 
duada,  or  for  a  givaa  fraguoaajr,  ovar  a  lamparalaia  ruga  of  10  Pahraa* 
ball  dagrau.  Tha  fraqaaaay  ud  lamparalara  raaga  of  high  damplag 
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b)  ;«i»Miiiaa'iirari(f«iAani 


riOUlUB  1  iurfiaa  damping  traalmanli  typlailly  amplay  a 
thin  liyar  of  vlMoaliillc  milarlil,  which  may  ba  coniiralnad 
to  diform  itfongly  In  ihair  by  a  illff  conitrilning  layar  Tha 
mail  panaltiai  aiaoclatad  with  thli  typa  of  damping  ara  glvan 
by  axpraiiloni  (9)  and  (10). 

can  ba  wilaodod  by  uiina  fovaral  vUioalulla  malarlila  oi  gaomairtu, 
•Kh  Mtiva  In  a  pwiiculv  lamparaiura/fraguanay  ronga,  Tha  mau 
penalty  uiocialad  with  Ihla  luhni'iua  will  ba  approaimaialy  addiiiva 
to  that  pradlalad  by  aquailon  ()). 

One  approuh  uiad  to  anhanaa  tha  airacllvanaii  of  inch  alalia 
damping  traalmanli  la  to  aandwlch  Iha  vlaaoalutia  malarial  balwaan 
tha  alnietura  and  a  thin,  axlanilonally  iillf,  aonilralning  layai  (aaa  fig* 
ura  lb),  Tha  eonalraining  layar  Inducaa  luga  ahaw  deformation  of  Iha 
vlMoalulia  malarial  whan  Iha  lubatruaiura  daformi,  Review  o'  raaulia 
reported  in  rafaranea  |4|  auggaaia  that  (ha  uu  of  aonilralning  layan 
raducaa  the  mau  penally  aoMelalad  with  uhlaving  a  compoalla  lou 
fulor  of  ij  to 


,5  <0  1,5 
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valid  for  email  ly,  any  n  <  0.10  aad  nagllgibla  iakaranl  ainiclural  dam^ 
log,  oiiOa  *1  0.  The  laalatlva  eoncluilon  lo  ba  drawn  from  agua* 
tiou  (9)  and  (10)  la  ihal  italic  vluoalullc  damping  iraalmanta  will 
Ittiroduco  amodul  mau  penally,  adding  parkapa  three  parcani  In  mau 
to  uhlava  a  leu  fulor  of  n  0.09,  (f  ■  0,01) 

Purlhar  goomatrlc  tuhalguu  va  avallabla  lo  raduca  iha  mau 
penalty  of  damping  Iraalmanta,  Tha  bula  Idea  la  to  locale  (or  era* 
ala)  arau  of  high  alrain  for  a  given  iiruclural  daformallon,  anti  lo 
plua  loaay  malarial  Into  theia  lecallenii  One  auch  approach  la  the 
tuned  vibration  abierbar.  Thla  davica  uaaa  dynamic  alfacli  to  craaia 
large  local  atralna  at  a  puticular  frequency,  Thla  frequency  ia  than 
typically  choun  auch  Ihal  iha  device  la  tuned  lo  a  pullculv  atruc* 
tural  raaenanca,  Tha  raiull  la  that  iha  elructura  la  ilrongly  damped 


riOURB  3  At  lain  one  vliaoaliillc  malarial  la  being  mar* 
kaiad  for  apace  appllcatlonii  Oanaral  llaciric  Corp,'i  IMRD 
100990,  Thaia  performance  curvai  ware  taken  from  refer* 
anca  |<|. 


ovar  a  ralaiivaly  ninow  frequency  range,  Tha  mau  penally  uaoiiaiad 
with  thla  approach  la  lomawhal  more  diflicull  lo  avaluala,  linca  it  will 
depend  upon  many  fuiora,  Raiulti  raportad  in  rafaranaai  |4|  and  |5|, 
both  buad  upon  ilngla  lunad  vibration  aburbara  appliad  lo  baama  in 
banding,  luggail  Iha  lo  uhlava  a  modal  damping  ratio  of  a  mui 
penally  of 


“JUT  ” 

will  be  incurred,  uilng  optimally  lunad  and  damped  abaorbari.  If  ihia 
raiull  can  ba  axirapolaiad  lo  wbitrary  iiruciurai,  the  lanlallva  con* 
clualon  la  that  modal  damping  rilloi  of  (  ■  0,01  can  ba  obtained  with 
a  a  mui  penally  of  AM/M  m  0,006  par  dampad  mode,  lubaaquanl 
diacuiiion  auggaaia  Ihi  poiiibllliy  of  uilng  porllona  of  Iha  ilruclura 
u  lunad  vibration  abaorbarti  thua  Ihia  mara  penally  may  ba  further 
reduced, 

During  vibraiio.1  of  ir'iii  iirucluraa,  iha  Ivpaal  alraina  ua  lypl* 
tally  al  or  in  Iha  jolnlii  Ihi'i  ihaaa  would  ba  afUclanl  loaallona  lo  plua 
damping  traalmanli.  An  anatyiia  of  Iha  aRtal  of  luih  Joint  damplng(6| 
ihowi  that  damping  la  manlmliad  whan  Iha  JoinI  illffnau  ia  compara* 
bio  lo  marnbar  illirnau.  Tliia  laama  lo  imply  a  raduilion  In  global  truu 
illffnau,  wlih  aonaomllanl  laduaiion  in  fraquanaiai,  luck  a  ililTnaii  ra* 
ducilon  may  not  ba  naceuaryi  Jninii  can  ba  made  ililf  in  antaniion  and 
diaiipallva  end  lompliani  in  rolalion,  Bnlanaional  Joint  illfacu  con* 
iribulai  lo  global  Iruu  illlTnau,  rolallonal  Joint  motion  can  ba  uiad  for 
alliilant  damping,  Tha  mua  penally  aaaocLiad  with  auch  a  lachniqua 
ia  difflcull  lo  aitimalai  further  diacuaalon  la  poitponad  lo  a  lubaaqiianl 
lection. 
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OmbIM 

Mm7  twljr  itntiwal  cralrol  MpviniMU  |7|  wm  «oa««ra«4  eal^ 
with  aalirt  dunpiai  M|in«Dt»tioni  Af  lacht  th«  malt*  mlfhl  b«  <om< 
puwl  with  putWt  dtmplai  iMbaiquMi  in  pvticalw,  th«  mu*  ptBailp 
MwcUltd  with  u  Mliv«  dunplnf  implimiotallea  mi|ht  b*  Mtinikttd. 
Wh*B  iwminiBi  tb«  cempoatBt  muMi  L  ta  activ*  dampiai  (yiUni, 
lh«  quHiioB  arifM  what  maattt  to  aulfa  to  pewar  lappUati  lllani  aad 
uiortad  laboratory  oquipmaal.  If  all  oqalpmoBl  u*«d  ia  tbo  oapari* 
m«nt  U  Includfd,  it  U  doubtfal  U  aa  oaporimoat  hu  bwa  parformod 
la  which  tha  coatrol  ayitair  waifhad  laaa  thaa  tha  itructural  Althoufh 
Sifht  hardware  will  doabtlaaa  ba  laaa  maaaiva  thaa  laboratory  aqul^ 
maati  tha  maaa  paaalty  of  an  aativa  dampiai  aaimaatatloa  ayatam  ia 
lihaly  to  ba  qaita  hl|h.  It  ia  aot  claar  that  tha  maaa  paaaltiaa  aatimatad 
for  paaciva  dampiaf  traatmaata  aaa  ba  improvad  apoa  with  aa  actlva 
dampiai  ayatam. 

Aativa  dampiai  aaimaatioa  ayitama  may  aataally  daatablUaa  hi|h 
fraqaaaay  modaa.  A  miaimam  amoaat  of  paaaiva  dampiai  maat  bo 
praaaat  to  pravaat  thia  daatablliaaiioBi  which  ocean  bocaaaa  tha  la* 
avitibia  roll*off  of  tha  activa  *yitam.|l|  Tha  lava!  of  activa  dampiai 
that  aaa  ba  aebiavad  ia  proportioaal  to  tha  paaaiva  dampiai  alraady 
praiaBt,|l|  tha*  aa  activa  dampiai  ayatam  it  parhapa  baat  thoaiht  of 
ca  a  mttitipliaativa  approachi  aa  andampad  ialnlta*dlmaaaional  atrac* 
tara  aaaao*  ba  damp^  by  paraly  activa  maaaa.  Dampiai  laharaat  la 
maay  of  tha  baama,  pitta*  and  othar  laboratoiy  atractaraa  aiad  to  data 
hat  oftaa  bna  latalBaiaat  to  pravaat  each  iaitability. 

laaatfam  Ttllofiaa 

Ttiloriai  of  tha  itractaral  mpoaaa  cpactram  hta  baaa  a  commoa 
approaah  for  avoidlai  lataractioaa  betwaoa  ipacKr..ft  attitada  control 
ayatama  tad  itnctartl  dyaamlct,  Tha  atractara  ia  limply  ililftaad  to 
raitt  tha  itractaral  ai|ca*frcqaanclc*  bcyoail  the  control  bandwidth. 
A  fraqacncy  ratio  of  ila  to  tea  |9|  batwNn  coatroUcr  bandwidth  and 
Itractaral  rataaancca  li  typically  caAclant.  Ilaia  itractaral  frcqacnciao 
Ktlc  lavcnaly  with  dlmcncioai  thii  iMhaiqac  will  not  be  practical  for 
arbitrarily  ltr|c  itractarca.  Entaatlon  of  each  ipHtral  laparatlon  to  tha 
problam  af  aativa  coatrol  of  tha  dnt  faw  modn  of  a  iirtictara  ii  poitlhia 
la  priaciplai  oat  woald  atad  to  daii|B  tha  atractara  to  provide  a  broad 
raaonaacoifrtt  raait  in  the  vicinity  of  the  control  rol|.olf,  Fliara  3 
mahec  thia  point  paphietlly.  To  be  alftctivc,  thic  rania  wou'd  natd  to 
be  qaita  broad,  on  the  order  of  one  dnadc. 

It  dote  not  tppiar  practical  to  tebiave  thia  latl  with  itractaral 
r*idcii|B.  If  'rcionuci  fraa*  la  intirprated  lamawhat  libtrtlly  to  la* 
cladt  wiU*dampad  rtHnanctc,  tha  approach  may  bacomc  faaalbla.  if 
dampiai  la  provided  by  paaiivc  taaad  vibration  abierbar*.  luth  coa* 
lidarttloai  may  ba  aiad  to  chooM  modti  to  tana  to.  RacUittion  of 
thia  idta  throaih  minor  modilcatioai  of  aniitini  trvia*worh  itractam 
ippttn  fcuibic,  and  ii  ditcaiiod  in  a  labiaqacnt  icction. 


f  laVRS  •  One  ipproich  to  'ipeetrum  tillorini*  invoivti 
itlifanlni  of  tha  itructura  to  nice  the  ii|in.frcq<jiaclti  ba. 
yond  tha  controller  bindwidth,  The  in;lo|uc  to  thli  for  tv 
irimily  lir|c  itrycturai  would  be  to  provtda  in  Intirmadlita 
riioninei'frN  rin|o. 

Rieldaa  Talloriaa 

Mach  rtaeweb  hu  bun  performed  on  tha  itroni  alfact  of  octaaior 
and  itniur  poiitioalni  on  tha  parformtnea  of  miIvi  control  iyii*,ni,|  lOj 
Actuator  and  icnior  poiitlnnini  lovcrni  the  rcilduii  and  iirota  of 
itraeturtl  traniftr  functioni,  but  to  Bnt  order,  not  the  polai,  Thai 
the  pola*iire  iiqaanci  aloni  the  ywaxla  ii  chtnitd,  potentially  aittrini 
the  intarution  batwaan  modti  and  the  control  lyitim  to  be  itab'liilni 

*f,^**,*?***^**''*l*l'  lanilni  and  actuation, 

all  riiiduii  ui  poiitivc,  and  all  modai  ittbly  lntarutln|,|lij  Attampti 
to  optlmlia  Mtuator  and  leaur  poiitloni|10|,  tend  to  ba  compatailqn 
intaniivt,  Iniiiht  into  tha  proctu  la  loil,  and  the  optlmiiatlon  may 
eonvtrit  to  any  of  uvtrtl  local  optima. 


R*^dM»»Uoria|eatal*obaueompllahadbymodi#eulotadmo4a 

ihapaa  hy  •«ractaral  rvduin.  Thia  aaad  aoC  modify  tha  raaoaaU 
fraqataei«|13|,  bat  ia  lantral  wlU  do  to. 


Qpttmlaatloa 

Tha  foTOaliiallon  of  raildat  and  ipactmm  ttiloriai  laadi  to  itrae* 
taral  optiir.iiatioa  Rafaraneu  (13,13|  and  |U|  are  rapracantatlva  of  tbU 
approach.  Althoaiu  oytimiittioa  ia  bayov!  the  icopa  of  thia  paper,  oaa 
oburvatioB  wlU  ba  mada;  it  it  ualiktly  that  a  ilobaUy  optimum  itrae* 
taral  daiiia  will  ba  uhiavad  by  ihuflliai  tramfar  faactioa  polaa  and 
itroH  tloni  the  yw*axii,  pr.rticaluly  ia  view  of  the  ralatlvaly  mod* 
Mt  mw  paatltiu  aiaoeiatad  with  pauivt  dampiai  traatmaati.  Tha 
potaatial  lyitam  baaaSta  of  pauivt  dampiai  la  tarma  of  redaction  of 
eomplanity  and  alac  of  the  utiva  coatrol  lyitam  wa  Juat  tee  pact,  Tha 
optimum  Itractaral  dail|B  will  be  ia  tha  ■laft.half  l•pltBt■. 

TAILQRIWQ  OF  TWItnn 

TVau  itraetaru  appear  to  offer  epportuBitiu  for  ayaariiitie  affacta 
ta  dyaunU  taUoriagi  Thli  ii  da#  to  thilr  riUtlvtly  aalqttt  dyaamU 
prepartlui  tha  toaxiitaact  ofvary  diffaraat  'loeal*  tad  'ilobal*  medu. 
Fliara  d  *howt  a  trau  itractaro  ichadalad  tor  on  orbit  vibration  tut  ia 
1M9.(1I|  The  vlbrationt  of  thia  atraaturt  will  ba  levaraad  by  mambu 
alOBiatlaa  (tad  Joint  complitact)  ap  to  appronimataly  10  Hi.  Thia 
fr^niney  rta|i  iacladu  tha  Int  I  laxibla  modu  whan  the  beam  ia 
fully  dtploytd.|lll  Tha  plaatd'piantd  fbaqatney  of  the  diaieaal  mam* 
ban  it  at  13  Hi.(l3,ia|  Thu,  at  p  nau  13  Hi,  thau  l«l  ditienala 
will  participata  itrenily  in  tha  rupoau,  tddiai  119  'local’  vibration 
medu.  Thia  will  ba  rapaatad  at  hi|btr  frtquaaciu,  in  tha  vicinity  of 
iM  local  rcioaucoi  To  biglA  to  model  iboM  local  dcfrccc  of  freedom 
with  a  Suite  elemeat  method  would  require  approximately  1700  deireee 
of  freedom.  Aa  altcraativa,  bated  upon  aa  iaput/outpat  dtacriptioa  of 
a  ilnil*  bay,  I*  aniiar  4avtlopmaBt|17|.  Ia  the  ramaiadu  of  tbit  ptpu 
thU  affut  It  anaminad  ailni  faita  aiamaat  medaii  of  a  ilmplar  trau 
itiactara. 


FIGURE  4  Thli  diployiblc  truii  bum,  ichadulad  for  nair 
lirm  on-erblt  vibritlon  tut,  will  dlipliy  aatrimi  model  da* 
liniricy  it  ipprealmitily  13  Hi, 
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n««i«  I  la  •  fktich  a  •  pluw  modal  of  u  MIT  oxporiiiioMol 
Mncttuo,  tk«  gfrccIwM  A/Mombljr  Jjumn/itniiem  Sxpwimwl  (SAOl) 
IroM,  A  (hn^iSMuioBal  vanioa  of  (hii  (ni«  hw  bma  aadtr  coiuid* 
walioa  for  a  ihattU  payload  bay  a*Mmbly  aad  vibratioa  Mparimaat- 
Tha  dyaamica  of  (hU  (nua  wara  tba  aobjact  of  a  racaal  MIT  tbaala(ll|, 
la  wU^  tba  vibratioa  moda  abapaa  abatcbad  ia  Flyura  S  wara  raportad. 
Tba  dimaaaleaf  aaad  la  tba  aaalyaia  wara  (for  aacb  mambar)t  baadiay 


FiaURI  9  Thla  planar  Iruia  wai  iha  lubjKt  of  a  ratant 
MIT  Mailara  lhtalaill|.  It  la  a  planar  modal  of  a  truia  undar 
tonaldarailen  for  axporlmontal  aaaambly  on  orbit. 

alilTnaea  SI  ■  3.03  a  10*  fb  -ift*;  aeralchlny  alllfaaaa  EA  ■  4.36  x  10*  Ibj 
maaa  danaily  m  ■  I.Ol  x  10**  ilufi/inihi  with  mambar  lanylba  of  66 
and  66>/I  inabia.  Tha  mambara  va  thua  quita  ilanderi  If  a  aotid  taction 
wara  uiadi  tha  altndamaaa  ratloa  would  ba  30  aad  39  for  tha  two  mam* 
bar  Itnithr.  Noto  that  in  Flyura  6  all  modM  bayond  tha  Irat  two  aia 
primarily  mambar  modtai  mambar  motion  ia  much  yraatar  than  Joint 
motion.  A  conceptual  modal  of  auch  a  truaa  ia  a  continuum  btam  wlh 
periodically  attacbod  vlbratlrn  abtorbart.  Mambar  axtanalonal  atilf* 
nata  ycvtrna  tha  ylobal  modaa,  while  mambar  bandlny  deformation  haa 
the  ylobal  olTacl  of  a  local  vibration  abaorbor.  Thau  'vibration  ab> 
torbart*  aro  atronyly  coupled  (iht  Jointa  art  clamped),  thua  each  local 
moda  Involvaa  uvtral  m«mbtra. 

The  fraqutneiaa  of  mambar  modaa  vt  yovarnad  by  tha  bandlny 
natural  frtquanclaa  of  tht  mambtn.  Mambar  bandlny  aiyan>fraquani.iaa 
will  potactlalJy  bo  vary  low,  comparablo  to  ylobal  fraqutneiaa,  atpacially 
if  tba  atructura  haa  btan  optlmlatd  with  raapoct  to  atailc  loadiny|19|, 
or  if  dtploymtnl  hardware  (a  blnyt)  ia  prttani  on  the  mambtr.|t6|  For 
thla  anampla,  tht  dlayonal  mambara  have  pinnad*plnnad  and  clamped* 
clamped  natural  fraqutiiclot  of  36  and  10  Ha  rtipactivaly;  tha  corro* 
•pondlny  froquanclu  for  tht  ahortar  mambara  are  70  and  160  Hi.  Thua 
Ihtra  are  lavaral  IndUtinel  yroupa  of  mambar  modaa,  each  rnuyhiv  an* 
Mclatad  with  ona  of  tbtu  local  rttonancu.  For  thla  anampla,  'ha  Irat 
yroup  of  lin  mambar  modu  la  aaaeciatad  with  dlayonal  mambar  band* 
lay  and  eccura  la  Iba  ranyt  60  to  66  Ha,  batwtan  tha  plnntd*plnoao  'nd 


clampad*elampod  froquanelM  of  tbau  mambara.  Tbia  ia  followed  by  a 
mixed  moda  with  both  ylobal  and  local  rtaponao  at  74  Ha,  followed 
by  many  local  modu  bayianlny  at  83  Ha.  At  tbau  frequanciu  the 
•yatem  ruponu  ia  charaetarlaed  by  many  aimilw  and  eloaaly  apaead 
modu.  Many  imall  non-linaaritiu  (Joint  btdilaab,  member  buckliny, 
Joint  friction)  vt  aura  to  ba  important,  but  vt  iynorad  in  tbia  analytia. 
Their  axpactad  affecta  wUi  ba  briaSy  diacuaaed  in  a  aubaaquant  aeetion. 

Tha  mambar  modaa  will  ba  compvativaly  eaty  to  damp;  local 
itraina  va  Ivyt  and  rotational  Joint  motion  ia  axeitad.  A  email  amount 
of  dampiny  matarial,  atratayically  plutd,  will  have  a  Ivya  affect.  Good 
locationa  would  be  mambar  turfuae,  even  battv  would  be  btamal  to 
the  Jointa.  Tha  mau  penalty  of  thin  dampiny  miybt  ba  utimatad  by 
axprtttiona  (6)  to  (11),  with  the  rafvanca  mav  taken  to  ba  only  tba 
mut  of  thou  mambara  participatiny  in  the  ruponu.  The  mau  penalty 
would  thua  ba  eorraapondinyly  rtduead. 

Fiy  vt  6  yivu  a  ulactad  tranafar  function  for  tbia  example.  Damp* 
iny  ia  auumad  to  be  praunt  ia  two  wayt;  Fiyun  6a  auumu  a  uniform 
lou  futor  of  nupulSad  oriyia  aad  of  level  q  ■  0.01,  Flyvt  6b  ia  aa 
attempt  to  illuatrate  the  affut  of  local  dampiay  treatmaata;  tha  modal 
leu  futor  ia  utimatad  to  ba  the  weiyhtad  avvaye  of  two  valuu,  tba 
baadiay  leu  futor  oi  na  "  0,06,  aad  the  Mtaaaioaal  leu  futor  of 
ija  w  0.01.  Each  ia  waiybted  urordiay  to  tha  frutioa  of  tba  medal 
atraia  aaaryy  attributable  to  that  type  of  mtmbu  deformation.  Tha 
iatroductioa  of  tha  Ivya  baadiay  leu  futor  ia  aa  attempt  to  model  tba 
affect  of  Joiat  aad  otbv  local  dampiay  treatmaata. 

la.ipKtioa  of  Fiyva  6b  ravaala  that  tbia  mambv  baadiay  dampiay 
hu  little  lafluanca  on  tha  ylobal  modu,  but  that  the  member  modaa  ve 
all  affutivaly  damped  with  lou  futon  of  q  ■  qy  w  0.06  (<  •  0.026), 
Thin  obaarvatloa  auyyuta  tha  pouibllity  of  tuniay  tha  local  modu, 


FIGURE  6  A  rtpraiantillva  transfer  function  for  tha  truaa 
of  Flyura  6  la  dislcted.  Tha  mambv  modaa  near  63  Hi 
do  not  parilcipata  atronyly  In  thla  raaponaa  ilnca  both  tha 
driviny  and  tha  raaponaa  pointi  are  at  Jointa.  Vary  different 
tranafar  function!  raiult  from  drIvIny  or  obaarviny  at  mambar 
midpointi.  Tho  affait  of  aiiumlny  taryo  local  dampiny  it 
moat  atronyly  fait  In  tha  hlyhar  frequency  “mambar*  modaa, 

and  ualny  them  to  damp  tha  ylobal  modaa.  Thia  can  ba  dona  with 
only  minor  Influanca  upon  the  ylobal  frequanciu.  Flyura  7  ahowa  tha 
raiult!  of  two  auch  atiampta,  Tha  raaulta  of  Flyura  7i  wara  calculated 
with  tha  bandlny  ttiffnau  of  tha  dlayonal  rnamban  reduced  by  a  futor 
of  (43/63)*  In  an  attempt  to  tuna  thaaa  modu  to  tha  aacond  bandlny 
frequency  at  60  Ha.  Tha  raault  la  a  raductlon  of  tha  amplitude  of  that 
mode,  due  to  an  Incraua  of  Ita  lou  futor  from  q  ■  0.031  to  q  ••  0.036. 
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FIGUBJ)  7  Th«  dlifofld  mimbtri  of  tho  truii  of  FIfurt  S 
cm  bo  tunod  to  roionito  it  uloetod  froquoncloi.  Thli  flfuro 
ihewi  two  multi:  oni  with  tho  dlifonil  mombori  tdiroflod. 
tho  othor  ioftonod,  with  roipKt  to  tho  roforonco  truii, 

Tho  froquonoy  doeroiood  only  lUfhdy,  to  44  Hi.  ThU  modil  looo  fiotor 
CIS  only  MymptotUiUy  ipproielt  tia  <■  O.OS,  hif hor  viiuoo  of  loeil  looo 
fieten,  ochlovod  with  iddltlonil  loci)  damping  troatmont,  would  load 
to  furthor  damping  of  thii  global  modi.  Figuro  7b  ihowi  tho  olfoct 
of  ineroaiing  tho  mombor  bonding  itllfnoio  by  a  ratio  of  (74/60)*,  In 
an  attompt  to  tuno  to  tho  mUod  modo  at  78  Hi.  tho  offoct  In  thii 
COM  li  lou  proneunoodi  thli  mod*  alroady  Involvod  ilgnificant  mombor 
motion. 


FIGURK  0  Thoio  trinifor  funetloni  oeiroipond  to  tho 
modo  ihipoi  of  Figuro  8.  Noti  thit  tho  mombor  modoi  iro 
much  more  tightly  grouped  thin  for  the  eiio  with  elimpod 
joint),  ind  thit  tho  globil  model  iro  offoctivily  unehingod. 


Creator  tuning  freedom  io  available  if  tho  Joint*  are  putnod  rathar 
than  clampod.  Figuro  8  ihowi  a  fiw  mode  ihapoi  for  the  SADE  truii 
for  tho  cu*  of  pinnod  Joint*.  With  thoi*  Joint*,  thoro  ii  Ion  coupling 
of  mtmbor  motion,  thui  the  8nt  mombor  modi*  com*  very  tightly 
grouped  about  38  Hi,  in  tho  rang*  33  to  37  Hi.  Tho  ninth  mod*, 


FIGURE  10  Whin  thi  Jointi  in  pinnod.  tho  mombori  miy 
bo  much  more  proelioly  tunod.  Thli  trinifir  function  ihowi 
tho  mult  of  tuning  tho  dligonil  mimbiri  to  tho  flrit  bond¬ 
ing  modo.  Note  thit  i  fictor  30  riduction  of  thi  riiponii 
implltudi  (compiro  with  Flgun  9b)  hii  boon  lehlivid. 
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FIGURE  •  If  tho  JoInti  of  tho  SADE  truii  win  pinnod. 
till  pittirn  of  modo  ihipoi  would  bo  quiti  dllforont. 
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FIGURE  11  A  rsisvint  vibritlon  tist  of  i  truii  ttructurt, 
rsportsd  in  rsfirdics  |20|,  Is  summsrlzsd  In  this  flfurs.  Nots 
thst  high  frsqusncy  rsionsness  srs  Indistinct,  .nueh  lihs  ths 
computsd  results  of  Flgursi  6,  7,  9,  snd  10. 


St  52  Hs,  is  ssMntislly  ths  sseond  bsading  mods,  ss  bsfors.  This  is 
followsd  by  many  mors  tightly  groupsd  msmbsr  modss,  ssch  sisocistsd 
with  sithsr  ths  disgonsl  or  ths  short  msmbsn.  In  mors  complsx  truss 
itnieturss,  such  u  ths  ons  skstchsd  in  Fignrs  4,  ons  would  expset 
such  mods  groups  to  bs  sssocistsd  with  s  mors  complex  form  of  local 
resonance.  A  representative  transfer  function  fer  ths  SADE  truss  with 
pinned  joints  is  given  in  Figure  9,  both  with  a  uniform  loss  factor  of 
f)  >  0.01,  and  with  the  composite  loss  factor  computed  as  before. 

T^lning  of  this  truss  is  relatively  straight  forward.  Figure  9  suggests 
ths  possibility  of  tuning  (hs  diagonal  members  to  the  first  bending 
mods  (ths  second  bending  mods  is  already  heavily  damped.)  Figure  10 
shows  ths  same  transfer  function  as  Figure  9,  but  with  (hs  bending 
stiffness  of  (hs  diagonal  members  reduced  by  a  factor  (12/35)^.  For 
reference,  selected  mode  shapes  are  also  given.  Note  (hat  bending  of 
the  diagonal  members  now  participates  strongly  in  (he  first  mode.  The 
large  reduction  in  peak  amplitude  at  12  Hs  is  due  to  the  damping 
introduced  by  this  local  vibration.  The  members  are  acting  as  effective 
vibration  absorbers. 

Experimental  Verification 

Ei.perimantal  verification  of  the  results  of  this  paper  is  needed. 
The  low  mass  penalties  predicted  for  passive  damping  augmentation 
of  structures  in  general  and  of  tuned  truss  structures  in  particular, 
might  be  verified.  Laboratory  tests  would  be  adequate,  (he  relatively 
large  damping  levels  of  interest  would  not  be  difficult  to  meuure.  One 
relevant  experiment  has  been  performed.  Figure  13,  adapted  from  ref¬ 
erence  [20],  describes  a  vibration  experiment  performed  on  a  current 
spacecraft  truss-work  beam.  The  transfer  function  shown  is  similar  in 
character  to  thoee  of  Figures  0,  7,  9,  and  10;  high  frequency  modes 
are  indistinct  and  strongly  damped.  For  this  beam,  the  local  mem¬ 
ber  frequencies  begin  at  approximately  30  Hs.  Local  damping  in  (his 
beam  is  due  to  non-linear  effects  in  the  joints  rather  than  to  damping 
treatments. 


Unmodelled  Effects 

The  structural  models  nssd  in  this  paper  may  not  be  valid  for 
investigation  of  the  effects  described.  It  is  viell  known  that  imall  cou¬ 
pling  effects  become  important  when  the  eigen-frequencies  of  a  linear 
model  are  closely  spaced  in  frequency.  A  truss-work  structure  will  ex¬ 
hibit  many  non-linearities,  most  notably  joint  friction  and  backlash  and 
member  buckling.  There  non-linearities  will  couple  the  closely  spaced 
modes,  leading  to  beating  and  potential  limit  cycling  of  an  actve  control 
system. 

These  modes  will  also  be  very  sensitive  to  small  parameter  varia¬ 
tions,  particularly  the  mode  shapes.  Since  the  individual  member  bend¬ 
ing  motion  is  only  weakly  coupled  to  its  neighbours,  the  phenomenon  of 
mode  tocalisation|21,22,23|  must  be  expected.  Member  modes  will  be 
spatially  localised  rather  than  extending  through  the  entire  structure. 

The  moderate  frequency  response  of  a  real  spacecraft  truss-work 
structure  may  thus  be  characterised  by  a  strongly  damped  local  rattling 
motion  which  slowly  exchanges  energy  with  other  such  rattles,  The 
impact  of  such  dynamics  on  the  performance  of  an  active  control  system 
is  unknown. 


SUMMARY 

The  claim  wu  made  that  a  structure  which  is  optimised  for  active 
control  implementation  will  include  significant  passive  damping.  This 
claim  wu  supporttd  by  estimates  of  mau  penalties  of  pauive  damp¬ 
ing  treatments,  snd  sstlmates  of  (he  benefits  in  terms  of  reduction  in 
control  system  else  and  complexity.  Subtle  effects  in  the  dynamics  of 
truss-work  structur  it  were  highlighted,  and  the  possibility  of  thsir  ex¬ 
ploitation  for  control-motivated  dynamic  tailoring  wu  investigated. 
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ABSTRACT 

This  paper  investigates  the  acoustic  limit  of  active  control  of  structural  dynamics;  the  limit 
as  the  control  bandwidth  includes  a  very  large  number  of  natural  modes  of  the  structure.  The 
point  is  made  that  in  this  limit  modal  analysis  cannot  provide  reasonably  accurate  models  of  the 
structural  dynamics,  and  that  control  design  with  respect  to  modal  models  is  then  of  questionable 
value.  Alternative  modeling  approaches  are  reviewed.  A  particular  wave  propagation  formalism, 
applicable  to  modeling  the  acoustic  response  of  networks  of  slender  structural  members,  is  described 
in  some  detail.  Control  options  designed  with  reference  to  this  formalism  are  reviewed,  and 
speculations  as  to  future  developments  of  such  control  are  offered. 

1.  INTRODUCTION 

Modal  analysis  is  a  powerful  analysis  technique,  central  to  the  discipline  of  structural  dynamics 
since  the  publication  of  Rayleigh’s [l]  book.  Nevertheless,  practical  limitations  to  the  applicability 
of  modal  analysis  do  exist.  This  paper  attempts  a  definition  of  one  such  limitation,  the  high- 
firequency  acoustic  limit,  and  points  out  the  relevance  of  this  limitation  to  the  technology  of  active 
control  of  structural  dynamics. 

It  is  difficult  to  define  the  boundary  between  structural  dynamics  and  structural  acoustics, 
indeed,  one  might  even  insist  that  the  former  includes  the  latter.  The  boundary  between  analysis 
techniques  is  somewhat  more  clear;  modal  analysis  relies  upon  a  global  description  of  an  entire 
structure,  while  structural  acoustic  response  is  typically  described  in  terms  of  the  scattering  prop¬ 
erties  of  local  components.  Exceptions  exist.  It  may  be  convenient  to  describe  some  portions  of  a 
structure  in  terms  of  acoustic  parameters  and  other  portions  via  modal  analysis.  Structures  which 
are  coupled  to  a  fluid  or  elastic  body[2]  of  infinite  extent  are  examples  of  such  exceptions,  since  it 
is  then  convenient  to  employ  modal  analysis  for  the  structural  response,  and  acoustic  techniques 
to  define  the  effect  of  the  infinite  medium. 


Th«  discussion  of  this  p«p«r  will  b«  confined  to  structuree  of  finite  extent.  Even  in  such 
situations  techniques  of  structural  acoustics  may  be  preferable  to  modal  analysis.  A  structural 
component,  though  finite,  may  be  effectively  infinite.  This  limit  is  approached  if  the  component 
is  much  larger  than  disturbance  wavelengths  or  if  damping  levels  are  high  enough  to  attenuate 
a  disturbance  before  many  reflections  can  occur.  Both  situations  tend  to  occur  when  excitation 
frequencies  include  many  of  the  structure’s  natural  modes.  The  frequency  boundary  between 
structural  acoustics  and  structural  dynamics  thus  depends  upon  the  structure  under  consideration. 
A  reasonable  division  for  aircraft  might  be  a  few  tens  of  Hs.  Ultrasonic  devices  are  well  described  by 
modal  analysis  at  frequencies  of  several  hundred  kHs.  Large  flexible  spacecraft,  with  fundamental 
frequencies  below  one  Hs,  would  enter  the  acoustic  response  regime  at  frequencies  as  low  as  a  few 
Hs.  Figure  1  attempts  to  provide  a  graphical  version  of  these  arguments. 


FIGURE  1  Approximate  boundaries  between  the  regions  of  applica¬ 
bility  of  modal  analysis  and  local  acoustic  analysis  are  sketched  in  the 
s  -  plane.  The  high-fequency  limit  of  modal  analysis  is  due  to  sensi¬ 
tivity  to  parameter  uncertainty.  The  low  frequency  limit  of  acoustic 
modeling  is  leas  well  defined,  and  depends  on  geometrical  complexity 
of  the  structure. 


A  relatively  strong  argument  can  be  made  for  a  high-frequency  limit  to  the  applicability  of 
modal  analysis.  It  is  more  difficult  to  define  a  low-fr«quency  limit  to  the  applicability  of  acoustic 
techniques.  Local  descriptions  of  component  scattering  behaviour  can,  in  principle,  be  evaluated  at 
any  frequency,  including  sero,  and  can  be  linked  into  a  global  description,  either  in  the  frequency  or 
the  time  domain.  The  convenience  of  such  an  approach  will  depend  upon  the  geometric  complexity 
of  the  structure,  since  this  will  govern  the  number  of  components  and  intercoimections  that  must 
be  independently  modeled.  The  low-frequency  limit  of  structural  acoustic  analysis  b  thus  set  by 
questions  of  convenience. 

The  advent  of  active  control  of  fiexible  structures  has  underscored  the  limitations  of  structural 
modal  analysb;  high-performance  active  control  depends  upon  a  design  model  of  high  fidelity. 
Analyses  of  the  response  of  proposed  large  fiexible  spacecraft  suggest  that  hundreds  of  modes  [3 ,4] 
will  contribute  significantly  to  the  performance  metric,  often  defined  as  a  line-of-sight  error  or 
other  measure  of  image  quality.  One  is  thus  interested  in  the  response  at  frequencies  well  within 
the  acoustic  regime.  Unfortunately  modal  analysb  b  unable  to  predict  details  of  such  responses 
reliably,  and  control  design  with  reference  to  such  a  model  b  then  of  questionable  value. 

An  increase  in  the  level  of  passive  damping  can  make  a  major  contribution  towards  an  engi¬ 
neering  solution  of  active  control  of  structural  dynamics  and  structural  acoustics.  Passive  damping 
treatments  tend  to  result  in  modal  damping  ratios  which  increase  with  mode  number.  Strongly 

damped  modes  can  often  be  safely  ignored,  since  they  will  not  contribute  strongly  to  degradation 
of  the  performance  metric,  nor  couple  with  the  control  system.  The  virtues  of  passive  damping 

can  be  quantified  with  respect  to  the  impact  on  control  design. [5]  Mass  penalties  associated  with 
passive  damping  treatments  need  not  be  enormous.  Recent  estimates[6]  suggest  that  damping  ra¬ 
tios  of  five  percent  can  be  obtained  in  the  fundamental  mode  with  a  mass  penalty  of  five  percent. 
Higher  modes  can  be  damped  passively  with  a  much  lower  mass  penalty,  and  the  bandwidth  of 
such  damping  can  be  effectively  infinite. 

If  passive  damping  treatment  b  excluded  or  insufficient,  and  active  control  of  structural  dy¬ 
namics  to  acoustic  frequencies  must  be  accompibhed,  then  it  b  appropriate  to  base  the  control 
design  upon  acoustic  mrdeb.  Since  these  modeb  are  local,  acot'.stic  control  will  abo  be  local.  Such 
control  theory  b  not  well  developed;  only  a  few  studies  have  recently  been  publbhed[7,8,9,10]. 

a.  THE  ACOUSTIC  LIMIT  OF  STRUCTURAL  DYNAMIC  MODELING 

Mathematical  modeling  of  an  elastic  structure  invariably  introduces  a  sequence  of  mathemati¬ 
cal  idealbations.  One  of  these  b  the  constitutive  law  assumed  to  apply,  others  are  the  introduction 
of  simplifying  kinematic  assumptions  leading  to  beam,  plate,  shell,  membrane  and  other  idealized 


models  of  components  and  boundary  conditions  for  their  connection.  Assumptions  of  linear  elas> 
ticity  and  infinitesimal  deformations  lead  to  a  linear  model  of  the  structural  dymanics  of  each 
component.  If  thu  components  are  linked  by  linear  boundary  conditions,  they  can  be  assembled 
into  a  global  linear  model  which  describes  the  dynamics  of  the  entire  structure. 

2.1  A  LIMITATION  OF  MODAL  ANALYSIS 

Modal  analysis  is  a  further  manipulation  of  this  global  model.  For  relatively  simple  structural 
idealisations,  spatial  discretisation  may  be  avoided  and  the  modal  parameters  (natural  frequencies 
and  mode  shapes)  may  be  calculated  as  exact  solutions  of  the  global  model.  For  most  structures  of 
practical  interest,  discretisation  must  be  introduced  and  the  calculated  modal  parameters  are  then 
only  approximate  solutions  of  the  global  model.  The  difference  is  perhaps  only  of  academic  interest, 
since  any  level  of  the  model  is  merely  an  approximate  description  of  the  structure.  Although 
one  alternative  produces  modal  parameters  which  are  exact  solutions  of  the  lowest  level  of  the 
model,  neither  approach  yields  the  exact  modal  parameters  of  the  structure.  These  exact  modal 
parameters  may  not  even  exist,  since  even  the  slightest  non-linearity  or  temporal  variation  of 
parameters  excludes  rigorous  modal  analysis. 

It  is  often  stated  that  a  structure  is  infinite  dimensional,  and  that  discretisation  of  the  mathe¬ 
matical  model  obscures  this  property  by  the  enforcement  of  a  finite  number  of  degrees  of  freedom. 
Several  analysts  have  questioned  the  validity  of  this  claim,[ll]  pointing  out  that  the  origin  of  the 
infinite  dimensionality  of  the  structural  model  can  be  traced  to  the  introduction  of  the  ideali¬ 
sation  of  continuum  constitutive  laws,  and  that  the  infinite-dimensional  viewpoint  certainly  fails 
when  the  model  dimension  exceeds  the  number  of  atoms  in  the  structure.  This  paper  refrains 
from  contributing  to  this  debate,  and  rather  points  out  that  a  practical  limit  of  modal  analysis  is 
reached  long  before  the  number  of  modeled  natural  modes  approaches  the  number  of  atoms  in  the 
structure.  The  origin  of  this  limit  is  the  extreme  sensitivity  of  modal  analysis  to  modeling  errors. 

Several  perturbation  ansdyses  have  been  published  which  define  this  sensitivity  analytically. 
These  analyses  depend  upon  assumptions  of  linearity  and  time  invariance  of  the  model  and  its 
perturbation.  Courant  and  Hilbert[12]  offer  an  analysis  in  terms  of  operator  notation,  specific  to 
self-adjoint  operators: 

Let  the  eigenvalue  problem  be  defined  by 

I(Un)  +  A„Un  =  0  (1) 

where  L  is  a  linear  self-adjoint  operator  assumed  to  describe  the  structural  dynamics  and  An, 
Un,  n  =  1,2,3,...,  are  pairs  of  eigenvalues  and  eigen-functions  of  L.  If  the  structure  is  actually 
described  by  another  linear  operator,  slightly  perturbed  from  L\ 


(2) 


where  the  function  r  defines  this  perturbation  and  e  is  a  small  parameter,  then  the  eigenvalues 
Xn  and  eigen-functions  fin  of  this  perturbed  operator  can  be  related  to  those  of  L  by  a  classic 
perturbation  analysis.  For  the  case  of  non-repeated  eigenvalues  An  the  analysis  goes  as  follows: 
Expand  the  perturbed  eigenvalues  and  eigen-functions  in  terms  of  the  small  parameter  c; 


fin  =  Un  +  eVn  +  C^Wn  +  . . . 

Xn  =  An  +  «Mn  +  ‘^i'n  +  •  •  •  (3) 

The  first-order  perturbation  of  the  eigenvalue  Is  then  the  inner  product  /in  =<  rUn.Un  >,  and 
the  first  order  perturbation  of  the  n**  eigen-function,  Wn.  is  given  by  a  sum  of  the  contributions 
of  the  other  unperturbed  eigen-functions  u^,  j  ^  n; 


<rttn,Uj> 


■u. 


(4) 


3  Jin  '  >  ^n  -  A;  ^ 

A  similar  argument  in  terms  of  matrix  notation,  valid  for  non-self-adjoint  systems,  has  been  pre¬ 
sented  in  reference  [13]. 


Modal  density  is  invariably  an  increasing  function  of  frequency;  natural  frequencies  become 
ever  more  closely  spaced  as  the  mode  number  increases.  Inspection  of  equation  (4)  reveals  that 
this  results  in  high-frequency  eigen-functions  with  extreme  sensitivity  to  small  modeling  errors. 
Modal  analysis  is  thus  limited  to  frequency  regimes  where  relative  spacing  of  natural  frequencies 
remains  large  compared  to  the  relative  parameter  uncertainty; 


<  run.tty  >  An  -  Ay 


<L(Un),Un>'^  An 

Experience  suggests  that  this  limitation  will  not  include  hundreds  or  even  tens  of  modes  of  any 
structure.  Many  modes  can  be  calculated,  but  the  information,  though  detailed,  will  be  useless. 

Alternatives  to  modal  analysis  of  linear  structural  dynamics,  applicable  to  the  high-frequency 
regime,  have  been  developed  by  acousticians.  These  analysis  techniques  can  be  classified  ac¬ 
cording  to  whether  a  stochastic  or  deterministic  approach  is  taken.  Hodges  and  Woodhouae[l4] 
recent  review  paper  is  a  reasonable  starting  point  for  study  of  the  stochastic  approaches.  These 
approaches  include  asymptotic  modal  analysis  and  statistical  energy  analysis,  and  predict  mean 
levels  of  response  to  broadband  excitation.  Response  to  narrow  band  excitation  is  not  available, 
nor  is  deterministic  response  to  any  form  of  deterministic  excitation.  Such  stochastic  approaches 


an  not  useful  for  the  design  of  active  control,  but  can  be  used  for  performance  analyses  of  open 
or  closed-loop  systems  of  very  high  order. 

a.a  WAVE  PROPAGATION  ANALYSIS 

A  wave  propagation  analysis  of  structural  acoustic  response  yields  a  deterministic  model 
upon  which  active  control  can  be  based.  A  complex  structure  is  modeled  by  an  assemblage  of  local 
component  modeb.  Each  component  is  described  in  the  frequency  domain  by  frequency-dependent 
scattering  or  propagation  coefficients  and  by  the  equivalent  impulse  responses  in  the  time  domain. 

Only  a  few  books[2,15,16,17,18]  have  treated  the  subject  of  structural  acoustics.  The  focus 
of  these  books  has  varied,  this  variation  reflecting  the  wide  variation  of  approaches  to  the  prob¬ 
lem.  Lyon*s[15]  book  on  statistical  energy  analysis  does  not  contribute  to  deterministic  solution 
techniques.  Junger  and  Feit[2]  are  primarily  concerned  with  the  coupling  of  structural  response 
to  the  acoustic  response  of  a  surounding  fluid.  Auld[l6]  treats  problems  arising  in  ultrasonics  and 
response  of  crystals  and  di-electric  materials.  Cremer  and  Heckl[17]  and  Gra£f{18]  treat  situations 
relevant  to  this  paper;  wave  propagation  and  scattering  in  structural  components  which  can  be 
idealised  as  beams,  plates,  shells,  membranes  and  rods. 

The  treatments  of  both  references  [17]  and  [18]  tend  to  be  very  example-oriented;  indeed  it 
is  difficult  to  develop  a  generic  treatment  of  wave  propagation  in  arbitrary  structures.  Too  often 
each  new  example  considered  introduces  new  types  of  behaviour.  If  the  scope  of  the  analysis  is 
restricted  to  structural  components  consisting  of  slender  one-dimensional  members  and  their  inter¬ 
connections,  quite  a  general  treatment  is  possible.  Such  a  formalism  was  developed  in  a  recent 
dissertation [19]  and  in  two  derivative  publications[20,21]. 

2.2.1  WAVE  PROPAGATION  ON  SLENDER  ONE-DIMENSIONAL  MEMBERS 

Modeling  of  a  slender  one-dimensional  member  begins  with  the  introduction  of  kinematic 

assumptions.  Each  cross  section  is  assumed  to  deform  from  its  reference  condition  according  to 
a  number  of  deflection  variables.  These  variables  are  a  function  of  only  one  spatial  coordinate, 
the  axial  location  of  the  section,  hence  the  member  b  termed  fone-dimensional”.  If  the  measures 
of  cross-sectional  deformation  are  continuous  functions  of  th?  axial  coordinate,  introduction  of 
a  constituitive  relation  leads  to  a  set  of  partial  differential  equations  in  time  and  in  one  spatial 
dimension.  If  the  member  b  spatially  periodic  (an  important  subset,  since  thb  includes  periodic 
truss  beams),  the  cross-sectional  deflections  are  defined  at  a  set  of  dberete  locations. 

2.2.1.1  DISPERSION  AND  WAVE  MODES  IN  CONTDOJUM  MODELS 

A  continuum  model  of  a  structural  member  b  traditionally  formulated  as  a  system  of  coupled 
partial  differential  equations.  Fourier  transformation  yields  a  system  of  coupled  ordinary  differ- 


tntial  •quAtioni.  For  tht  purpoM  of  this  analyaif,  it  it  convtnitnt  to  trtxuform  into  t  lystem  of 
fint*ord«r,  ordinary  differential  equations; 

^-A(w)y  (e) 

in  terms  of  the  "cross-sectional  state  vector"  y  of  physical  cross-sectional  vairiables.  The  dimension 
of  y  is  equal  to  twice  the  number  of  deflection  variables  assigned  to  the  cross  section.  The  choice  of 
the  additional  variables  in  y  is  not  unique;  they  may  represent  internal  forces,  or  spatial  derivatives 
of  the  deflection  variables. 

Diagonalisation  of  (6)  may  be  interpreted  in  terms  of  wave  propagation  along  the  member. 
The  eigenvalues  of  matrix  A(w)  are  "propagation  coefficients"  'yy(w)  »  +  (i «  v^. 

of  traveling  wave  naodes.  The  wave  modes  appear  in  forward  and  backward  traveling  pairs,  thus 
the  eigenvalues  of  A(ia)  appear  in  pairs  For  non-dissipative  models,  A(u;)  is  real.  Its 

eigenvalues  are  not  arbitrary  complex  pairs,  but  are  restricted  by  the  principle  of  conservation  of 
energy  to  the  first  and  third  quadrants  of  the  complex  'i-plane.  Thus  they  are  either  real  (near 
fields),  or  pure  imaginary  conjugate  pairs  (traveling  wave  trains).  For  dissipative  models  A(w) 
becomes  complex;  the  eigenvalues  now  appear  anywhere  in  the  first  and  third  quadrants  of  the 
complex  nhpl&u«> 

The  cross-sectional  state  vector  w  of  the  diagonalised  system 

r(w)  =  diag{-'ii . . .  -  lfi», •  •  •  71*) 

^  =  TM  w  (7) 

is  related  to  y  by  a  frequency  dependent  matrix  of  eigenvectors 

y  =  Y(w)w  (8) 

Each  element  of  w  represents  the  amplitude  of  a  wave  mode,  with  the  corresponding  eigenvector 
occupying  a  column  of  Y(a;).  These  wave  modes  travel  independently  of  one  another  within  the 
member;  each  has  the  form  tvy((«;)  yy  (w)  *. 

The  polynomial  equation  det[A(b;)  **7yl]  =  0  defines  the  dispersion  relation  between  frequency 
and  propagation  coefficient.  The  phase  speed  Cp  is  defined  by  Cp  ^  The  group  velocity  e,  is 
defined  by  Cp  =  A  medium  for  which  these  speeds  are  frequency  dependent  is  called  dispersive. 
In  such  media,  the  signal  distorts  as  it  propagates.  Most  structural  models  of  interest,  with  the 
exception  of  the  simple  wave  equation  describing  torsion  and  compression  of  a  rod,  and  lateral 
deflection  of  a  cable,  are  strongly  dispersive. 


Th%  Timothtnko  B*am  Continwum  Modtl 


Bttiding  and  thear  deformation  of  aynunatriCf  aotld  uctlon,  ilander  boama  la  well  described 
by  the  Timoshenko  beam  model,  even  to  frequenclee  where  the  wavelength  approaches  the  beam 
thkkneea.  This  model  is  abo  often  used  as  an  equivalent  continuum  deecription  of  truss-work 
beams  in  bending  since  the  shear  flexibility  of  such  beams  becomes  inportant  at  much  lower  wave 
numbers  than  for  solid  sections.  The  governing  partial  differential  equations  of  thb  model  are 
typically  given  as  a  second  order  pair  in  terms  of  the  deflection  variables  ^  (face  rotation),  and  w 
(face  translation)  [18]; 


GA.(*+^)-£/^  +  ,/^.0  (10) 

The  cross  -sectional  state  vector  can  be  chosen  to  contain  only  deflections  and  the  associated  internal 
forces;  y  s  (-u;,V>,M,  V)^,  where  the  additional  variables  M  s  El^  (bending  moment),  and 
V  =  GA.(fe  +  (shear  force),  have  been  used.  With  thb  choice,  the  equivalent  system  of 
ordinary  differential  equations  b 


dx 


0 

0 

0 


0^0 

-p/w*  0  1 

0  0  0 


(11) 


To  make  thb  ex:..T)ple  specific,  four  beam  parameters  of  a  continuum  model[22]  of  a  lattice  beam 
were  chosen.  These  correspond  to  a  proposed  space  lattice  beam  with  very  slender  members, 
overall  width  and  thickness  of  5  m,  and  bay  length  of  7.5  m.  The  values  are;  pA  =  2.39  kg/m, 
pi  =  11.8  kg  —  m,  £/  =  1.77  x  10*  N  —  m*,  GA,  ==  2.94  x  10®  N.  Structural  damping  of  q  =  0.01 
b  assumed. 

The  resulting  dbpersion  curves  are  dbplayed  in  Figures  2a  and  2b.  Thb  member  supports  two 
wave  modes  in  each  direction;  traditionally  they  have  been  termed  bending  and  shear  modes[l8], 
according  to  the  dominant  entry  of  the  corresponding  eigenvector.  A  key  point  to  note  in  these 
dbpersion  curves  b  that  both  the  attenuation  coefficient  a(b;),  and  the  wave  number  ](;((«;)  become 
proportional  to  the  frequency  u;  for  large  frequencies.  Both  modes  are  dbpersive,  but  have  non- 
dbpersive  asymptotes.  Thb  non-dbpersive  high-frequency  asymptotic  behaviour  can  be  exploited 
in  calculating  transient  response  by  wave  propagation.[2l| 


FREQUENCY  w  (RADIAN/SEC) 


2.2.1.3  DISPERSION  AND  WAVE  MODES  IN  PERIODIC  MODELS 


In  the  previous  example  the  Timoshenko  beam  model  was  assumed  to  apply  to  the  lattice  beam 
sketched  in  Figures  2a  and  2b.  It  has  long  been  known  that  periodic  structures  in  general[23],  and 
lattice  beams  in  particular[24,25],  display  somewhat  different  dispersive  behaviour.  This  difference 
becomes  significant  when  the  wavelength  becomes  comparable  to  the  length  of  a  single  bay,  and 
at  frequencies  at  which  degrees  of  freedom  internal  to  a  single  bay  resonate.  The  corresponding 
dispersion  curves  display  discontinuities  and  branching  behaviour  not  exhibited  by  the  dispersion 
curves  of  the  ‘‘equivalent”  continuum  model. 

Both  these  limitations  can  be  overcome  by  the  application  of  methods  which  explicitly  exploit 
the  periodicity  of  the  structure.  A  convenient  approach  is  based  upon  the  transfer  matrix  of  a 
basic  cell.  This  matrix  relates  the  cross-sectional  state  vector  of  coupling  deflections  and  forces  on 
one  side  of  a  cell  to  its  counterpart  on  the  other  side; 


y,+i  =  Ty(w)  y,'  (12) 

One  method  of  calculating  the  transfer  matrix,  Ty(u>),  of  a  single  bay  employs  finite-element 
derived  mass  and  stiffness  matrices [25] . 

The  defining  characteristic  of  a  wave  mode  propagating  along  a  periodic  member  is  the  fact 
that  the  entire  cross-sectional  state  vector  is  multiplied  by  a  complex  factor,  say  (,  as  the  wave 
passes  through  each  cell; 


Yi+i  =  ^  yi-  (13) 

Equations  (12)  and  (13)  form  an  eigenvalue  problem  for  These  eigenvalues  appear  in  pairs 
(^y,  Ajj  corresponding  to  similar  waves  traveling  in  opposite  directions.  Equivalent  propagation 
coefficients  ^/(w)  can  be  obtained  from  solution  of  the  equation  ^/(u;)  =  (where  leeii  is 

the  cell  length).  Care  must  be  exercised  to  choose  the  correct  branch  of  the  complex  logarithm. 
The  corresponding  eigenvectors  cf  Ty(w)  have  an  interpretatipn  identical  to  that  of  the  wave-mode 
eigenvectors  of  continuum  members  (equation(8)),  but  are  meaningful  only  at  cell  interfaces. 

The  important  effect  of  periodicity,  from  the  point  of  view  of  wave  propagation,  is  to  introduce 
discontinuities  into  the  dispersion  curves.  Two  types  of  discontinuity  may  appear.  Excitation  of  an 
internal  degree  of  freedom  results  in  an  additional  branch  in  the  dispersion  curves,  at  the  resonant 
frequency  of  the  internal  degree  of  freedom.  Other  discontinuities  occur  when  k  s=  (when  the 
cell  length  is  an  integral  multiple  of  the  spatial  half-wavelength).  This  is  well  beyond  the  range 
where  an  equivalent  continuum  model  may  be  expected  to  be  valid. 


A  Periodic  Member  in  Torsion 

Peiiiaps  the  simplest  model  of  a  periodic  truss-work  member  is  an  equivalent  continuum  model 
which  has  been  made  periodic  by  the  addition(at  regular  intervals]  of  masses,  springs,  or  arbitrary 
dynamic  systems.  Torsion  represents  the  simplest  of  this  class  of  problems.  We  choose  Noor’s[22] 
equivalent  continuum  model  for  torsion  of  the  member  treated  in  the  previous  example.  Periodicit  y 
is  introduced  by  mounting  five  percent  of  the  inertia  of  the  rod  on  torsional  springs,  fastened  lo 
the  rod  at  intervals  equal  to  the  bay  length  of  7.5  m.  These  springs  are  chosen  to  resonate  at 
UR  =  40  rad/ see,  and  are  meant  to  represent  an  arbitrary  internal  degree  of  freedom.  A  structural 
loss  factor  of  q  as  0.01  Is  assumed  for  this  internal  degree  of  freedom,  and  for  the  continuum  model. 
The  continuum  model  hsis  the  parameter  values  GJ  s  3.67  x  lO^iV  -  m^,  pJ  s  23.6kg  -  m. 

The  cell  transfer  matrix  for  such  a  model  may  be  calculated  exactly.  The  transfer  matrix  of  a 
single  cell  is  given  by  the  product  Tcbll  ~  'Tfjeld  point  'T field  where  the  “field”  transfer 
matrix,  Tfibldi  1>  exact  solution  of  the  governing  partial  differential  equation,  and  relates  the 
cross-sectional  state  vector  at  two  points  of  a  continuous  rod,  separated  by  a  distance 


where  O  -  The  “point"  transfer  matrix  of  a  locally  applied  external  torque  TIext  - 

H{u)$  is 


) ji/Gwr  left 


(15) 


The  local  degree  of  freedom  is  modeled  as  a  simple  oscillator,  H{u)  =  -u^Ir/{1  -  (  j-)*)* 

The  dispersion  curves  of  this  model  are  given  in  Figure  3.  The  internal  degree  of  freedom 
introduces  the  discontinuity  and  the  additional  branch  at  its  resonant  frequency,  ur  =  iOrad/ see. 
Figure  3  shows  that  the  resonant  frequency  of  the  internal  degree  of  freedom  becomes  an  upper 
limit  for  the  applicability  of  an  equivalent  continuum  model. 

A  real  truss-work  member  will  have  many  such  Internal  resonances.  Each  of  these  resonances 
creates  its  own  discontinuity,  and  its  own  additional  branch  in  the  dispersion  curves.  Reference  [25] 
reports  a  computational  investigation  into  the  wave  propagation  behaviour  of  a  particular  truss 
beam,  with  each  bay  modeled  via  finite  elements.  Each  of  the  wave  modes  supported  by  this 
model  exhibits  many  discontinuities  in  its  dispersion  curve.  A  new  type  of  traveling  wave  mode  is 
reported  in  this  work;  a  “complex  wave  mode”  which  both  travels  and  is  spatially  attenuated. 


DISPERSION  CURVE  OF  A  PERIODIC  TORSION 
MODEIOFAIATTICEBEAM 


FIGURE  3  Dispersion  curves  of  a  periodic  torsion  model  based  upon 
an  equivaient  continuum  model  of  the  pictured  lattice  beam.  The 
continuum  modei  was  deveioped  in  reference  |22j.  The  discontinuity 
at  0/  s  40rad/see  is  due  to  resonance  of  local  degrees  of  freedom. 


3.3.2  WAVE-MODE  TRANSIENTS  ON  MEMBER  SEGMENTS 

The  transient  response  of  disturbance  propagation  along  elastic  members  is  conveniently  cal¬ 
culated  in  terms  of  the  traveling  wave  modes.  Indeed,  it  is  this  convenience  which  prompted 
their  introduction  in  the  frequency  domain  description  of  the  previous  section.  This  transient 
caiculation  has  historically  been  the  focus  of  much  work[l8].  A  computational  approach  based  on 
extensive  use  of  the  discrete  Fourier  transform  is  reported  in  reference  [21].  These  calculations  are 
not  central  to  the  remainder  of  this  paper,  particularly  to  the  control  design  of  section  3;  their 
description  is  omitted  here  in  the  interest  rf  brevity. 

3.3.3  SCATTERING  AT  JUNCTIONS  AND  DISCONTINUITIES 

The  following  discussion  is  based  upon  the  "generic”  junction  of  Figure  4.  This  sketch,  and 
the  notation  (with  the  exception  of  the  external  forces,  fit)  can  be  found  in  most  basic  texts  on 
microwave  circuits.[26] 


FIGURE  4  The  generic  junction.  The  junction  can  include  a  flexible 
body  and  can  be  connected  to  many  members.  Each  member,  j, 
transmits  incoming  wave  modes,  ay,  and  outgoing  wave  modes,  by. 

External  forces  are  grouped  In  the  vector  fit.  The  notation  is  standard 
in  microwave  circuit  analysi8[26]. 

Associated  with  each  member  ;,  is  a  cross-sectional  state  vector  yy,  of  size  ny,  defined  at  the 
(arbitrary)  interface  between  the  junction  and  the  member.  This  state  vector  may  be  transformed 
into  wave-mode  coordinates  according  to  the  transformation  derived  in  the  previous  section.  Each 
wave-mode  state  vector  wy  can  be  grouped  into  incoming  ay  and  outgoing  by  wave  modes. 

The  junction  boundary  conditions  are  conveniently  defined  in  terms  of  the  composite  junction 
state  vector,  ^y  =»  (yf  tyj  •  •  'ym^)^*  having  dimension  fin  —  Syl^i  The  boundary  conditions 
can  be  expressed 


fiB{u)  fiy  =  fit[u))  (16) 

where  ^B(u^)  is  a  (possibly  lively)  function  of  frequency  and  has  fin  columns  and  ^  rows,  and 
fit[ij)  Is  a  vector  of  size  of  externally  applied  forces  and  deflections.  If  the  junction  contains  a 
flexible  body,  and  is  described  by  a  system  of  ordinary  differential  equations,  its  description  may 
be  reduced  to  the  form  of  equation  (16).  Such  reduction  is  described  in  reference  [19]  and  Is  a 
relatively  standard  procedure  in  structural  dynamics. 

The  junction  boundary  conditions  can  be  transformed  into  wave-mode  coordinates  by  use  of 
a  block-diagonal  matrix  of  member  transformation  matrices; 


(17) 
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After  partitioning  into  incoming  and  outgoing  wave  modes,  yjw  =  and  re-ordering, 

the  junction  boundary  condition  becomes; 


[;3Ba(w)  /9B6(a/)J  (18) 

If  the  sub-matrix  /sBb  can  be  inverted,  then  the  boundary  equation  (18)  can  be  written  in  “causal” 
form; 


pb(u)  =  /jS(w)  pa(<j)  +  p9(u;)  ^f(w)  (19) 

where  the  scattering  matrix,  ;jS(u;)  =  — ^B^*(w)  pBa(u>),  is  a  matrix  of  frequency-dependent 
transmission  and  reflection  coeflicients  and  fi9(u/)  =  ^B“*(u>)  is  a  matrix  describing  the  generation 
of  outgoing  wave  modes,  ^jb,  by  the  external  forcing 


Junction  of  the  Timoshenko  Beam  and  Periodic  Torsion  Models 

Numerous  examples  illustrating  the  application  of  the  above  derivation  have  been  presented 
in  reference  (19).  The  example  presented  here  describes  the  perpendicular  junction  of  the  two 
members  treated  above.  For  this  junction,  the  boundary  conditions  are; 

•1  0  0  -1  0  0  0  0- 

1  0  0  0  0  0  -1  0 

00000100 
.0  -1  0  0  1  0  0  1. 

Transformation  into  wave-mode  coordinates  and  derivation  of  the  scattering  matrix  is  done  nu¬ 
merically.  The  scattering  matrix  is  presented  in  Figure  5,  over  the  frequency  range  0  <  w  < 
1200rad/see.  Periodicity  of  the  rod  member  has  been  suppressed  by  setting  fl’(w)  =  0  in  equa¬ 
tion  (15).  Most  of  tho  activity  in  the  frequency  dependence  of  these  scattering  coefficients  is  due  to 
the  very  dispersive  nature  of  the  Timoshenko  shear  mode.  Thiii  mode  exhibits  a  cut-off  frequency 
at  0*  ^  SOOradjsee  (see  Figure  2). 

3.2.4  TRANSIENTS  IN  JUNCTIONS 

The  calculation  of  transient  wave  scattering  through  a  junction  described  by  equation  (19) 
has  been  the  topic  of  published  work[21].  This  transient  behaviour  is  not  relevant  to  the  control 
design  techniques  proposed  in  the  next  section,  and  so  is  ommited  here  for  brevity. 


f  YroDj,  \ 

I  Ybeam  I  =  0  (20) 

XVroDb  ) 


FIGURE  5  The  scattering  behaviour  of  the  junction  of  a  beam  in 
bending  modeled  with  Timoshenko  beam  theory  and  two  rods  in  tor¬ 
sion.  The  periodicity  of  the  torsion  model  has  been  suppressed  by 
choice  of  H{t^)  =  0  in  equation  (15).  The  cut-off  behaviour  of  the 
Timoshenko  shear  mode  (at  ui  «  SOOrod/sec)  has  a  strong  effect  on 
these  curves. 


3.  ACTIVE  CONTROL  OF  STRUCTURAL  ACOUSTICS 
Active  control  of  structural  acoustic  response,  with  reference  to  an  explicit  structural  acoustic 
model,  is  an  almost  untouched  field  of  investigation  with  only  four  known  publications!?, 8,9,10]. 
Conversely,  control  design  for  structural  dynamics  is  the  subject  of  a  large  literature[27].  Control 
design  techniques  developed  for  systems  of  low  order  are  being  extended  to  models  with  many 
(tens  or  even  hundreds)  of  the  structure’s  natural  modes  of  vibration.  Such  extension  is  a  de  facto 
attempt  to  achieve  active  control  of  structural  acoustics.  Unfortunately  a  modal  description  of 
structural  dynamics  to  these  frequencies  is  essentially  useless,  as  has  been  discussed  in  a  previous 
section. 

Since  high  fidelity  deterministic  models  of  structural  acoustics  are  spatially  local,  control 
based  upon  such  models  will  share  this  property.  Each  local  controller  will  be  based  upon  the  local 
dynamics  of  a  component.  Supervisory  coordination  between  these  local  controllers  is  possible,  but 
the  theory  for  such  an  architecture  has  not  yet  been  developed.  This  section  reviews  approaches 
to  component  control  design  based  upon  wave  propagation  models,  and  draws  upon  previously 
published  work  for  specific  examples. 


3.1  ACTIVE  MODIFICATION  OF  WAVE  PROPAGATION  ON  MEMBERS 
Theory  for  the  active  control  of  disturbance  propagation  in  structural  members  has  not  been 

developed.  One  could  visualise  many  possibilities  for  such  a  spatially  distributed  control;  design 
objectives  might  be  to  distort  the  symmetry  of  the  wave  propagation  propertia  of  the  mem¬ 
ber.  A  member  might  be  actively  modified,  perhaps  in  selected  frequency  ranges,  to  propagate 
disturbances  in  only  one  direction.  Such  meihber  control  might  be  spatially  discretized  for  imple¬ 
mentation  with  discrete  actuators,  or  might  be  designed  for  a  spatially  discrete  member  such  as  a 
truss  beam.  Many  possibilities  exist,  all  have  yet  to  be  investigated. 

3.2  ACTIVE  MODIFICATION  OF  JUNCTION  SCATTERING  BEHAVIOUR 
Equation  (19)  is  the  frequency  domain  description  of  reflection,  transmission  and  wave  gen¬ 
eration  at  a  junction  of  one  or  several  structural  members.  Two  approaches  to  control  of  such 
scattering  have  been  developed,  both  build  upon  equation(l9). 

3.2.1  SPECIFICATION  OF  CLOOSED-LOOP  SCATTERING  BEHAVIOUR 

One  might,  based  upon  intuitive  reasoning  or  analysis,  wish  to  specify  values  for  selected 
reflection  and  tr^mission  coefficients  of  the  closed-loop  junction  behaviour.  Obvious  choices  for 
such  a  specification  would  be  zero  for  some  coefficients,  although  the  specification  might  be  more 
general,  perhaps  frequency  dependent.  This  would  result  in  selective  absorption  of  incoming  wave 
modes,  or  shunting  of  some  incoming  disturbances  into  selected  outgoing  directions. 

If  the  controller  exerts  influences  (forces  and  relative  deflections)  upon  the  junction  which  are 
grouped  in  the  vector  pt,  and  thh  ntrol  effort  depends  linearly  upon  the  incoming  wave  modes 
aj9,  then  the  control  law 

=  ;j*"M<*^)[/5Scl(w)  - ^S(u;)]y5a(u;)  =  Ca(u;)^a(u;)  (21) 

leads  to  the  desired  closed-loop  behaviour; 

ScL(w)^a(u;)  (22) 

Measurement  of  the  incoming  wave  modes  ^a(a;)  may  not  be  practical  since  they  are  related 
to  physical  variables  through  a  frequency-dependent  transformation  (equr  .ion  (17)).  Use  of  this 
transformation  permits  manipulation  of  equ^  (21)  into  the  form 

=  /9ScL(w)^a(a;)  =  Cy((j)py(u)  (23) 

where  the  control  forces  are  now  given  in  terms  of  the  physical  variables  py. 

The  preceeding  discxission  has  not  considered  the  possibility  that  only  a  few  actuators  are 
available  at  a  given  junction  to  effect  control.  In  this  situation,  the  number  of  independent  entries 


in  fit(u)  would  be  lees  than  the  dimension  of  /}a(u>);  more  wave  modes  depart  the  junction  than 
one  has  actuators  available.  Several  options  have  been  developed  for  this  8ituation[9,ld].  One 
might  attempt  to  minimize  a  sum  of  squares  of  departing  wave>mode  amplitudes.  One  might  set 
selected  departing  wave  modes  to  zero,  while  letting  the  others  behave  as  they  will,  or  one  might 
influence  only  subsets  of  the  scattering  coefficients.  Each  approach  leads  to  a  control  of  the  form 
of  equation  (23). 

Ezamplti  of  Wavt'Skunting  Control  Design 

Two  examples,  taken  from  prior  published  work,  are  offered  here  to  clarify  the  above  discus¬ 
sion.  Figure  (5),  from  reference  [9],  gives  the  open-loop  scattering  behaviour  of  the  junction  of 
three  members.  One  is  modeled  in  bending  with  Timoshenko  beam  theory,  the  other  two  are  mod¬ 
eled  in  torsion  with  simple  rod  theory.  The  member  models  thus  support  four  incoming  and  four 
outgoing  wave  modes.  As  an  arbitrary  design  exercise,  a  compensator  has  been  calculated  which 
prevents  waves  from  departing  the  junction  along  one  of  the  members,  that  is,  with  reference  to 
Figxire  (5),  6i  =  0.  The  control  force  to  accomplish  this  was  (arbitrarily)  chosen  to  be  an  external 
moment  applied  to  the  junction. 

An  external  torque,  Mext  can  be  included  in  the  boundary  conditions  of  equation  (20)  by 
introduction  of  an  external  forcing  vector  ftf  =  (0001)^  Mext >  The  boundary  conditions  are 
then  readily  manipulated  into  the  form  of  equation  (19),  where  /9S(u;)  is  given  in  Figure  5.  A  bit 
of  algebra,  done  numerically  at  each  frequency,  yields  a  compensator  of  the  form 

Mext  —  Cr^*‘A  +  Cv,aWE+ 

+  Cm^Me'\-  Cb^Bb  +  CtbTb  (24) 

where  B  (rotation)  and  r  (torque)  are  the  cross-sectional  state  variables  of  the  two  torsion  members 
at  the  junction,  and  w  (lateral  deflection),  0  (face  rotation),  M  (bending  moment)  and  V  (shear 
force)  are  the  four  cross-sectional  state  variables  of  the  bending  member  at  the  junction.  Sub¬ 
scripts  denote  which  member  the  variable  corresponds  to.  Note  that  all  eight  local  cross-sectional 
state  variables  are  used  by  this  compensator.  The  open  loop  scattering  matrix  of  this  junction 
(Figure  5)  shows  that  all  arriving  wave  modes  must  be  countered.  One  of  the  eight  compensators 
of  equation  (24)  is  displayed  in  Figure  6  (the  other  seven  are  avBulable  in  reference  [19]).  Note  that 
this  compensator  is  both  infinite  dimensional  and  infinite  in  bandwidth. 

Reference  [9l  takes  this  computational  example  somewhat  further.  The  junction  is  imbedded 
into  a  structure,  and  transcendental  transfer  functions  are  calculated  with  and  without  this  wave¬ 
absorbing  control.  The  change  in  the  structural  response  is  dramatic. 

A  second  example  is  taken  from  reference  [10]  and  treats  reflection  cancellation  for  the  free 
end  of  a  beam  in  bending.  A  beam,  if  modeled  with  Bemoulli-Euler  beam  theory,  supports  one 


FIGURE  6  Frequency  dependence  of  one  of  the  eight  compensators 
of  equation  (24).  This  compensator  feeds  local  rotation  at  the  junction 
depicted  in  Figure  5  back  to  a  co-located  external  torque.  The  control 
task  is  to  set  bi  =  0. 

traveling  wave  mode  in  each  direction.  The  governing  differential  equation  permits  another  type 
of  response;  near  fields  which  decay  exponentially  with  axial  distance  and  have  a  simple  harmonic 
temporal  behaviour.  With  reference  to  Figure  7  the  deflection  field  can  be  written 


u  =  (25) 

where  k  =  ^uiy/pAfEI  is  known  as  the  wave  number,  El  is  the  bending  stiffness,  pA  is  the  mass 
per  length  of  the  beam  and  at,  an,  bt  and  6^  are  wave  mode  amplitudes  at  the  left  end  of  the 
beam,  defined  in  Figure  7.  If  an  external  control  torque,  Mext,  can  be  applied  to  the  beam  at 
the  left  end,  the  corresponding  boundary  conditions  can  be  expressed  in  the  form  of  equation  (19) 
as 
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Mext 


(26) 


The  important  entry  of  the  scattering  matrix  is  S(l,l)  since  this  term  governs  the  creation 
of  outgoing  traveling  wave  modes  as  a  function  of  incoming  traveling  wave  modes.  One  choice  for 
the  compensation  that  achieves  S(l,l)  =  0  is 


MextW)  =  —iy/pAEIuv{x  =  0,u;) 


(27) 
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The  compensation  of  equation  (27)  can  be  seen  to  be  velocity  feedback  of  local  deflection  to 
applied  torque.  The  effect  of  flnite  actuator  dynamics  and  other  sources  of  gain  roll-off  yet  needs 
to  be  investigated.  The  question  is  important  to  this  example  since  experimental  verification  is 
planned. 

3.2.2  OPTIMAL  WAVE  ABSORPTION 

A  recent  development[10]  in  the  theory  of  traveling  wave  control  is  the  proposal  of  a  meaningful 
cost  function  associated  with  the  actively  controlled  junction.  Minimization  of  this  cost  function 
then  leads  to  a  control  design,  which  since  a  reasonable  quantity  is  being  minimized,  is  termed 
optimal.  The  proposed  cost  function  is  a  weighted  integral  over  frequency  of  the  wave  power 
flowing  out  of  the  junction  along  the  members  and  the  power  exerted  by  the  control  forces; 

J  =  f  (;9W^P^w  +  (29) 

J  —  00 

where  the  superscript  H  (Hermitian)  denotes  complex  conjugate  transpose.  The  first  term  in  the 
above  integrand  is  the  power  flow,  as  a  function  of  frequency,  being  carried  out  of  the  junction 
by  wave  motion.  The  matrix  P  depends  upon  the  characteristics  of  the  members  attached  to  the 
junction  under  consideration,  but  is  always  Hermitian. [10]  The  second  term  in  the  integrand  is  a 
quadratic  penalty  on  control  effort.  The  matrix  R  can  be  chosen  by  the  control  designer.  It  can 
be  a  function  of  frequency  but  must  be  Hermitian. 

Since  outgoing  wave  modes  depend  upon  the  control  effort,  this  cost  function  can  be  further 
expanded  using  the  substitution 

The  cost  functional  is  minimized  with  respect  to  the  control,  pt  by 

pt  =  -[p9^Pbi,p9  +  R|-‘^»^[p6a  +  P66/jS];3a  (31) 

where  the  power  flow  matrix  has  been  partitioned  in  an  obvious  way  into  square  submatrices. 
The  optimal  control,  given  by  equation  (31),  differs  from  the  control  which  achieves  zero  outgoing 
disturbance,  Scl  =  0,  derivable  from  equation  (21)  as 

pt=-p9-^pSpti  (32) 

In  part,  this  difference  is  due  to  the  penalty  associated  with  control  effort.  If  the  control  penalty, 


R,  is  set  to  sero  in  equation  (31),  then  the  Pu  term  still  creates  a  difference  between  the  two 
control  laws  of  equations  (31)  and  (32).  The  presence  of  the  term  P^a  In  equation  (31)  b  due  to 
another  effect.  Thb  term  attempts  to  exploit  power  flow  coupling  between  wave  modes  to  draw 
the  elastic  energy  into  the  junction  more  effectively  than  merely  waiting  for  it  to  arrive.  The 
off-diagonal  entries  of  the  P  matrix  are  often  sero,  however,  and  it  b  not  yet  clear  if  thb  type  of 
‘energy  vacuuming”  will  be  useful  in  application.  The  following  example  is  intended  to  clarify  the 
situation. 


Optimal  Wave  Cancellation  at  a  Fne  Beam  End 

This  example  b  a  continuation  of  the  beam  example  begun  in  the  preceeding  section.  The 
junction  b  the  termination  of  a  single  beam,  so  that  the  power  flow  matrix  will  correspond  only 
to  the  four  wave  modes  supported  by  the  Bernoulli-Euler  beam  model; 


P  =  2u^ky/pAEl 


r-1  0 
0  0 
0  0 
L  0  -i 


0  01 
0  t 
1  0 
0  0 


(33) 


The  wave  modes  are  ordered  =  (atOn^&n)^.  From  inspection  of  equation  (33)  one  can 
deduce  that  the  incoming  traveling  wave  mode  causes  power  to  flow  into  the  junction,  the  outgoing 
traveling  wave  mode  cause  power  to  flow  out  of  the  junction,  while  the  two  near  fields  can  cause 
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FIGURE  7  Schematic  of  a  free-free  beam  in  bending.  The  left  end  of 
beam  b  actively  terminated  by  a  wave  absorbing  controller,  applying 
external  torques,  MexTi  response  to  local  deflection  or  slope.  The 
right  end  b  excited  by  a  lateral  force. 


power  to  flow  in  either  direction  but  only  through  interaction' with  another.  The  in-phase  portion 
of  one  near  field  interacts  with  the  out-of-phase  portion  of  the  other  near  field  to  cause  a  net 
power  flow.  One  near  field  b  created  at  the  junction.  Equation  (31)  suggests  that  or  e  exploit 
thb  interaction  between  near  fields  to  increase  the  power  flow  into  the  actively  controlled  junction 
beyond  that  which  b  carried  by  the  incoming  traveling  wave  at. 

When  the  requbite  values  of  P,  and  a  value  of  R  =  0  (no  control  penalty)  are  inserted 
into  equation  (31),  and  the  boundary  conditions  are  used  to  convert  to  physical  variables,  the 
optimal  control  becomes 


Msxt  =  -  a,u) 


(34) 


which  involves  feedback  of  the  beam  slope  to  the  applied  torque  through  a  temporal  "half  dif* 
fcrentation’*. 

9 

Loaving  aside,  for  the  moment,  questions  of  realisability,  it  is  instructive  to  investigate  the 
performance  of  such  wave  controllers  in  simulation.  Figure  8  b  a  simulated  transfer  function 
of  a  finite  length  of  the  beam.  It  b  clear  that  the  effect  of  compensation  of  the  form  of  either 
equation  (27)  or  (34)  would  have  a  profound  effect  upon  the  behaviour  of  the  beam  segment.  Seen 
from  the  driven  (right)  end,  the  controlled  beam  behaves  essentially  as  if  it  extended  to  infinity. 
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FIGUR£  8  Magnitude  and  phase  of  the  lateral  defiection  of  the  right 
end  of  the  beam  of  Figure  7  to  a  lateral  force  abo  applied  to  the  right 
end.  The  left  end  b  controlled  by  a  wave  absorbing  controller  which 
either  sets  5cl(1,1)  =  0,  or  minimbes  wave  power  departing  the  left 
end.  Open-loop  behaviour  b  shown  for  reference. 


3.3  EXPERIMENTAL  VERIFICATION  OF  TRAVELING  WAVE  CONTROL 

The  computational  examples  presented  above  have  used  very  ideal  assumptions  in  the  deriva- 
tiona.  In  particular,  no  attempts  were  made  to  account  for  actuator  or  sensor  limitations.  Without 
exception,  every  compensator  derived  was  of  infinite  bandwidth.  The  compensation  is  specified  in 
the  frequency  domain,  and  b  in  t«neral  fofinite-dimensional. 

Wave  absorbing  compensation  with  finite  bandwidth  will  alw^  be  derivable;  one  must  simply 
trade  performance  against  bandwidth.  Several  possibilities  for  doing  thb  in  a  rational  way  come  to 
mind.  One  might  use  a  frequency-dependent  control  penalty  matrix  R(w)  in  the  optimal  control 
derivation  with  the  frequency  dependence  chosen  such  that  the  compensation  gain  rolb  off  as 
desired.  One  might  specify  a  closed-loop  scattering  matrix  Set  In  equation  f3l)  in  such  a  way 
as  to  create  the  same  effect.  As  a  last  resort,  one  might  simply  roll-off  the  compensation  with 
low-pass  filtering.  The  trade-offs  of  these  techniques  have  yet  to  be  thoroughly  studied. 

Whichever  technique  b  used  to  make  the  bandwidth  of  the  wave  absorbing  compensators 
finite,  their  infinite-dimensionality  will,  in  general,  remain.  Simplified  and  realisable  approxima¬ 
tions  of  such  infinite-dimensional  compensation  can  always  be  derived.  A  rational  approach  for 
deriving  such  approximations  has  not  been  developed.  Since  the  compensation  b  specified  in  the 
frequency  domain,  »  frequency  domain  fit  with  a  realbable  transfer  function  seems  reasonable. 
Such  techniques,  and  their  laboratory  application  to  thb  problem,  have  yet  to  be  developed. 

To  date,  only  one  experiment  in  active  control  of  traveling  wave  in  structures  seems  to  have 
been  reported[8].  This  experiment  attempted  the  cancellation  of  the  reflection  of  bending  waves 
on  a  thin(l  mm)  sheet  of  stainless  steel  in  the  frequency  range  from  sero  to  25  Hs.  The  tip 
deflection  could  be  sensed;  actuation  of  lateral  force  was  possible.  The  ideal  compensation  involved 
feedback  of  the  tip  deflection  to  the  lateral  force  through  a  temporal  “half  differentiation’' ,  as  in 
equation  (34).  Several  analog  circuits  were  used  to  crudely  approximate  thb  ideal  actuation.  The 
compensation  actually  achieved  was  finally  very  similar  to  a  previously  calculated  optimal  velocity 
feedback. 

The  performance  achieved  by  the  approximate  wave-absorbing  compensation  in  this  exper¬ 
iment  was  very  comparable  to  that  achieved  by  the  optimbed  velocity  feedback.  Although  the 
two  concepts  represent  alternative  approaches  to  the  problem  of  active  damping  of  structural 
vibrations,  thb  experiment  did  not  permit  a  solid  conclusion  of  their  relative  merits. 

3.4  POTENTIAL  EXTENSIONS  OF  TRAVELING  WAVE  CONTROL 

The  active  control  of  traveling  waves  in  structures  b  a  very  recent  development.  Only  relatively 
crude  theory  has  been  developed,  and  an  even  cruder  experiment  has  been  conducted.  Many 
extensions  to  thb  work  can  be  considered: 


1  The  sensitivity  of  traveling  wave  controllers  to  errors  in  the  local  acoustical  models  should  be 
investigated.  A  first  order  sensitivity  to  first  order  perturbations  in  the  model  is  expected. 

2  Explicit  account  might  be  taken  of  actuator  and  sensor  dynamics  during  the  design  of  wave 
controllers.  It  is  anticipated  that  the  specified  wave  control  compensator  will  then  include  an 
inversion  of  these  dynamics. 

3  The  approximation  of  specified  wave  control  compensators  with  analog  circuitry  or  digital 
filters  should  be  studied.  It  seems  likely  that  realizability  of  these  compensators  will  be 
improved  by  measuring  the  approaching  wave  disturbance  some  distance  ‘^upstream”  of  the 
point  of  2u:tuation.  With  such  precognitive  sensing,  the  inversion  of  actuator  and  sensor 
dynamics  may  even  be  possible. 

4  Adaptation  of  wave  controllers  is  possible.  A  signal  upon  which  to  base  the  adaptation  might 
be  the  level  of  the  outgoing  wave  mode  which  the  control  is  designed  to  cancel. 

5  D(  oiopment  of  controllers  based  upon  the  propagation  behaviour  of  members  rather  than 
scattering  behaviour  of  junctions  is  a  possibility.  Such  work  would  have  to  face  the  problem 
of  non-existence  of  distributed  actuators  and  sensors,  and  should  perhaps  focus  on  periodic 
truss  beams. 

6  Cooperative  behaviour  among  several  wave  controllers  and/or  a  global  controller  based  upon 
a  low-order  modal  model  might  be  studied. 

7  All  the  control  schemes  proposed  must  be  realised  in  hardware  to  be  useful.  Such  experimental 
work  is  perhaps  the  most  important  missing  aspect  of  the  work  performed  to  date  in  active 
control  of  structural  acoustics. 


4.  SUMMARY 

This  paper  makes  the  point  that  high  performance  active  control  of  structural  dynamics  over 
a  bandwidth  including  many  lightly  damped  modes  is  impractical  if  the  control  design  is  based 
upon  a  model  derived  via  modal  analysis.  The  fidelity  demanded  of  the  model  is  simply  beyond 
that  achievable  with  modal  analysis.  The  analysis  technique  is  too  sensitive  to  small  perturbations 
and  uncertainties  in  the  model  parameters. 

Alternatives  exist.  An  important  possibility  is  passive  damping  in  conjunction  with  active 
control  of  a  small  subset  of  the  lower  modes.  Active  damping  through  direct  velocity  feedback 
can  also  be  used.  If  active  control  of  a  lightly  damped  structure  over  a  bsmdwidth  including  many 
modes  of  vibration  must  be  accomplished,  then  local,  structural  acoustic  models  of  the  response 
are  suitable  for  the  control  design.  This  leads  to  local  traveling  wave  control. 

The  paper  presents  a  formalism  for  the  synthesis  of  traveling  wave  models  of  a  particular 
class  of  structures;  networks  of  slender  elastic  members.  A  review  of  control  design  techniques 


applicable  to  the  control  of  disturbance  propagation  in  such  structural  networks  is  presented.  The 
conclusion  is  drawn  that  the  theory  is  very  incomplete,  and  speculations  are  offered  as  to  future 

developments. 
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